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NOTES ON THE HIGHER ALGEBRA. 

By James Cockle. 

(Concluded from Vol. IV. p. 67.) 

T NOW propose to consider certain points in the theory of 
cyclical functions, of Abelian and other cubics, of the second 
Eulerian quintic, and of the higher prime equations ; and 
to give an exposition of M. Hermite's argument respecting 
equations of the fifth degree, with a few observations on 
that of Sir W. R. Hamilton. 

ON CYCLICAL FUNCTIONS. 

The theorem which Mr. Harley has been pleased to 
notice in Art. 8 of his paper " On the Theory of Quintics," 
(Quarterly Journal^ Jan., 1860) is but one of a class of 
similar propositions. Let 

(fl», a?') = x^ + «aj/ + w'aj,' +. . . 4- «""*«/, 

where c» is an unreal rC^ root of unity, n being a prime 
number, and a?„ a?,, ...a?, are the roots of 

an algebraic equation of the n^ degree put under the usual 
form. Then 

= S'{af.(«,af)}, 

VOL. V. B 
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2 Notes on the Higher Algebra. 

where 2' is the cyclical symbol of Mr. Harley. Hence, 
adopting the latter form, we have 

((», af).(<»*^\ af) + ((»-*, af).((», of) + 

...+ (« * , af).((tt ' , a^) + (o» " , af).(« » , of) 
= S' [af.{(<», of) + (w"-, xO + («*, x') + («"-•, »') 

= S' [x- {(«, of) + (»», ar) + («)», xO + ...+ (o)-', x')}] 

= r [x.- {(n - 1) X,' - x; - x; -...- x/}] 

= (n - 1) S'x.-*- - S'x/ (x; + X,' +. . .+ x/) 
= (n-l)Sx'*'-2x;x;. 
Making « ^ r, we have 

(«, x').((tt"-', xO + (««, x').(»-*, x') +,..+ (<» ' , x').(o» • , X') 

= ^^2x»'-2x'x'. 

2 ^^ I t 

From the structure of these functions we perceive that 
when s = r=l they are critical, and leading coefficients (or 
sources) of covariants. They will probably all be found to 
have a place in the theory of the hieher equations. Indeed, 
in the case of « = r = 1 the theory of Euler, which for qnintics 
(see Art 1 of Mr. Harley's paper) gives 

(ft), a?). (ft)*, x) 4- (ft)*, a;).(ft)', x) = 25P, 

indicates as much. These critical functions, I maj add, 
seem to have their application in the theory of elimmation. 
And if we transform^ » to an equation in y, 

in which 

y = P+ ©a? + .Bx* +. . .+ ia?"^*, 

the result of the elimination of P between A^O and B^O 
is obtained by simply writing down the critical quadratic 
function, previously expungmg from A and B the terms 
into which P enters : thus 

2n5p^-(«-l)^P^ = 0. 
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Notes an the Higher Algebra. 3 

In like maimer the result of the elimiuation of P between 
-4 = and C= is given by 

3«'Cp^-3n(n -2) Bp^Ap^ + {n^l) (n- 2) ApJ^Q. 

The resolts of the elimination of P between -4 = and 
D = Oy B^O and (7=0, &c. require special consideration, 
inasmuch as the number of distinct critical functions of the 
fourth and higher decrees is not, as in the case of those 
of the second and third degrees, one only. 

ON ABELIAN AND OTHER CUBICS. 

Mr. Jerrard {Phil Mag.^ S. 4, Vol. ill., pp. 459-460) 
citing Legendre's ThSorie des Nombres^ 3rd edition, VoL II., 
p. 438, adverts to an antagonism between the results, at 
which Legendre had arrived, and those of Abel. That Mr. 
Jerrard is right in supposing that Legendre has overlooked 
the existence of an equation of condition will appear from 
the following theorem. The pomt left doubtiul by Mr. 
Jerrard {ib. p. 459, note) is here decided : \ vanishes, that 
is to say, the rational function 0x does not contam a?. 

In order that a cubic may be an Abelian, it is necessary, 
and sufficient, that its quadratic critical function shoula 
vanish. 

Let /c = 0, 

or a' -f aa^ + Ja? + c = 0, 

be the cubic, and x^ and rr, two of its roots. Then 

is equivalent to 

^•'+ (^i + «) ^f -f a?i' + a»t + J = 0, 
which, solved as a quadratic, gives 

a + x, //a"-4J-2aa;,-aajA 

^«=~2-Vv T"" )' 

Now in order that the expression under the radical may 
be rational, we must have 

-3(a«-46) = (i«, 

or <^-8ft = 0, 

in whidi case 

B2 
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4 Notes an the Higher AJgd>ra. 

The theorem, thus proved, may be verified* as follows. 
Write 

^.= — r^ + VFia)^^"^^"^'^^ 

relations which may be expressed by 

Then 

_ o. a x^ 1 /a 3a;A 

" " 2 ■*" 4 ■*" 4 V(- 12) V2"*'"2"y 

1 f 3a 8aj, 3 , „ J 

and ^aj, = ^^a;,=:^aj' 

a a 0?. 1 fa ZxA 

2^4^ 4^V(-12) \2^ 2; 

Conseqaently the cubic is an Abelian. If in this cubic we 
substitute x for a;,, we are led, after reduction, to a result 
of the form 

fx*^Fx,fa,^0, 

and not to one of the form 

>5c'«0 + 0aj, + 0aj/+...+0a;/. 

* This Terifioadon (which thowi that the cubic potsenet all the 
properties of an Abelian) it, as will preeently be seen, material for 
ulterior purposes. The Aoelian cubic, I may add, is of the form 

(..5)%.-g... 
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Notes on the Higher Algebra. 5 

The latter form would, indeed, indicate a spurious or 
illusory solution, such as would be ^ven by 

0? = V(— a«^ — Ja? — c), 

a relation which, unlike 

x^Ox^ ora?— ^05 = 0, 

b identical in substance with /b s 0. 

In the present case the form of F may perhaps be best 
determined by considering the general cubic in which, if 
we make 

we arriye at 

Substituting this value in ^,=>0, and reducing, we find 
that radicak disappear, and tiiat 

and, consequentiy, Fx^ s i. 
In the general cubic let 

and, as before, 

then 0*a? = ^^ss^' 

--|-|'+V{i2(«')} 
— a a X V{jB(a?)) 

ax V{iZ(x)} , fg to V{i?(x)n 
"4'^4" 2 *Li^4^ 2 J* 

CoDseqaently, dther 

V* 2 2 2 
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6 Notes on the Higher Algebra. 

Bat, inasmuch as the middle term of the square of which 
the root has been extracted inyolves (- 1)', the negative 
sign is to be taken. Hence, proceeding as before, 

ax ^/{B{x)] fa 3x J{B{x)] -\ 
~4"^4 2 L** 2 J' 

Consequently, either 

or 0'aj =» X, 

The latter is the true result, for - V{(— 1)}* is positive. 
Or, without having recourse to an a priori consiaeration 
of the signs, a reference to the results obtained in the case 
of Abelian cubics, indicates which value of ^^''^ is to be taken, 
and shows that the roots of a general cubic may be re- 
presented by 

x^ ^^, 4^x^ 

where ^*z=:Xj and <f> is irrational. Moreover, 

a- (^ 

does not vanish, and consequentlj the solutions are not 
illusory.* 

ON THE SECOND EUI^RIAN QUINTIC. 

The general theory of Euler, so far as it relates to 

auintics, IS sufficiently explained in Mr. Harley's paper in 
tie January f 1860) number. I here propose to give a brief 
discussion ot the second solvible quintic arrived at by 
Euler, in Vol. ix. of the Petersburgh Novi Commentariu 
And 1 shall introduce the discussion by giving the words 
of Euler as thejr appear at pp. 96-98 of the volume just 
mentioned. This mode of introducing the subject will be 
welcome to those who have not convenient access to the 
original, and it is the more expedient inasmuch as the form 
in question is but little known, and Meyer Hirsch does 

* InterestinR matter relating to oubics will be found at pp. 
xxiv.-xxxi. of the Introduction to Barlow's Tables (1814). Some 
of Mr. Lockhart's researches on cubics (see Mathematician, Vol. I. 
p. 334; II. p. 42) in the year 1845, which seem to have attracted 
Vie favourable notice of Professor Heam (ib. VoL n. p. 43), are con- 
nected with the subject of the Seizieme Lecon of M. Serret's Cours. 
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8 Notes on the Higher Algebra. 

^] _ {my^n^It^) my-(2my-f n»y) rr+r*± (mY-'rr)s^(T) 
8) 2mnnr ^ 

ybi signa saperiora pro valoribus P et Bj inferiora pro Q et 8 
valent) ac qusdlibet radix ssquationis erit: 

^^ 46. Vt rem exemplis iliustremus, ex his formis seqaentia 
formari possunt : 

" I. -^quationis of = AOa? + lOxx - 50aj - 98, radix est 

aj=V{-81-3V(-7)} + ?/(-18 + 10V-7) + ^(-18-V-7) 

" II. -aSquationis af = 2625a: + 16600, radix est 

a? = V75 (5 + 4 VIO) + \^225 (35 + 11 VlO) 

+ V225 (35-11 VlO) + ^75 (5-4 VlO), 

qnsd eo magis sunt notatu digna, qnod h« SBquationes nuUo 
alio modo resolui possunt. Simili autem modo huiusmodi 
inuestigationes ad equationes altiorum graduum extendi 
possunt : facileque erit, ex quouis gradu innumerabiles sequa- 
tiones per alias methodos irresolubiles exhibere, quarum 
huius methodi ope non solum vna, sed onmes plane radices 
exhiberi queant." 

Now, as I have elsewhere (Phil. Mag.^ May, 1858, p. 389) 
pointed out, these formulas will be found to give the results 

and (by comparison with other formulae of Euler^s) 

which is, I think, a necessary limitation. 

Hence, recurring to Mr. Harley's paper " On the Theory 
of Quintics," and to mine " On the Kesolution of Quintics," 
(see the January, 1860, and June, 1860, Nos. of this Journal 
respectively) we see that 
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Notes on the Higher Algebra. 9 

Hence, a^ain, the equation in ^ (by which symbol I deugnate 
the fdnction 

and one of the Tallies of the ^^ resolyent product'^ will be 

The foregoing resnlt affords some verification of Eoler^s 
formnks which, coming from so great a master, deserve a 
carefid consideration. Euler does not employ a resolvent 
sextic, but if we view his second soluble form in the light 
of the theories which lead to such a sextic, I am inclined 
to think that it will be found to appertain to quintics of 
which the resolvent sextic has one rational root. In order 
that a quintic may be soluble its resolvent must be either (1) 
reducible or (2) Abelian. If reducible it may be decomposable 
Into a linear and a quintic factor. Perhaps such decompo- 
sition, as distinguished from that into Quadratic or cuoic 
factors, characterizes Euler's second soluole form, as well 
as the soluble quintic of Abel. 

ON THE HiaHER PRIME EQUATIONS. 

To solve by radicals any general equation higher i]ian a 
biqwjf/dratic is an impossible problem. But if, with M. 
Hermite, we extend the term solution to results in which 
the roots of a given equation are represented by uniform 
functions, we may seek, by introducing auxiliary variables, 
to express the roots of an^ equation, separately, by as many 
distinct and uniform functions of the new vanables, as there 
are distinct roots of the equation. See pp. 1—2 of M. 
Hermite's Essay Sur la thSorie des Equations Modulaires 
et la BSsohUion de V Equation du Cinquihne DegrL Paris, 
1859. 

In discussing the properties of such functions, we may 
start with the proposition that every function of them of 
the form 

is, when m is an integer, capable of being expressed as a 
rational function of the coemcients of the given equation. 
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Bat we eaimot, in dealing with the unifbnn functions 
separately, either adopt, or assume the adoption of, that 

Ccess 01 rationalization, the abstract possibility of which 
formed the basb of the propositions of Abel.* This 
circumstance constitutes the characteristic difference between 
the theories of the higher and lower equations.* 

Could we isolate and determine anj one root of a general 
ft-ic equation, that ecraation, as is well known, could be 
depressed to tne (n — 1) degree. 

Let (x) denote an (in general transcendental or non- 
algebraic) expression for a root of an n-ic equation. The 
form of {x) IS in general unknown, but the nypothesis of 
its existence enables us to arrive at some general propositions 
respecting the uniform functions (if any), by which all the 
roots may be sought to be represented. And particular 
results, which have been obtained in the case of^quintics, 
will be seen to flow from these general propositions. Thus, 
forming the function 

>-/(^) 

X'{X) ' 

and denoting it by F{xy (x)]j we at once perceive that all 
the roots of /aj = 0, excepting (a?), are roots of the generalf 
equation of the (n - 1)"* degree 

.F{x,{x)}^0. 

• Let a:*+P|«*-'+/?^*^+.,.+ |i^ = (1) 

denote any general equation, and let a^, an algebraic function of 
Pv Pv "Pni represent one of its roots. By giTing to every radical 
m if every value of which it Ib susceptible (i.e., applying to it different 
unreal roots of unity), multiplying together all the values of x- zf 
so obtained, and equating the product to zero, we are conducted to 
a result of the form 

«• + Pi*-* + P^^ +...+ P„ « (2), 

in which P|, P„ ...P„ are rational ftinctions of /9|, pi, ...jo^, and in 
which, too, 8 cannot be less than n, otherwise (1) would not be irre- 
ducible, and, consequently, not genentl. 

From the irreducibility of (1) it follows that if < » n, all, and if 
$ be greater than », some n, of the values of of will satisfy it, or, as 
Abel expresses it, that if an equation can be satisfied algebraically it 
can be solved algebraically. It follows moreover, according to Abel 
and Sir W. R. Hamilton, that if in x' all composite surds, or surds 
with composite indices, be resolved into prime surds [ex. gr. if V(a) 
be written -J {-J (a)]'], and all reducible prime surds oe expelled, aU 
the values of ^c* are common to (1) and (2), and, conseijuently, that « » n. 

t Only one of the n -f 1 coefficients of the origmal equation wiU 
be wanting in the reduced equation. If x^ yjra be a solution of a 
symmetric equation 

P(4P,a) = 0, 
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Hence tibe wiiform fanetions (if any), whidi represent the 
n roots of an n-ic equation, are eadi of th^n capable of 
being expressed in terms of one of them, and of tne roots 
of a general equation of the (n — 1)*** degree. And, if n = 5, 
four of the five uniform functions which, in this case, we 
know to exist, must be capable of expression as atgeoraio 
functions of the fifth. Compare pp. 1-8 of M. Hermite^s 
Essay. 

In the preceding title but one of these notes I hare shown 
that all the roots of any cubic may be represented by the 
series of expressions 

where x is one of its roots and ^ not, in general, a rational 
function. Let ^ (a function which, for reasons also given 
under the preceding title, must not satisfy the relation 

a; — 0a;=:O), 

satisfy f<l>x = 0. 

Make ^a; = aj„ then, J&; = being general and consequently 
irredudble, the equation /e, = leads to 

and this agam to 

ffxf^x^Jxfi'x^O. 

Thus, continuing the process, we are led to conclude that 
all the functions of the series 

Xj il>Xj <l>^Xj ...^''a?..., 

will be roots of ^s=0, and that, when n is prifie, each of 
the functions 

Xj if>Xj il>Xj ,,,<!> Xj 

will represent a different root of ^a; » 0. 

a = y[tx will also be a solution, and the roots may be so selected that 
an equation Y^'a » a will hold for one of the forms of yfr. Thus if 

«" + a- = 1, 

we have for the arithmetical root 

« = 7(l-a»)-V-a, 

But this does not hold for all the roots, which are contained in the 
series 

Thus we may have, if « - ^'a = wV^o, 

yf/^a « w 7{1 - w" (1 - a*)} a tj'yifu « w^'a» 
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12 Notes an the, Higher Algebra^ 

For. suppose that the series terminates with 0'*"*aj, so 
that 4> x=^Xj m being less than n^ and 

n^qm + r; 

then the roots of /b = may be distributed into q groups 
of m roots 






and a group of r roots 

which, provided that a;, does not form part of the series 
in x^j nor x^ of those in x^ and a; ..., nor x^ of those in 
oj,, a?,, ...a?y_„ nor a?^ of any of tne preceding series, will 
euaust* the roots of ^ = 0. But we also know that 

are roots of ^ s o. Hence, either 

if/^^x^^ ifr'x^^ 

* Thus if «s does not enter, into the series for Xu neither can 
(ffxt enter into that series, otherwise we should hare 

0'xj - 0*«i, or xt « 0^-ri, 

and Xt would thus form part of the xi series. 

And in general, if Xr forms no part of the x^_p series, neither 
can 6*x, form any part of that series. Tne argument in the text which 
is, to a certain extent, analogous to that used in the case of Abelian 
equations (see Serret, Cbtirs, 1854, Leqon 27), majr in the case of a 
cuhic he illustrated Uius: let Xi and <t>xi each satisfy the cubic, and 
let <Pxi equal, say Xf, and let the series, if possible, terminate with <pxu 
so that in &ct (frxi « Xi, The three expressions 

«i, 0*1, x^ 

will be roots of the cubic So also will 0*8, which must be equal 
either to «i or to 0ri, otherwise 0^8 » «« would lead us to <pxi « Xi, 
which would be inconsistent with the irreducibility of the cubic. But 
if 0rs " 0x, we are led to the equally objectionable result «s ° 'i* 
The only remaining relation is <^t ■ Xu or x, » 0xi *= x^, which is 
also inconsistent with the irreducibility of the cubic. Consequently 
the series cannot terminate with 0^|. Nor can it continue, wiUiout 
recurrence, beyond <f^Xi : for 0^jr„ if not eoual to Xi, is eiiual either to 
0«i or <ffxi. But from these equations we deduce, respectively, 

i/fxi m «„ or 0jfi ■ Xi, 

either of which is inconsistent with the irreducibility of the cubic. 
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or ^'**«*=0*aVi 

where |> differs from h^ and s is not greater than r. 
From the first of these conditions we dedace 



and, giving 8 its maximmn value r, we see that each of 
the series terminates at the r^ term at latest. But this 
is inconsistent with the supposition that they do not terminate 
before the ni^ tenui m bemg greater than r. 
Secondly, let 



or x^^=^^ Xp^^(f> 

This relation is inconsistent with the fact that Xj^ forms no 
part of any of the preceding series. Consequently, when 
n is prime, each of the functions a;, ^, ,.,<l>^x will repre- 
sent a different root offx = 0. 
Lastly, <f>*x = x. lor, if not, let 

<f> x^^il> «t/, 

then if/x^Xj or the series terminates before the n^ term, 
contrary to what has just been vroved. 

It follows that, if (x) ana tf>{x) represent two of the 
roots of a general n-ic equation, all the roots will, when 
n is prime, 1^ given by the series 

{x),<l>{x),i>'{x), ...0-M^), 

which recurs after the n'* term. ^ 

These functions are uniform in one sense, but not in that 
in which the term has been used in what precedes. Let 

{x)^X{^iJj'-i^)j 

where /, e/, ..., Z are functions of the coefficients of the given 
equation. Then 

0(a;)==^(/,e/,...,i), 

and the condition requisite in order that the functions may 
be uniform, in the wioer sense, is 

where 7^, /,, ..., L^ are functions of the same description 
as 7, /, ..., L. But, if the last relation be satisfied^ we 
have also 
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where /,, «/,, ..., i, are the same functions of /„ e/j, ..., L^ 
that 7,9 e7,y ..., Zf are of 7, «/, ..., L. And, continuing 
the process, we shall be led to 

as the expressions for the n roots. And, since ^^ (;i;] = (a:), 
this series will recur after the n"* term. 

Hence, if two of the roots of a general equation of a 
prime degree can be represented by uniform functions, all 
can be so represented: the form of ^« which depends upon 
the solution of the equation of the (n — l)** degree, bemg 
treated as known. K 

7, = 7+f, e7, = /+y, ..., A = Z + /, 
we perceive that 

7^ = 7+rf, J^nsJ+rf\ .,., L^^L-\-rl^ 
or if 7j = f7, J^ ^jJ^ ..., Ztj = IL^ 

we perceive that 

Each of these forms (which may be, and possibly are, com- 
bined in certain cases) is illustrated in the solution of a quintic 
by elliptic fimctions. For^if X, /*, and r be functional 
symbols, and 

f = 16,y=0, * = 0, 

we know (see p. 7 of M. Hermite's Essay) that 

X{7+(r-l)i} . 

and it may be added that the form in ^[q) (ibid), expressed 
in the notation of this paper, may be written 

_ X(i"-'7) 

provided t be an unreal fifth root of unity, and 

y=l, A;=l. 

The general quintic involves, in ultimate analysis, only 
one parameter ; the eeneral sextic two. No general equation, 
prime or other, higher than a quintic, has yet been solved, 
and two distinct questions seem to arise respecting their 
solution: (1) Can some one root be expressed by some 
definite non-algebraic function? (2) Can all the roots be 
expressed by a system of uniform functions? It will be 
borne in mind that the important equations termed ^* modular" 
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are not generaL Their analogaes in the algebraic theory 
are (as the form of their solutions show)^ not Abelian equa- 
tions, but reducible equations with (only) one rational root. 
The solution of general equations appears to lead to the 
discussion of differential relations of the class 

where the forms of F and f are known, and that of un- 
known. In the cases of quadratics and cubics I have ob- 
tained solutions by the Integral Calculus. But as to this 
mode of solution I must, for the present at all events, content 
myself with a reference to papers published elsewhere.* 
In the theory of cubics f is periodic and f*x = x. There 
are other periodic forms which render the integration easy, 
when F is suitably assigned. 

ON M. HERMITE'S argument. 

M. Hermite's argument may help to settle a still vexed 
question. It is as follows : 

Let us assume that between the roots of the sextic rSduite 
isS the general quintic there «xist relations which render 
that sextic an Abelian. These relations would, in effect 
lead to the conclusion that the rSduite is resolvible alge- 
braically by quadratic and cubic radicals, and, without havmg 
recourse to the demonstration of Abel, we may at once con- 
vince ourselves that it would follow that the equation of 
the fifth degree is resolvible by radicals of the same kind. 
Let us call x^j a;,, a?„ a;,, x^ the roots of this equation, and put 

u^^x^x^ + x^x^ + x^x^-^x^^-^x^x^j 

the quantities u + v and uv, will be, the one rational and 
the other a root of an e(]^uation of the sixth degree resolvible 
algebraically by hypothesis. Then u and v and their various 
vidues will be expressed by means of quadratic and cubic 
radicals. The same conclusion will hold with respect to 
the more general functions 

w. = (x,xX + {x,x;}' + {x^x;)* + {x^x^}' + (a:,irj«, 

^a = {x,x;)' + (x.a:J- + {x^xy + {x^x,)' + {x^x^j^ 

• See the Philo$opkical Magtmne for August, and NoTember, 1860 ; 
and for February. 1861. [Feb. 21,1861.— J. C] 
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whatever be the integral exponent a. It follows that 

^0^1» ^I^«? ^«^8) ^a^4» ^4^0) 

for example, will satisfy an equation of the fifth doj^ree, 
the coefficients of which will only involve radicals of the 
kind in question. But with two values of u^ and v^ it will 
be possible to form two equations of the fifth degree having 
a common rootj for example x^Xij the others being different. 
Hence we may deduce x^x^. ^^^ consequently the similar 
function x +x^^ in terms oi cubic and quadratic radicals, 
consequentlv also x^ and x^y so that the equation of the fifth 
degree would be resolvible without quintic radicals. 

Such a conclusion is of course inadmissible. M. Hermite's 
argument is given, with developments, in his '^ Considerations 
sur la Resolution Alg^brique de I'^quation du 5° degr^.'' 
See pp. 326—336 of Vol. I. of the NouveUes AnnaUs de 
MathSmatiques (par M. M. Terquem et Gerono), 1842. 

ON SIR W. B. HAMILTON'S ARGUMENT. 

Sir William Bowan Hamilton's disquisition "On the 
A^iunent of Abel, respecting the Impossibility of expressing 
a Koot of any Greneral Equation above the Fourth Degree, bv 
any finite Combination of Radicals and Rational Functions'' 
is printed at pp. 171-259 of Vol. xviir. (Part II., 1839) 
of The Transactions of the Boyal Irish Academy. Although 
the whole of this paper was suggested by the Argument 
of Abel, and may be said to be a commentary thereon; 
yet (p. 248) there are considerable differences between the 
one method of proof and the other. More particularly, in 
establishing the cardinal proposition that every radical in 
every irreducible expression for any one of the ix)ots of 
any general equation is a rational nmction of those roots, 
it appeared to Sir W. R. Hamilton more satisfactory to 
begin by showing that the radicals of highest order will 
have that pronerty, if those of lower orders have it, descending 
thus to raoicals of the lowest order, and afterwards ascending 
again; than to attemj^t, as Abel has done, to prove the 
theorem, in the first mstance, for radicals of the highest 
order. In fact, while following this last-mentioned method, 
Abel has been led to assume that the first power of some 
highest radical can always be rendered equal to unitv, by 
introducing (generally) a new radical, '^[pq^) instead oty[p) 
for example. But although the (quantity under the radical 
sign is now free from that irrationality of the (say) m^ 
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order which was introduced by the radical 7(i>)} it is not, 
in general, free from the irrationalitiea of the same order 
introduced by the other radicals of that order; and con- 
8e<|uently the new radical, to which this process conductS| 
is m general elevated to the order m + 1 7 a circumstance 
which Abel does not seem to have remarked, and which 
renders it di£Scult to judge of the validity of his subsequent 
reasoning. The opinion of mathematicians not being entirely 
agreed respecting the possibility or impossibility of expressing 
a root of tne general equation of the fifth degree as a finite 
combination of radicab and rational functions. Sir W. B. 
Hamilton's chief object was to assist in deciding opinions 
upon this important question by developing and illustrating 
(with alterations) the admirable argument of Abel against 
the possibility of any such expression for a root of the general 
equation of the fifth or any higher degree ; and by applying 
the principles of the same argument, to show that no ex- 
pression ot the same kind exists for tne root of any general 
out lower equation, (quadratic, cubic, or biquadratic) essen- 
tially distinct from those which have long been known 
(pp. 175-6). 

Wantzel has given a simple proof that no prime power 
of any unsymmetric function, except its square, ro sym- 
metric; that the first radical in the order of calculation 
is, consequently, a square root ; that the roots of any other 
radicals which enter into the expression for the root of a 
eeneral equation, higher than a biquadratic, are functions 
invariable for cyclical permutations of three symbols: and 
consequently that such an equation is algebraically insoluble 
(see berret, Coursj 2"". ed., pp. 305-9). I believe that I 
was wronjj in supposing that Wantzel had improperly treated 
an equation* as an identity, and that his argument was 
inconclusive. That argument abridges Arts. (21) and (22) 
of Sir W. R. Hamilton's paper, but does not affect any 
portion anterior to Art (13) ; nor does it, in its present fonUi 
supersede Arts. (13) to (20). 

4, Pump Court, Temple* London. 
8§pt0mUr Z, 1S60. 

* In Wantsel's eqaation, as in the functional equation 
the first step disdoees that the constant must satisfy the relation c* s 1. 
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ON SOME APPLICATIONS OF ALGEBRA TO 
THE THEORY OF COVARIANTS. 

By Michael Robebts. 

LET (^„ A,, ^„ ...A,) {X, yY, (B^, 5„ 5„ ...B,) {x, yY 

be two covariants of the qaantic 

These covariants we shall designate by A and By and the 
qnantic itself, as is usual, by U. When y = 1, let a,, o,, ...o^ 
be the roots of ^ = 0, and let )9,, )9,, ...)9, be the roots of 
Bs= 0, Also, let 0?,, a;,, ...x^ be the roots of U^ 0, for y = 1 : 
and let B denote the operation 

d ^ d d 

applied to a function of the a's. Since 

we find 

p{A^ar'+{p-i) A«r +-+^,-,) (1 +«<^) =0, 

which gives 5a^ = — 1, 

and in conseauence of a remarkable equation given by M. 
Brioschi, we aeduce 

so that o^-o;, b a function of the differences of the roots 
a?,, a;,, ...x^. Agam, let fi^ be any root of 5= and 

so that 0^ - )8^ is a function of the differences of a?,, fl^, ...a^ : 
and because A^. B^ are functions of the same difierences. 
it follows that tne eliminant of A and ^ is a function of 
the differences of the roots a:,, a;,, ...a;^. Now let -or be the 
degree of A^ in the coeflScients of U: and let tc be its decree 
in the roots a;^, a;,, ...x^i and let vr' te be the corresponding 
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quantities for B^: hence, as the eliminant of A and B is 
of the q*^ degree in the coefficients of -4, and of the^**" degree 
in the coefficients of jS, its degree in the coefficients of the 
qnantic Uis vq+pw'i and its degree in x^y x^^ ...x^ is 

pK+qK+pq. 

It is therefore the source of a covariant of U of the degree 
in the variables 

n («r J +paT') ^ ^pfc — 2qK — 2pq. 

But n«r — 2/c=2?| w«r' — 2ic' = j; 

and these equations reduce to zero the value of the above 
expression. Hence we derive the following theorem: The 
diminant of two covariants of a quantic is an invariant of 
the quantic itself 

in eeneral, let A^he ek function of the differences of the 
roots of the equation 

of the degree v in the a*8j and of the degree te in the roots : 
and let ^^ be a function of the differences of the roots of 
the degree v in the coefficients, and of the degree te in 
the roots. Now suppose 

iA^ Aj Ay '-^mw.2K) [x, y)^'^ {A), 

to be a covariant of 

and let 

(5„ 5., 5., ...5^'.^') [x, y)p-''^^' (5), 

be a covariant of 

(«o>«i)«.)-«f) («)»)': 
then the eliminant of [A) and [B) will be the source of a 
covariant of the primitive form 

of the degree m [pm* — 2k) + m* [mm — 2k) 

In the a'sy and of the degree 

(ft — m) «• {pm* - 2k*) 4- (n --p) m [mm - 2^) 

in the variables. We suppose n>fnyn >p. 

For the covariant whose source is the eliminant of 



K^ «i, «.,•••«.) (a?, yr, 
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and its {n^-pf differential coefficient with respect to a;, 
let m^n, «r = l, /c = 0, «r' = l, /c' = 0, in the above formnls, 
and the eliminant gives rise to a covariant of the decree 
n 4-j> in the a's, ana of the degree n (n — j>) in the variables. 
But in this case a^ is a factor of the eliminant, so that 
the eliminant (proper) is of the degree n -{-p — 1 in the a's, 
and gives rise to a covariant of the degree «(n-« — 1) in 
the variables. If p = n— 1, the eliminant, as is weu known, 
becomes the discriminant. 

15, Trinity College, Dublin. 
March 6, 1861. 



ON THE CRITERIA OF MAXIMA AND MINIMA 
OF FUNCTIONS OF TWO INDEPENDENT VARIABLES. 



By William Walton, M.A., Trinity College. 

represent a function of two independent 
yu «*id y. The function F will have a max^ 
minimum value, as was first shewn by LagrangCi* if 

provided that 



T ET ^ represent a function of two independent variables 
X and y. The function F will have a maximum or 



dF ^ . dF ^ 
-=0 and ^ = 0, 



d^ d^ fd'F\ * f . 

da?' dt/*^ \dxdy) ^^^' 



dt/* \dxdy, 

O^Brien, in the preface to his Differential Calculus, describes 
the inequality (1) as "the very insufficient and troublesome 
criterion usually employed in distinguishing the maxima 
and minima of functions of two variables." He has accord- 



ingly not introduced Li^range's criterion into his Treatise, 
but nas proposed an entirely different method of discussing 
the general problem in question. Hisiaethod is thus describ^ 
in his own words : 

" Let F{xj v) be a function of two independent variables 
X and tfj and let F{x^^ y) be a maximum value of F{x. y), 
determmed on the supposition that y is constant and x alone 
variable, x^ of course being some function of y ; and again 

* Mi9e, Taurinerma, Tom. I. p. 19. Thecri$ det Ibnettans, Chapitre xi. 
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let F{ay &) be a maximum value of F(x^^ y) detennined on 
the supposition that y is variable, a being the value of x 
when y becomes b: then F{ay &) is a maximum value oi 
F{x^y) when x and y are both supposed to vary in any 
manner." 

The objection to Lagrange's criterion consists in this: 

when -^ . -^ and -^—-r- both vanish, it becomes necessary 

to proceed to third and fourth differentials, or frequently 
to still hieher orders, the ordinary criterion (1) being then 
inapplicable. 

The method of O'Brien, although elegant in idea and 
sometimes useful in practice, is however frequently inap- 
plicable by reason of the complexity of the attendant alge- 
braical operations. In fact, when we equate ^ to zero, 

it is sometimes not possible to obtain thence an expression 
for X in terms of ^, and frequently, when it is possible to 
do so, the expression for x m terms of y is too complex 
to be made use of. 

The object of this communication to the Quarterly Journal 
is to suggest a modification of the ordinary method, as de- 
veloped by Lagrange,^ and to point out a correspondingly 
modified criterion, which, although not always sumcient, is 
at any rate frequently conclusive when Lagrange's is in- 
applicable, and wnidi ordinarily diminishes algebraical labour 
even when both are available. 

Using D to denote total and d partial differentiation, we 
have, putting dx = 2t2r, dy = mdr^ I and m being constants, 

DF^^dF dF 
dr dx dy ' ^ '' 

In order that F may have a maximum or minimum value, 
in accordance with the relations between 2;, y, r, it is suffi- 

dent and necessary that -^ change sign as x and y pass 

through their critical values. 

Let ^^P.F.Q.U, ^^P.F.R.V, 

P, an essentially positive function of x and y, being a common 
factor of both -^ and -j-. Suppose Q, £, to be other 
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fbnctions of x and y which do not become zero for values 
of X and y deriyed from the Bimultaneous equations 



[n 



(3). 



Let u^ = Qy.U^ and v^ = -B,. F", where Q^ and B^ are the values 
acquired by Q and i2, respectively, when x and y are re- 
placed by their values denved from the equations (3], and 
any subsequent positive conmion factor of Q and R is rejected. 

Put ^ = i^(Z^. + ^t;,) (4). 

It is evident, in virtue of the principle of change of signs, 
that if the values of a;, v, derived from (3), make F a maximum 
or minimum, they will also make^ a maximum or minimum, 
respectively ; ana conversely. Thus the problem of maxima 
ana minima of J^ is transferred from tne consideration of 
the equation (2) to that of the equation (4). 

gJTp /JTP 

Again, let P*, a common factor of -j- and -7- , be variable 

in 81^ and. for the values of x and y derived frx)m the 
equations (3), either positive or negative. Instead of Pu^ 
and Fv take u and v respectively, the magnitudes of ti, t?, 
being the same respectively as those of t*„ v^, and their 
signs the same or opposite, accordingly as P', for the values 
of a?, y, derived fi^m (3), is positive or negative. 

Put "^=Zu + wiv. 

dr 

Then, if the values of a?, y, derived from (3),* make / a 
maximum or minimum, they will also make f^ and therefore 
F a maximum or minimum, and conversely: in fact, as 
Fran9ai8* has shewn, the equation P' = corresponds, geo- 
metrically, to a locus of maxima or minima, not to an 
absolute maximum or minimum. If P' be zero, under the 
conditions (3), the values of x and y thence derived need 
not be considered, as being particular instances of the values 
of X and y in the equation P* = 0. 

Differentiating again, considering Z, m, constant, we have 

lyf^j^du ^ j^ fdu ^ dv\ ^ ^, dv ^ 
df^ dx \dy dx) dy' 

* Annates de Qergonne, Vol. III. p. 132. 
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Then. / being regarded as a function of one variable r, 
it wiU, by the theory of maxima and minima of functions 

of one variable, be a maximum or minimum, when ^ is 

' dr 

zero and -ji finite. 

Conceive next -7^ to be zero, whatever be the values 
dr ' 

of I and m : the sufficient and necessary conditions are that 

u = 0, t; = 0. Again, as is easily seen algebraically^ ^ will 

be positive or negative for all values whatever of I and m, 
provided that 

,du^dv fdtk- dvy 
dx dy \dy clx)-^ 

and will be positive or negative accordingly as -j- and -j- 

are both positive or both negative. Thus, as our final con- 
clusion, F wiU be an absolute maximum or minimum, when 

du dv fdu dv\* . . 

* S ^ ^ V^ "^ ^J ^^^' 

a fn^^^iwipm when -j- and --r- ftre both negative, and a mini- 
mum when they are both positive. 

It is obvious that Lagrange's criterion b included in 

the criterion (5), that is, when u, v, are simply 77- > -7- > 

unmodified. 

In reference to the geometry of surfaces, our course of 
investigation is, first^ to find a point on the surface 
where the value of is is stationary for infinitesimal changes 
in the values of x and y : secondly, to determine whether 
this value of is a maximum or minimum in any proposed 
plane section of the surface through the coordinate z : and, 
thirdly, to ascertain^ whether, for all such plane sections 
througn this point, this value of 2; is a maximum or minimum. 

In regard to the equations (3), it is important to observe 
that we may disregard the values of x and y derived from 
them, if either Z7 or F is incapable of a change of sign 
as a; or y, respectively, varies innnitesimally from its critical 
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value. The rejection of such a pair of values of x and y 
corresponds eeometrically to eetting rid of a point on the 
surface at which z is not a maximum or minimum in a section 
parallel to the plane of zx or zy. 

I will proceed now to illustrate the preceding investi- 
gations by a few examples. 

1. To find the maximum or minimum value of 

Wehave f H^., ^=— ^• 

Hence u^x^ ^^y^ 

^ — 1 — 1 ——ft (fo 
dx'~ ' dy * dy" ' dx" 

The criterion (5) is therefore satisfied, and x^%y^% cor- 
respond to a minimum value of F. 

2. To find the maximum or minimum values of 

where a is supposed to be greater than h. 
We have 

^-* U« ^ V n ' K^r^ + ? + J* V ^' 

f«. « /• ic vr gt dF ■• tt/* . • 

omce the common factor -• + t. - 1 of -7- and ^— is to be 

a dx dy 

rejected, excepting so far as sign is concerned, we have to 

limit our attention to the three following systems of values : 

/a;=«0\ (X =0 \ /y =0 \ • 

dF dF 

First system. From the expressions for -j- and -j- , we 

see that 
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whence — -1 — -1 ^-0 ^-0 

whence ^-1, ^^-1, ^-0, ^-0. 

The criterion (5) is therefore satisfied, and the corresponding 
▼alne of jPis a minimum. 

Second system. Here we have 

and therefore, for the particular values of x and y, 

The criterion (5) is not satisfied, and therefore the second 
system must be rejected. 

Third system. We may ascertain m the same way that 

du ^ dv ^ i t Tt\ du ^ dv ^ 

The criterion (5) is accor^ngly satisfied, and the value of 
^ is a maximum. 

3. To find the maxima or minima of 

We have 

^ = 2icy(a? + y-a)(2a? + y-a), 

dF* 

-^ = a?"(a?+y-a) (aj + 8y-a). 

It is unnecessary to attend to the common factors x and 
aj+y — a of the two partial differential coefficients. 

The onlv values of a?, y. which can be derived fix)m 
the 2ero values of the other tactors are included in the two 
systems 



C-) -*£:!:) 



The first of these systems must be rejected, because the 
values of x and y are particular instances of the values, of 
X and y in the equation 

x + y — a = 0. 
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In regard to the eeoond system, we have 

w = — 2a:— y + a = 0, v = — a: — 3y + a = 0, 

dx" ^ dy ^ dy" ^ dx 

The criterion (5) is therefore satisfied, and the second 
system therefore renders jPa maximum. 



4. Let -F=(aa^ + J/)e 
Then ^^^x{a-aof-lf).e-'^^ 

^^2y{b^ax^^by^).e'^-^. 

The only values of x and y which can render F a maximum 
or a minimum, are given m the three systems 

/x = 0\ /a? = \ /aj = ±l\ 
Vy«0>/» \y^±l)' Vy = ;• 
Taking the first system, we have 

w^axj v^byy 

~— ^ — * — — ft ^—'ft 

and accordingly jPhas a minimum value. 
Taking the second system, 

tt = (a — J) a?, v = ±(b — aa? — hy')^ 

du , dv ., du ^ dv ^ 

^ = «-*» ^— 2J, ^-0, ^ = 0. 

Hence, if a < i, jP is a maximum ; and, if a > &, it is 
neither a maximum nor a minimum. 

The third system^ as may be shewn in like manner, cor- 
responds to a maxmium value of F^ when a>&, and to 
neither a maximum nor a minimum when a<b. 

If a = J, the two partial difierential coefficients of F have 
a common factor, and the second and third system may 
be rejected at starting. 

5. Take F=xy*{a-'x-y)\ 

dF 
Then ^=y'(«-a--y)*.(a-^-ir), 

■^ = a^ (a - a? - y)".(2a - 2a? - 5y). 
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We may omit the factor (a — a — y)', as being essentially 
pomtive, and disregard the factor y as a common factor of 
the two partial differential coefficients of F. 

We have accordingly two systems, as derived from the 
other factors, 

/aj=:0\ /aj = M 

Taking the first system, we have 

tt=a — 4»-y, t;=s — 8aj; 

• du . dv ^ du , cfo 

whence ^=-4, ^=0, ^ = -1, ^—3. 

The criterion (5) therefore rqects this svstem. It may 
be observed that Lagrange's criterion would fail in this case. 
Taking the second system, we have 

tt = 2 (a — 4ir — y), t; = 2a — 2a? — 5y, 

du Q ^^ _IC ^** 9 ^^ 

dx ^ ch^ ' ^ ^ * db "" ' 

The criterion (5) is satisfied and JF* is a maximnm : although 
Lagrange's criterion would be applicable in this case, it 
involves more labour. 

6. The student may take, as an exercise, the expression 

^=a?y(«-2a!--8y)*. 

7. To ascertain whether the system a? = 0, y = 0, renders 

a maximum or minimum. 

Li this case Lagrange's criterion fails, and also the cri- 
terion (5) : moreover, O'Brien's method is very inconvenient. 
The following method of treating this question is convenient, 
and the principle may be applied usefully in many such cases : 

^=(x^-aj+y)Z4(y*-y + aj)m, 

^=(3W-Z + m)Z+(8wy"-w + ?)m, 
= — (Z-rw)', when 05 = and y = 0. 
Hence /and therefore jPis a maximum, unless ms 2. 
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28 On the Criteria of Maxima and Mmimay &c. 

Put m»Z. Then 

^=3?'(x»+i^), 

that ifl,/ and therefore ^ is a minimum. 

Hence F is, absolutely, neither a maximum nor a mini- 
mum. 

8. The method of the preceding example will easily shew 
that, when a? » 0, y == o, the expression 

is neither a maximum nor a minimum. 

9. The principles of simplification which I have developed 
in this essavy are applicable to functions of more variables 
than two. 1 shall not however dwell longer upon this subject, 
because I think that what I have written above is sufficient 
to direct the student to methods of abbreviation of work 
in the more complicated problem of three or more variables. 
I will confine myself to oDserving that the analogous modifi- 
cation of the criteria* in the case of three mdependent 
variables may be effected by replacing respectively, 

dF dF dF 

1^' 1^' &■' 
by w, V, w\ 

d^ £F d^ 

daf^ dj/"^ ds?' 

, du dv dw 

^^ di' dj/' &5 

and 2-^ 2-^ 2-^ 

dydz * dzdx ' dxdy * 

h ~ -I- ^ ^^ ^^ ^^ ^^ 

^^ lU^ dy' l^^di' Ty'^i^' 

Decemheff 1860. 

• See armory's Examples, or Moigno*8 Ltqom de Cakul Differm^tkl 
t'l ih' Child InUffral, Tome x. p, 136. 
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ON SOME GENERAL THEOREMS IN THE CALCULUS 
OF OPERATIONS AND THEIR APPLICATIONS, 

By James W. Warren, AB. 

J COMMENCE with the following theorem: If D denote -r- 

on the product of two functions of x^ neither of which exceed 

the degree n — I, and if d^ and d^ denote ^ on each taken 

aloncy then representing by F the product of these functions, 

IT'-nX^ (n + aMn + g-l) ^^ 

n w.n— 1 * ■ 

w.n-8 (n- a).(n- g-l) (n4-a)...(n+a~3) -^„^^ , ,., 

^ 1.2 • n.n-1 •w.n-.l.n-2.n-.3 ^ • »^ 

n,« — 4.n — 6 (n — o).(n — a — l).(n — a — 2) 

1.2.3 * n.n-l.n-2 

w...(n — 6) ^ * •' 

on ^="0: for expand each term by itself, neglecting all 
powers ot rf, and rf, above the (n — 1)**, the general terms 
evidently are 

2r* = &c. + ^,.rf,*^.rf; + &c., 
' ^ (n4-a).(n-i-a— 1) ' * ' 

&c 



(n+a).(n4a-l)...(w + o-r + l) 

Where A UI~i- 

Now multiply 

TVH<-i/jjM- / , (n + o).(n + a-l) 
Zr*^ ((?,<?,) by - (« - a).i ^-^j— ^ / ; 
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30 On some General Theorems in the Calculus 

^ * •' ^ 1.2 n.n-1 

• (w + a).(n + a-l).(n4a-2).(nH-a-3) « 

n,« — 1.« — 2.W — 3 '' 

and add up ; therefore coefficient of d^^d^ is found to be 

A f* ^ n — a n + a — r 

-4^ -^1-- . . -— 

( 1 n n— 1 

r.r-l (n-a).(n- g-l) (n-i-a-r).(n+a-r-l) ^ ) 

■*"'l2~- ;r;rri • (n-.i).(n-2) -<^^|> 

and now multiply this by 

[n.n- l...(n-a+l)}.{(n- l)...(n + a-r + l)}, 

and bear in mind that r and ?t + a — r can never be greater 
than n — 1, nor less than unity ; therefore r is always greater 
than a; also a is always less than n — 2; therefore our 
multiplier can never equal zero : forn + a — r equal to n — 1 ; 
and tnerefore a = r — 1. We of course only multiply by 

n.(n — l).,.(n — a+1). 
The general result evidently equals 

-4,.n.(n— l).,.(n — a-|-l).(n — l).,.n4-a — r + 1) 

r 

- Y.(« — l)...(n — a).(« — 2),..(n-|-a — r), 

or if in both cases we write our multiplier equal to f{x) 
and observe that x is of the degree a + r — a — Issr— 1, 
our expresaon by aid of the well-known theorem 

becomes = -4^. A"./ (« — r) ; 

but /(aj — r) b of the degree r-1; therefore A'./(a> — r) 
equtus zero. Hence this theorem is proved. 

I may remark that if for shortness we write d^.d^^^O. 
then supposing a = 0, we get the unique expansion of Ir 
in terms of D and 0, equals 

I shall now demonstrate a theorem similar to this last 
for the product of three functions of x^ one of which does 
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not exceed the degree n, and the other two the degree n — 1 ; 
write for distinction 

/y = rfj + rf, + rf,; i) = rf, + rf,; 0' = rf,-rf,.rf3; = rf,.rf,. 

Hence we have the following general terms : 

2)^ = &c. + 5,.ir-c?/ + &c., 

2n.(2n- l).(2n-2) ' » ' 

M-l.(2«-a).(2w-<-l).(2«-<-2).(2n-<-3) „ rv'^n^J' 
■^ 2n.(2n-l).(2n-2).(2n-3).(2n-4).(2«-5) • »' 

&c. &c, 

where „ ^ 2n.(2n-l)...(2n-i. + l) 
Where B, j^^-^ 

Now patting in former theorem n + a = 2n — « we get 
j^_^i (2n-3).(2«-i»-l) j^^^^ 
'n n.n— 1 

^ «.n-8 ».<-l (2n-<)...(2n-g-3) j^^Q>_g^ ^q. 
1.2 *«.« — !' n.n— l...n — 3 ' * 

hence, multiplying the general terms above by proper factors 
to suit this, and adding up, we get 

|^_ J_ 2M2«:^l)(2«-2)^p^^ 

( n— 1 n 

1 



1.2.(n-l).(n-2) 



n.« — 1 * 7 

upon jP=0, 

I shall call for shortness this operator F. and having 
proved that the result of T on the product of tnree functions 
only one of which exceeds the degree n — 1 = 0. I shall 
now show that T operating on U^^V^^W^ where 

Tr,= o,-x'+a^,»-*4&c., 
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equals 

for we know that 

Let r,,aj*.aj".aj«=-4,aj; 

therefore T^, .aj*.a?*.aj = -4 . a? ; 

therefore T^, (aj + l)*.(a? + !)*.(« + 1) = ^ . (a; + 1 ), 
and bearing in mind that 

we have 

therefore -4 (a? + 1) = -4aj + JB; 

therefore A = B^ 

and 80 in general we may prove that 

ra;*.aj*.aj' = (1.2.8.. .2n).aj' 

where r does not exceed n — L 
And it is evident that 

r(a!+ l)*.(a? +!)•.(»+ !)• 
equals 

Tx\x\x'' + Sraj'.a?*. (n.a:-^ + ti±lJ: a,— + &c.) . 

Since ra;*.aj*^.aj"'/»«0; 

therefore remembering results so far, 

^.{(a?+ !)•-«•} =85.(iiaj-» + &c.); 

therefore A = 8-B, 

$.€• raj".aj".aj* = 8.(1.2.8.. .2n). 

From all this the theorem stated immediatelj follows: 
since put 

therefore as Ta*. x^^.a?*"^ — 0, 
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we get T.U,VJV^ = A,.B^C,.Tx''.x'.x'' 

therefore result is theorem stated: this theorem may, of 
course, also be deduced by remembering that when we operate 
on two functions of the n^ degree U^ and F^, L^ does not 
vanish, but becomes equal to 

2n.(2n-lM2n~2)...(n+l) 

1.2.3.. .w •^i-^.i 

and this symbol on V^^V^* W^ manifestly equals 

{2n.(2n-l)-(2n-2)...l}.^..jB^.Tr^. 

Similar theorems may be deduced for T on the product 
of any three functions, but they are not quite so elegant. 

I shall now give a short example of the use of this 
theorem. Take the Hessian of a curve of the n*** degree, 
it consists of sums of the form U^^.V^^.W^^^ and we know 
that 

f , d , d , rf\*-* 
l^ -^-^y dy^' d^J 

on a qnantic of the degree 3(n — h) equals 

on same quantic when a;, y, z are changed into x'j y\ z* 
multiplied by 

(3n - 3A).(3n - 3A - 1) . . . (2n - 3A + 3) 
(3n-3A).(3n-3A-l)...(n-l) ' 

Let now a; = 0, y-0. d^.d .d^{HVy plainly equals the 
Hessian of the wnX. polar of the origin {d^*dj..d^'*.{HU) 
the Hessian of the second polar, and so on ; therefore 

{^:i.-L- (2«-4).(2n-5).(2.-6) rf- ] 

t<&'*^ n-3- n-2 ^r^.u+cic.y{uu ), 

i.e., what we have called r on HW may be replaced hy 

+ 1.2.(n-2).(n-3)'.(n-4) ^"^ (^^)-&«-» 
and this equals a linear function of the terms in SU; various 

TOL, V. D 
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theorems thus result from F; before enumerating a few it 
will eondace to clearness to nave a distinct notation for the 
polars of curves, we will write then 

where a?, y, « are the runnme coordinates of U; Ur is then 
generally called the (n — r)^ polar of U] with regard to point 
x'y'z' it might perhaps be more proper to call it the r^ polar, 
since the name is more expressive the curve bemg of r 
degree. 

In conclusion, I shall merely write down the following 
theorems as evident from T: 

nMn-1)' (2n^2)...(2n^7) 

■^lil.(n-l).(iH.2)\(n-3)'(3tt-6)...(3i»-n) -^^ -^^"^ 

equals cynher where r may be equal to or greater than four, 
and by changing U into U^^u or U^^Uj and n into n- 1 
orn — 2, &c., we get analogous theorems; therefore we have 
in general r — 3 equations between (what are commonly called) 
the r^ polars of HU^ EU^,Uy HU^U^ &c., &c.; by pro- 
ceeding thus we may arrive at some interesting results. As 
mv paper has at present extended to a greater length than 
I mtended, I shall nowever only mention a few in conclusion. 
Tjet us call the linear function of the. terms of the Hessian 
before mentioned AU, it is evident then by last theorem 
but one that 

nj.JJ£r+ a.n,.fln^jZ7+/5.&o. 

equals some constant into U^hU (where a, fij &e. are 
fimctions of n) ; and we may replace Z7dv II , CTor n^l7, &c» 

Now Mr. Salmon has proved (tiod QiutrkrhfJowmal^ 
No. 12, p. 821) that U^HU, H^HU U^ &Cj are idendoali 
therefore nJVZJ, n^AIT^^ U^ Ac are ioentical with one anotheri 
and n,fri7&c 

I should think a closer examinaiien of the proftftiea 
of the operating symbols we have called D and may give 
rise to some corresponding results in the faieher geometry. 

Thus Uix. Salmon's Equation of the tattgential may be 
written: 

(cT- fi-1 (2n^2).(2n-8M2T»-4) d^ r. , o,\ jjrj 
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and the evaluation of this operator or ja^.«*V in a concise 
form woold lead to a verification of the tangential ; this I 
have done, for ^.tH'.z^ in some cases, and indeed seeminglj 
it will be sufficient to evaluate the operator on this, as an 
equation exists between two, and sometimes three, of the 
otner expanded operators on general subject z\z\z\ Thjs 
possibly IS the shortest proof of the tangential for particular 
values of n ; the c'enerai case I have not yet worked out 
by this means, ana since I believe Mr. Cayley has verified it 
in general, (although not having seen his paper^ I am unaware 
whether his method agrees in any measui*e with the above). 
I suppose there is no use in going over the same ground. 
In fine, the following expressions are h priori evident : 

since An^V^A.-p^.U—'rju^liU. 

88, Trinity CoUege, Dublin. 
May 30, 1861. 



ON CERTAIN PROPERTIES OF PRIME NUMBERS. 
By the Rev. J. WolstenhOlme. 

^HB propertres I propose to prove in this article, for any 
prime number n, > 3, are (I) that the numerator of the 
fraction 

when reduced to its lowest teruM is divisible by n*, (2) the 
numerator of flie fraction 



2' 



3»+-+^-rij- 



is divisible by n, and (3) diat the number of combinations 
cf 2n— 1 things, taken n-1 together, dimimshed by 1, is 
divisible by tiC I discovered the last to hold, for several 
cases, in testing numerically a resplt of certain investigations, 
and after some trouble succeededT m ]^ving it fa hold «nt- 
versally. The method I employed is somewhat laborious, 
and I should be glad if some of your readers would supply 
a more direct nro^. I rawt first prove the followmg Lemma, 
the result of wnlch is well known. 

D2 
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Lemma. The series 

«(n-l) 1 n(n-l)(fi-2) 1_ 



+^-^)'""t;^ + ^-V-t=-^^'')J 



i8| ^en n b integral| equal to 



*+l+5+•••+^ 



For, we hare 

/(«)-« Ha •§+ 1.2.8 ^'8 - 

/(n-i)Hn-l)^ ^"-^H"-^) .| 

(ti-l)(n-2)(«-8) 1_ 1 

■*■ iXs ^'8 •••+r*> •;^zi' 

Hence 



+(-ir+(-ir.^ 

,i(i-(l_in.i; 
nmilailyi 

/(H- 1) -/(n-2)«ji-j,&c../(2) •/(l).i, and/(l) - 1, 
whence we obtain 

/(n)-l+5 + 5+...+ ^. 

Now, let n be a prime nnmberi and therefore odd; and 
wehaye 

H.(.,rJ2^.SZ.%. • , 
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and| inyerting, 

/(„-i)=--i_+... 

+ (-^)'rH==-- +...+ n-l, 

tberefore, by addItioii| 

2/(n-l): 



n-1 






|n-l "^ (n-l 2(n-2) 

+ (.1)-»..^^._J_+ 1, 
M{p\ denotiag a multiple oip. 



m-l 



(n-l).,.(n-r+l) 



irjn--r 1.2.«.r 

whence, 2/(fi-l) 

in-1 ^" \n-\ * (n - 1) * 2.(n - 2) + 8.(n - 8) ^"') 

Thb gives, finally, 

whence, the first property stated, if n be any prime number > 3. 
For the second property, we have 



^^ " '^ r W % r— 1 r + 1 . «-lj 
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38 On Certain PropertieB of Prime Ntmbera. 
Now - + - +...+ r + -— -r +...+ 



1 2 r-1 r+1 n-1 

«-l "^ 2.(n-2) "^ 3.(n-3) ■*'"*'^ (r-l).(n-r+l) ^ n-r 

Hence 
»-» r\l 2 r-1 r+1 w-'l/ 

15:11 i-C"-!) a-li-a) (»-»-).i 

^ Jf (n) 2 JfK) 
■af(n) 

Therefore 

l«+2«+-^(n-l)- ^•^^'^ ^^* |n~l (| n-l)» > 

which proves the second property. 

The number of combinations of 2n — 1 things, taken n — 1 
together, is 

(2n-l)(2n-2)...(n + l) 
1.2.. .(n-1) ' 

or 
{n-h(n-l)H^+(n-2))...(n+l) _ n*-^+...-fj?,n*4j?,n , , 
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jP^jP^ being ihe boiiui of the products of the (n— 1) nundbers 
1, 2, 3, .•., (n-1), taken respectively («-2) and (n — 3) 
together. Hence 

and 

P.-1 iizi C- ; (i * 5 *"*7h ^ fh *■■■* ^^ 

The number of combinationB is therefore ^^^ -fl, or 

Jf(n') + 1. mnce n cannot disappear on reductiop, or the 
number or combinations^ diminished by unity, b a multiple 



ofn\ 



DECOMPOSITION OF RATIONAL FRACTIONS. 

By Joseph Hobkee, M^, of Clare College. 

rro determine cantiniiouahf the partial fractions which cor- 
•*• respond to irresolvible quadratic factors of the denomi- 
nator; t.e., such as cannot be resolved into two real simple 
ones. 

If a rational proper fraction w*^.^^^ 

to tiie scale of y {or (x-a)] be -^^.i and ^Jfjy ex- 

panded by dividon in an ascending series up to the term 
involving /, be ^ 

where -4, -4,, ...-4^, are the numerators of the nartial frac- 
tions aiimng out of the frMstor {x^df in the denominator 

of the proposed fraction, and ^^ is the proper fraction 

remainingi which if necessary may be dealt with in lil^ 
manner. 
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The foregoing method has been employed in one or 
two elementary works, and that it has not become more 
general notwitnstanding its decided arithmetical superiority 
to any other, may be owing to the want of a corresponding 
method for irresolvible qus^ratic factors. This desideratum 
it is here proposed to supply. 

Let the fraction be ^. ^,/ — ^ — rni i "where b is positive, 

jP(aj){(a?-a)" + i}*' ^ 

Put y = oj — a, and let irr^ become by transformation ^y{ . 
, ^ F(x) •' G(y) 

Multiply numerator and denominator by G{-y\ which is 

obtained from G{y) by changing the signs of the odd powers 

of y. The fraction thus becomes ^.l ^7 x i of which 

G,y)0{-yy 

the denominator, since it remains the same when y changes 
sign, contains no odd power of y. This fraction may there- 
fore be arranged in the form . y/^W 

Assume « = v" + ft, and transform Xfy*), /Afy"), vCy*) 
into the scale of «. The last fraction now takes the form 

xTfy^ > and may be expanded by division, as far 

(ks the two terms involving «*"*, in the ascending form 

Therefore ^^f\ =A + ByHA + B,y) ' 



0{y) 



....(^^..i....,).-H^^M), 



Now B(z)-\-y8(z)^ when expressed in terms of y, must 
be divisible by G^(— y); otherwise, if we transformed the 
last equation into terras of y and multiplied up by G(y)j 
we should have the mtegral function ff(y) eaual to the sum 
of an integral and a fractional frmction of y, which is a 
contradiction. 

Let then B(z)+y8{si) reduce to Q{y)G{ry\ This 
makes 

g(y) _ A^By A^^B,y A^,-^ B^,y Q(y) 
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Deoampasitum of Rational Fractions. 41 

or, restoxing the value of a?, 

(x^af + b F{xy 

where ~r— i^ manifestly a proper fraction, and may, If 
Jf{x) 

requisite, be farther resolved. 

Example. Besolve Into partial firactions, the firadaon 

Cx' + 4){(a?+l)" + 2}" • 

Put y^x^-lx then the process of transformation to the 
scale of y is as follows : 





3 
-1 


-8 
-2 


-25 
5 


-73 
20 


-108 
53 


-95 
55 


44 
40 


61 
4 




2 


-5 
-1 


-20 
6 


-53 
14 


- 55 
39 


-40 
16 


- 4 
24 


65 




_ 1^ 


-6 



-14 
6 


-39 
8 


- 16 
31 


-24 
-15 


20 






.. 1 


-6 

1 


- 8 
5 


-31 
3 


15 

28 


-39 






_ 1 


-5 

2 


- 3 
3 


-28 
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^2 


-3 
3 






-28 






'— 3 



4 









— 4 


4 






1-5 





That Is, the nunerator becomes 

y»-.6y'4 4/-28y*+43y"-39y* + 2()y+65. 

By the'same method a^ + 4 becomeiB 

y»-3y' + 3y + 8 = (?fy). 
Multiply numerator and denominator by 

0{ry\ or -y"-3y-3y+3, 
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42 D«!09i^fot&ion cf Baticmai Fnutio^ 

and we obtain 

m(3'*)— jr"+8y*+y-«y*+ 121y*- 134, 

Tnmsfonning tiifiae to the scale of s, where = jr* + 2, we find 
i (e) =. 2«» - 148* + 85»» - 450«» + 696« + 88, 
Jf (») = - «» + 18«* - 103«* + ime - 179« - 24», 
2^(») = - «• + 9a* - 51» + 88. 

Bererai^ the order of these and performing tiie divifflon, 

Theref(Hre the fi^ctions are 

or, restoring the vahie of y, 

8a;-f2 4a?- 5 g?+l 

(sc* + 2a?+3/" (a^ + 2aj + 3/'^iB"+2a + 8' 

The remunder 

(19--5g)y-5-f5g-2g* 

when expressed in terms of y, and reduced by the fSeu^tor 



wnen expre 

«y>-8/. 



3y + 3, IS 

2y-l 2a? -fl 

V-3/+3y + 8^ a' + 4 



Any method of resolving such an example as we have 
chosen must necessarily be long; but the foregoing will be 
found much shorter, simpler, and more direct uan any 
hitherto used. 

Eyerton Vicarage, near St. Neof •. 
October, 1860. 
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ON COAXIAL CIRCLES, 

Bj John Casey, Sokolar of Trinity Colleige, Dublin, and Head*]lfoster 
of the National District Model School, Kilkenny. 

TT b necessary to premise the following Lemmas before 
^ proceeding to the immediate subject of this paper. 

Lemma 1. J^ a qwxdrUoUeral ABOD tMcribed in a drde 
X of a ooaxicd system has two cpposAe sides AB, CD, tcmching 
a ctrde Y of the system^ then the sides AC, BD tojich another 
cerde Z of the system {fig. 1), and the points of contact 
a, b, c^ d^ are in a right line. 

This JB evident from the similar triangles Aab. Dcd^ and 
the similar triai^les Bac.Cbd. and the equality oi the ratios 
AaiAb^DdiJOc^BaiBcf Oi: Cb. q.b,d. 

From this theor^n, which is well known, many important 
inferences can be drawn. 

Cob. 1. It foUows in a similar way^ that the sides AD, 
BC touch another circle Y of the system^ and that the points 
of contact e, f, are in the same right line with ike points 
a, b, c, d. But if we suppose X, x, Z fixed while the quad- 
rilateral changes position^ that V will be variable. 

Cos. 2. J^we suppose another circle X! of the same system 
to intersect AD, BC in the points A' D', B', C, the lints 
A'B' C'jy are tangents to a circle Y\ and A'C, B'D* to 
another circle 71 of the system^ and the Une of contacts coincide 
with the Une abca. This is evident from the preceding Lemma 
and Cor. 

Cor. 3. When X' touches the line BC, Y' and Z' co- 
ineide. We shall see further on^ that the centres of Y' and 
7a form a system of points in involution. When Y' and Z' 
comcide^ we shaUj oy analogy^ call it the double drde ef 
^system. 

Lemma 2. If a variable chord AB (the reader can easih 
construct the figure) of a circle X touch another circle x , 
the velocity of the point A : velocity ofB:: velocity acquired 
by a particle in jaUing from A to the radical axis of X 
and X : velocity acquired in frdling from "B to the radical 
axis. 
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Demonstration. Let a be the point of contact, then smoe 
a is the instantaneons centre of rotation, and the tangents 
at the points A^ Bj make equal angles with AB. velodtj 
of A : velocity of B:: Aa : J%i :: the square root ot the per- 
pendicular from A to the radical axis : square root of the 
perpendicular fit>m ^ to the radical axis :: velocity acquired 
m tallmg fit>m il to the radical axis : velodty acquiim in 
fidling from B to the radical axis. Q. E. D. 

C!OB. 1. For the purpose of comparing ike velocity of 
the point of contact a toith the velocity of the jnnnt tf, 
let A'B' be a position of AB infinitely near the position AB^ 
and let a' be the point of contact of A'B'^ and C the inter- 
section of AB and A'B\ Now the arc oa' =: angle 0. radius 
^iru./T AA' + BB ^, . , AA' + BB' ,. 
^^^>^^^^" 2radiusofX ^ therefore oa = ^_^g__.radins 

of Yj but aa'j AA\ BB' are proportional to the velocities of 
the points a, A^ J9, r€«ipectiveljr ; hence velocity of a : velocity 
of ^ + velocitv of B x\ radius of F: 2 radius of X, and 
velocity of -4 + velocity of 5: velocity of Bi: AB: aB; 
therefore velocity of a : velocity of J? :: AS.radius of Y: aB.2 
radius of X. 

C!OR. 2. From Cor. 1 it can he easily proved if A"B" 
he another chord of X touching T in a", am if the envdope 
of B"B he a circle of the same coaxial system as X and T, 
that the velocity ofh : velocity qfa!' :: AB : A"B". 

Ohservation. Poncelet^s Theorem {see Propriit6s Projectives^ 
p. Z2S) follows as an immediate inference from either JLemma 1 
or 2, and toe shall find Cor. 2 to Lemma 2 of use in proving 
an important theorem. For^ arriving at our next Xemma^ 
it is necessary to give a special proof of a particular case 
qfPonceleCs Theorem^ from which proof the Lemma will follow 
as an inference. 

Particular Case of Poncelefs Theorem. If a variable trir 
angle inscribed in a circle X has two of its sides Umchina 
another circle Y. the envelope of the remaining side is a circle 
{PropriStSs Projectives^ p. 323). 

Demonstration. Describe a chrcle Z concentric with Y 
such that a triangle AB'C* (fijg. 2) described about it may 
be inscribed in X, let 8 be the common centre of Y and Zj 
join AS and produce it tp meet X in Ej let be the centre 
of -T, and draw its diameter ED. Now it is evident that BC 
is parallel to B'C\ and that EC : EC :: radius of Y: radius 
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of Zj and jE(P : EC^ :: EF: EO :: Oa : 08 [G bemg the 
point of contact of Z^ and B*C* and i^O' bein^ orawn ptmllel 
to EO\. Therefore the ratio of OO* : 08 is given ; hence 
the point O is given, and because OE and bO are each 
g^ven, OF is^ven, and the circle described from 0^ as 
centre with ffFas radios touches BC. Hence the envelope 
of BCjs a circle. Q. £• D. 

Lemma 3. If from, the point a where the chord of contact 
be cuts AS (fig. 2) aO" fe cfraum parallel to OE, onJ yr<wi» 
iJiS point of contact F, FD ^perpendicular to be, Fd toill 
pass through H a centre of aimtlitude of the circles whose 
radii are O'F and 0''a, and the points S and H are ^ 

foci of the conic which is the envelope of he. 

• 

Demqnstration. From the edmilar triangles 08E^ OHF^ 
we have 

0E.aH^aF.08^0E.a8-\'0a.8a] 

therefore OE. SH^^^ 0ff.8G. 

Again, A8.8E^20E.80j 

and AS.Ba^ (radius of F)' ; 

therefore 20E.80 : (radius of Y)* :: /RB: /8b :: 08x80'] 

therefore 08 : 2/50" :: OE. 80 : (radius of Y)\ 

and OCX : 08 :: (radius of F)" : 8CP (see last Dem.) ; 

therefore by compounding, 

oa : 28a :: 0^: /ffff :: Off : /Sff; 
therefore 280' = /Sff, and /fifO" = O'H. 

Now from nmilar triangles 

OF: O'a :: Cfi^: 80' :: (yfi^: C'S 

Therefore ^ is a centre of similitude, and it is also evident 
that 8 and ^are the fod of the conic Q, £• D. 

Cob. If X and Y be two circles so related that a triangle 
ABC may he inscribed in X and circumscribed to Y, md 
if 9^ \}^(ibethe points of contact on Y^ the three perpendiculars 
of the triangle abc intersect in a given pointy namely ^one of 
me foci of the reciprocal of X with respect to Y. This is 
evident m>m the foregoing. 

Having establish^ the foregoing Lenmias, we are pre- 
pared to proceed with the special subject of this paper. 
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1. I^ there he three coaxial drclea X, Y, Z, and from 
emjf po%nt of IL if tangenie he drawn to i cmd Z touching 
them in B and C, the envelope ofBC ie a come section. 

BemonatrcOion. Let S^ 0^ O (the reader can easily con- 
rtruct Ihd %.) be the centres of the cirdes, R^ R the radii 
of Y and Z^ and OP, OP perpendiculars from OL 0" oo 
BC. Now we have from a known property of coaxial circles, 

S(h8av.AffiAC'ii^oifaCF:co%*OBPix?^^^^^ , 

hence 80.R^ : Sff.R :: iT- CP^ : i?- OP"; 
therefore 

and, since 8(7. IP and 80.R* are pven, let them be denoted 
by 9n and n, and the question is reaueea to the fbllowine : — 
(J and O are tvx> given pointa^ it la required to fata ths 
envelope of a line auch that m timea the aquare of the ver^ 
pendtcular from O' on it minua n timea the aquare of the 
perpendicular JromOma^ be given. 

Solution. Produce 0(/ (fig. 3) to L^ an^ mek^ 
OL : OLix m : n, 

and draw ON^ OM parallel to PF^ and take LQ a mean 
proportional between LN and LM^ draw QK parallel and 
£7perpendicular to PP. Now it is easy to prove that 

maP^^nOP^mLM'^nLiP^-{^m^n)HL\ 
and that mLM*-nLN^^-{m - n) LQ^^ 

therefore mO'P"-nOP» = (m-ti)(ffl;«-i^); 
Uierefore HU -LQ"^ OO.B^.E* -mh - n. 
Again, OLiC/Lzimin] 

therefiure (?(>' + «»— «=:Oii + «, 

and we have 

HP^LQr=0L.IP.B?^m^0L.B*^8ai 
tiierefbre HL* -^LH^^ constant, 

JE'0» + i^=.KL« = con8tant; 
therefore HU + K(y or LP » constant, 
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and the locos <^ / is a ebde whose centre is X. and because 
£* is a ^veo pomt, and /ffperpendicHlar to Kl^ the envelope 
of Iff IS a conic section wnose foci are Kj K {LK' being* 
made ecpal to LK). Q. B. D. 

Observation. We have given the foregoing solution on 
acoonnt of its special use for the establishing the subsequent 
theorems^ but the question may be done very condselv by 
dividing 00' internally and externally in the ratio of the 
square root <^ m to the square root of n, and it is easily 
proved that the product of the perpendiculars from the 
pomts of section is given; hence the envelope is a conic 

Q.E.D. 

Cob. 1. If the parts of a variable line intercepted by 
two given circles bear a constant ratioj the envelope of ^ 
line ts a conic section* 

CiOR. 2. If from the centres of two given cirdea perpen^ 
diculars be let fall on a variable line, and if tangents from^ 
the feet of the perpendiculars to the circles bear a constant ratioy 
the envdope cft& line is a conic section. 

Cob. 3. If a variable line intersect one of two circles^ and 
the intercept made on it by that circle bear a constant ratio 
to the tangent to the other from the foot of a perpendicular 
from its centre on the line^ Ae envelope of the Une is a conic. 

% 
2. When PF has a position parallel to OO^ it is evident 
that Lff will be the semiconjueate axis, and that its square 
IB OL.JB^-r 80^ and since K^^OL.OL^ we have 

semiconj" : KPiiITi Sa.OL, 

in like manner semiconj' : KI/ :: BP : SO.OL^ 

therefore J? : IT :: SO.OL : B&.aL. 

Now if TT, TT be the limiting points Bf^OW.OW. and 
ir^aW.OWy therefore 

OW.OW : aW.aW r. BO.OL : Sa.OL. 

Heme the Ares pair of j^oimts 8.L, OO, W.W* are in in^ 
volution. Q.B»D. 

Cor. I%e radioed axis of Aie system mterssets the Une 
SW' in a point which is the centre <f the circle <f similitude 
of Ae eireles whose centres are O ofM? C, iha^ is^ of ^ 
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circle described upon the distance between their centres of 
similitude^ and its limiting points are the centres of similituae 
ofOandO'. 

This will easily appear by considerbg the point 8 to 
be at infinity. 

3. Upon SLj OC, W.W as diameters describe circles; 
these will be coaxial, let their centres be 0", C", C. Now 

OW.OW : 80.0L : CO: O'C"^, 

therefore semiconj" : KV iiO'OzO' 0" ; 

therefore 

semitrans* : KU :: C"Oi 0"0' :: LW.LW : OL.ffL, 

but OL.CL^Kr; 

therefore semitrans* = LW.L W, 

and because W.W are the limiting points of the ori^al 
system iiTr.iTr'= half the square of tne radius of the circle 
of that sjrstem whose centre is X ; therefore seraitrans == radius 
of the cux^le of the original system whose centre is Lj hence 
the circle described upon the transverse axis of the conic is 
a circle of the system (see fig. 4). Q. e. d. 

4. It has been (see fig. 4) proved that 

semitrans^iO;' :^0"0 : 0"0', 

but 0"0: 0"0' :: 8W.SW : 80.80 \ 

therefore 80.8& -^ 8W.8W =^9X{vm[q of eccentricity of the 
conic, but /S^T./STT's square of radius of X. Hence we 
are enabled, ^ven the centres of X, Y^ Z^ (see Art 1) to 
know the species of the envelope, 

for if /SO. /SO' < (radius of X)" it is an ellipse, 

« /SO. /SC^ (radius of X)* " a parabola, 

" /SO./SO > (radius of X)" " a hyperbola. 

Definitions. For the sake of avoiding tedious periphrases 
I have found it necessary to use the' following nomenclature : 

(1) If from a point in the curcumference X of a coaxial 
system tangents oe drawn to two other circles Y and Z 
of the system touching them in B and C^ we have seen 
in Art 1 that the envdope of BO is a come section. This 
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conic I shall call the reciprocant of X with respect to Y 
and Z. I call it reciprocant in order to distinguish it from 
the ordinary reciprocal of one circle with respect to another| 
to which, indeed, it is nearly allied, the latter being a species 
of the former. 

(2) Triangular system of circles. Three circles of a 
system whicli are the envelopes of the three sides of a variable 
triangle inscribed in another circle , of the system, I shall 
call a triangular system of circles (see PropriiUs Prqjectives). 

(3) Two circles (F and Z, see fig. 5) of a triangular 
system with respect to X being given, the third circle may 
l>e either of two circles as appears from the diagram. The 
circle, such as TF, I shall call the complementary circle, and 

W* the sulHiomplem/entary^ and W and W dtiplioates of 
each other. 

5. If three circles T, Z, W form a triangula/r system 
toith respect to Xj the centres <jf x, Z, W afSa the centres 
of the reciprocants of X toith respect to each two of them 
form a system of points in involution. 

Demonstration. Let 0. O^ 0" be the centres of F, Z, TT, 
JS, ^, B' their radii, L^L^Il the centres of the reciprocants. 
Now from the demonstration of Art. 2, we have 

80.0Lx8a.OLMB?:Sr, 

Sa.OL : SOKO'L :: JT : ii"", 

80\0'U' : SO.OL' :: E"^ : B^. 

Hence OL. OL. OT = OL.O^L. OIJ\ • 

and the proposition is proved. 

6. The foci of the reciprocants in the last proposition form 
a system of points in involution. 

Demonstration. Let the reciprocants be denoted by 2, 
r, r, and the foci by K^ K'] iT,, iT/: K^^ iT,'; and let 
the circle described on KK* intersect tne cuxsle described 



on KJS^ in the points P, F. Now 

BO.OLiSO'.aLy.JS^iITi 
therefore OL: ffL :: IP^ 80 i R^^Sa, 

but OL : aL :: OK^ : ffK" :: OF : ffF; 

therefore OF : ffF :: IP^SO : ir-^ BO; 

VOL. V. B 
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in like manner 

OP" : O'P" :: iT ^ Sa : iJ"»-r SO"; 
therefore 

OP* : 0"P* :: JP-i-80: R"^^Sa' :: OJT, : O'X/; 

hence the circle described on KK^ passes through P, in 
like manner it passes through P'; tnerefore these circles 
are coaxial, and the proposition is proved. 

7. The three centres O, O', O" of the drdes Y, Z, W, 
and ike foci K, K„ K,' of the rectprocants 2, 2', S" form 
a system in involution. 

Demonstration. It has been proved in the last article that 

DIP : O'JP :: B'^ 80 : IT ^80'. 

Now, attending to the convention relative to the signs of 
lines, namely^ uiat lines measured in the same direction fnnn 
a common ongin have like signsj and in a contrary direction 
unlike signs; we have, by extracting the square root, 

OK: - aK:: R^^/[80) : B:^^/[8a\ 

in like manner 

aK^ ^ - O'K^ :: ir -r s/{8a) : E' ^ V(50"). 

Again, taking the foci K and K^ of the reciprocant 2", 
we shall find tnat O'K^ Kaa OK^ are measured in the same 
direction ; hence we have 

a'K; : ok; .: K'^^(8a') : B-^^/{80) ; 

therefore 0K.OK,.a'K;^aK.a'K,.0K;, 

and therefore the points are m involution. Q. E. D. 

Cor. 1. In like manner the points 

0, 0', a\K,K,K\ . . , ,. 

^ ^^. r are Mi mvolution. 

and o,a,a',K,,K,K;) 

Cor. 2. The points 0, 0', 0", JT', K;^ JJ;' are in in- 
volution. For we have proved that 

0"jr; : ok; -.: R'^^{80") : B^y/{80)j 

and by combining this with the two other similar proportions 
the proposition is evident. 
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8. We have seen in Cor. 2, Lemma 1, that if a quad-, 
rilateral ABGD inscribed in a circle X of a coaadal system 
^fig. 1) whose sides AB^ CD touch a circle Y^ and ACj. 
BD touch another circle Z of the system, has its sides AJD 
uid BG intersected in the points A\ U^ JS^ (7' by a circle 
X' of the same system, that the sides A'^^ CD touch a 
circle Y\ and AG\ BD another circle Z* of Ae system, 
aqd the lines of contact are coincident; also, that when X^ 
coincides with the envelope of JSC, that F* and Z' coincide, 
and we have called that circle of the system the double 
circle. From this it is evident that the reciprocant of X 
with respect to Y and Z is also the reciprocant of X 
with respect to Y and Z "y and again, the reciprocal of 
the circle which is the envelope of S(7 with respect to the 
double circle; that is, the reciprocant of X with respect to 
Y and Z is the recijprocal of the complementary circle toith 
respect to the double circle. Q. E. D. 

Cor. The ce$itres of the circles Y', Z' form a system of 
points in involutdon. This is evident since they are harmonic 
conjugal with respect to the foci of the reciprocant. 

9. From Arts. 2 and 8 we derive the following con- 
struction for finding the centre of the complementary circle 
of a triangular system when the centres 0, (7 of the two 
other circles and the centre 8 of the circumscribing circle 
are riven. 

Cet TT, W (the reader can form the figure) be the limiting 
points of the system. Find L a sixth point in involution 
with TT, TT; 0, (7; and /&; then L is the centre of the 
reciprocant; take LK a mean proportional between OL 
and O^Lj then f is a focus of the reciprocant. Again, find 
O" such that a circle described on 0"L^ and another described 
on Wj Wj may have K as one of their limiting points; 
0" is the point required. 

BemonstrtUion. It was proved, Art. 8, that the reciprocant 
is the reciprocal of the complementary circle with respect 
to the double circle ; hence, in order to prove the foregoing 
construction, all that is required to be shewn is, that if 
we reciprocate one circle with respect to another, the centre 
of the reciprocating circle is one of the double points of 
a system in involution determined by the limiting points 
of the two circles, the centre of the reciprocated circle and 
the centre of the resulting conic. Now tnis is seen at once 
from Art. 2, by supposing the points 0, O* to coincide. Q. e. d. 

e2 
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Cor, \, 1L is a centre of similitude- of the circles of the 
system whose centres are L and O", that is^ of the circle 
described on the transverse of the reciprocantj and the com^ 
plementary circle of the, triangular system. This is evident 
from looking at fa. 2, In that figure /S is a centre of simili- 
tude of the circle JT, and the circle whose radius is 0"a^ 
and the proposition here stated is the same. 

Cor. 2. The other focus K' of the reciprocant is a centre 
of similitude of the suh-complementary circle of the triangular 
system, and the circle on the transverse axis of the reciprocant. 

This follows at once from Lemma 3. 

Cor. 3. Hence the foregoing construction for finding the 
centre of the complementary circle will determine the centre 
of the sub-complementary circle if in it we use K' instead 
ofK. 

Cor. 4. Hence if the sub-complementary circle be one of 
the limiting points^ K' will be the same pointy and the cor- 
responding directrix of the reciprocant will pass through the 
other liimting point. 

10. If X and Y {fig. 1) be two circles^ and BC a chord 
of X whose envelope is a circle of the same system, with X 
and Z, and Be, Co tangents to Z from B and C, the envelope 
of the chord of contact viz is a conic section. 

Demonstration. Produce jBc, Cby to D and A. Join 
ABj CD. Then the proposition is evident from Poncelet's 
Theorem, Lemma 1 and Art. 1. Q. E. D. 

11. 1{ ABCD be a quadrilateral inscribed in a circle X 
of a coaxial system whose sides ABy CD (fig. 6) touch a 
given circle i of the system, and consequently, whose sides 
ACj BD touch another circle Z of the system, then if Z 
be given, the envelope of BC is given. From the point 
of contact t of BC with its envelope let fall a perpendicular 
tm on the line of contact abed. Then since the envelope 
of be is the reciprocal of the envelope of BO with respect 
to the double curcle of the system r, Zj from the known 
property of reciprocation tm produced passes through the 
centre of the double circle, that is, through a focus of the 
conic, and the locus of the point m is the circle described 
on its transverse^ which has been proved to be a circle of 
the system. Again, since the envelope oi AD is /the sub- 
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complementarj of Y and Z with respect to JT, the perpen- 
dicolar i'm* let fall from i^ the point of contact of AD with 
its envelope on he passes through the other focos of the 
conic, Lemma 3, and the locus of vo! is the circle on the 
pransverse. 

12. From the last Article we have the followingtheorems : — 
If ABC be a trianqU inscribed in a circle X, whose sides 
are tangents to a trtangtdar system of circles Y, Z, W, and 
if the points of contact on the sides of ABC be joined forming 
a new triangle abc, the loci of the feet of the perpendiculars 
of abc are circles of the system^ and their centres and centres 
ofY* Z, Wyform a system of points in involution (Art. 4). 

Ana again^ each of the perpendiculars passes through a 
given pointy and the three given points through which they 
passj and the centres of Y, Z, W, foryn a system of points 
in involution (Art. 7). 

13. The circle described on the transverse axis of a 
conic having double contact with it, the anharmonic ratio 
of the four points m ffig. 6) is equal to the anharmonic ratio 
of the four corresponoing pKoints on the conic, and this again 
equal to the anharmonic ratio of the corresponding four ^ints 
t on BCy BC being supposed to take four different positions 
along its envelope. Again, the anharmonic ratio of the cor- 
responding four points ( on AD is equal to the anharmonic 
ratio of uie four points m\ Since im! passes through a 
centre of similituae of the circle on the transverse and 
the envelope of AD^ hence the anharmonic ratio of the four 
points t on BC is equal to the anharmonic ratio of the four 
lZ-esp<mdingpointTonAD. Q.E.D. "^ "^ 

[To be continued,) 
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ON CERTAIN SYSTEMS OF CURVES OF THE THIRD 

DEGREE PASSING THROUGH THE VERTICES AND 

THE INTERSECTIONS OF OPPOSITE SIDES AND 

DIAGONALS OF A GIVEN QUADRILATERAL. 

By Sahitbl Robkkts, M.A. 

1. T ET the intersections be the vertices of the triangle 
of reference. The coordinates of the vertices of 
the quadrilateral' may be represented by 

^} -^) Pj 

and the form of the equation for the systems of cubics passing 
through these points, and (aJ3\ (07, (py) is 



a 
m 



^*.0-(^■l^M(^'-©■}^<' «■> 

Li accordance with a theorem of Maclaurin's, the polar conic 
of fr-, -r-i VJ (a point on the curve determined by the 
particular values of k^^ A;,, k^) is 

\*, kj m p \k^ kj p n \k^ kj n m * 

and the polar conic of (wi^,, nA:,, pk^ (also a point on the 
curve) is 

*.-{(!)'-©]^v0-OVv{o--©}-«- 

Consequently the four tangents at the vertices of the quad- 
rilateral meet in a point (mA?„ nA:,, pk^ on the curve, 
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and the tangents at {afi\ (fiy)j (yoi) and (mk^^ nk^^ ph^) 
meet at a point {17 i T ^ ^)^^ ^^'^ ^ 



I curve. 



«« -«t ..^t 



2. If aj,)9,,7j satisfy (a), it is also satisfied by — ) o") 5 
«.«.y if a system of carves (a) pass through a, p, % they 



M« /»%« 



pass also through the fixed point — , o~ 1 • ^^ ^^ 

*t Hi 7t 
evident, by substitution. 

If, tnerefore, the locus of (jOLfi^y^ is taken as F(a^fi^y^) = 0, 
that of the other or ninth common point will be 



-(?■ s- i)'"- 



Hence if the locus of OL^fi^y^ be a right line, that of 
the correspondine point will be a conic through the vertices 
of the triangle of reference. 

Since the intersections of tangents at the four vertices 
of the quadrilateral^ and of tangents at (a/9), (I3y)j (a7) are 
reciprocal, the relation above indicated exists between their 
respective loci. 

xhe equation (a) may be put into the form 

\m k nj \n k p] \p k m) 

""(n^lfe-m) (^"I-n) U""yfe-^) ^*^ 

If k remain a variable parameter, (i) represents a system 
of curves through the seven points of the systems (a), and 
through (mj„ ny,,^,). The curve (J) also passes through 

, m n p 

, m n p 

^^ M^i Mti Ji 71 fj 

, m n p 

^t> '^o -P*» r» r» i» 

and as k varies, the lines joining these points two and two, 
envelope determinate conies; for their equations contain k 
in the second degree. 
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56 On Certain Systems of Curves of the Third Degree. 
(J>) may be amved at aa follows : — The tines 

^' \p k m) ^* \n km)' 



13 (i^l^ 2)^/3 (^^^2), 
'^^ U k p) *^^ \m k pj^ 



pass respectiyety through 

(1) f^j 0, py^ (2) 0, nfi^,py^ (3) ma,, nfi^, 0| 
(4> jwj,, ni, pqj ' (5) mk, nq^^ pq^] ' (6) wj,, nj,, pk) ' 

and ri^ht lines from (07), (/87), (/8a) through (1), (2), (3) 
reroectivelj meet in ma,, w/8,, py^ 

JSliminatlng a,, /S,. 7 , we nave (J), which represents 
therefore a locus sucn that if right lines be drawn from 
a point thereon through the fixed points (4)^ (5), (6), they 
will meet the sides of the triangle so that right lines from 
the vertices to the intersections will meet in one point. 

3. If m = n sp, (a) represents the system of cubics passlne^ 
through the vertices of a triangle and the centres of inscribed 

and escribed circles. In thb case f- , ^ , -) is the cor- 
responding point to (a, /9, 7). 

There are three well known pairs of points, which have 
redprocal coordinates. 

The centre of the circumscribing circle of the triangle 
of reference,* and the intersection of perpendicidars from 
the vertices on the sides are denoted by 



oos^, cos^, cosC ] 

1 • 1 1 \ (1). 

cos-4 ' cos^ ' 



f, cosC j 
V cos (7 J 



The intersection of bisectors of the sides from the vertices 
and the like intersection of the circumscribing triangle are 
denoted by 



1 



\vlB' sinCr 
iujB, sin (7 J 



sln^l' sin5' sinCf (2), 

sin^, sin J?, 
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On Certain Systems of Curves of the Third Degree. 67 

and tbe coordinates of the circular points at infinity are of 
the forms 

«', /y, i] 

1 1 l\ (3). 

a" /3" 7'i 

ConBeqaently a cnbic (a) (m = n—p) may be found which 
diall pass thiroiigh any two of these pairs of points. 

4. The carve 

sm^ BmB sinC/ ^ ^ 

is a curve (a) (m = n sp) and passes through the first two 
pairs of points just referred to. The tangents at the 

vertices of the triangle and ( -. — . • -r-75, -r-7^ ] meet at 

(sinA^ BinBj sin (7); and the tangents firom the point 

f-:; — J, -r-^, -^—pi) touch at the centres of inscribed 
\sm^ ' sm^' smG/ 

and escribed circles. 

The tangent at (mnA^ sinBj smC) is 

sin*J5- sin»(7 . sin»(7- sin«.B ^ sin»4 - sin»5 ^ 
sm^ sm^ smC ' 

which is the polar of the centre of the conic through the 
four centres and the point of contact, with regard to the 
triangle. 

The curve (c) passes through the middle points of the 
mdes of the triangle and the tangents at those points and 
at (sinAj smBj mnC) meet in a pomt on the curve. 

The form of (c) corresponding to (6) is 

(a - cobC/3) (13 - cos^7) (7 - cos Ac) 

= (i8-cosCbt)(7-cos^i8)(a-cfts5y) (c'). 

5. The form (c') is allied to the form 
(a + cos Ci8)08 + cos^7) (7 + cos^) 

=(i8 + cosC^)(7 + cos^)8)(a + cos^) (rf), 

which represents a locus such^ that right lines firom a point 
thereon perpendicular to the sides of the triangle cut those 
sides in points, right lines drawn firom which to the vertices 
meet in one point. 
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58 Theory of Oenerio EquaUons. 

The three fixed points being on the line at infinity, it 
follows that the three corresponding points and (a/8), (07), (jSy) 
lie on the same circle, as is plain in the general case bj 
Pascal's theorem. The position of these points is determin^ 
bj right lines from the vertices of the triangle of reference 
through the centre of the circumscribing circle. 

^ 6. Considered as a locos of the kind (b\ corves of the 
third degree (a) (m » n =^) take the form 

and the factors (a- i,^) and (fi — Jcjoi) eqoated to evpher 
represent right lines eqoidly inclined to the bisector a — p =s ; 
and the same applies to the other factors taken in corre- 
sponding pairs. 

March, 1861. 



THEORY OF GENERIC EQUATIONS. 

By John Bussakd, M.A. 

(Continued firom Vol. IV. p. 805.) 

95 QINCE gt^-***J« = 8'^*: therefore equating coefficients 
^ of ^, ( Z7+ my = (- Uy ; therefore 

f[x + {U'\-m) 0} =/(« - U0)j 

let aj = -iwtf; 

therefore f{U+{m) «=/{-(I7'+iw) 0]] 

therefore ( 17'+ ^m)*^ «= 0, 

Simihirly (V+im)'^* = 0. 

When m=sl, IT" becomes -4, and V becomes 5; therefore 
{A + i)"^* = 0, (J5 + i)""" = 0, results which have been already 
obtained (see Art. 18). 

26. Required to expand ^ , ^ , (^)" co8«,(?, 
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Theory of Generic Equations. 69 



(1). rrome^« = (-^, 






therefore 2 co8Z79 = 2* -^rr Vsvsr -n — ^ > 

1(2 cosi©) j (cos JC) ' 

therefore putting 2^ for tf, cos 2 179 = ^ — ^. 
Hence 

(C08^-^ 1.2 + 1.2.3.4 1.2.3.4.5.6 +*^"'^'^'^"'^ 
(2). From 

.oii^ri) « ft-i7iv(-i) f ^ 

we similarly obtain 

ST 
(3), In like manner we obtain from e^ acr-j — -« , 

T-r- gj co8Jw^ = co82Fi9 

^^ 1.2 + 1.2.3.4 '^ ^^^'' 

(4). and(^) 8in»t^«-8m2Fl9 

- - {r. m-^^^^S^] (XVI.) 

Ex. In (XIIL) let m = 2; therefore 

(COS^)"^ X mut^^ 1 1.2 ^ 1.2.3.4 ^ 

where U^{m^i) by (XL), 
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60 Theory of Oeneric Equations. 

therefore tan'd = -2 i^-Zls W-^JZl^ ML 
I 2 '1.2 3 •1.2.3.4 

2^ _(2^_ ) 

^ 4 ■"•1.2...6 *^y 

27. Required to expand 2^^=.^ and "^""1^ 

^ •" ° (»«+i)- P°* * ^*>' •• » therefore ««^= ^^ . Dif- 
ferentiate n times, then 

I/IC ^~ 1).( 0-- 2)...( 17- n + 1) a;'^ 

= (- 1)" 2-.m.(«, + l)...{m + „ - i).^_L_^. ;■ 
therefore 0'.(?7'-l).(£7-2)...(t7--n + l).a;«^ 

= (- l)".2-.m.(m + ])...(« + „_i)_^'' 



{«+!)" 



For « put saccessively t«^r») ,-^(-., ^i,^^ , ^^. ^^ 
sum we hare * 

?7.( 17- !).( U- 2)...( Z7- It + l).co92 i«? 

= (.l)-.m.(«-H)...(« + „.X).^^^^, 
and by taking the difference, ' 

U.[U-l)...{U~n + l).Bm2m 

= (-»-.».(»,..)...(„4n-».f^*. 
Leti7.(Z7-l).{I7'-2)...(ir-« + i) ' 

then -^.-A^-.+ft^«-&c.±;,^,=J'(Cr), 

C08^n--m)g_ (-i)'.2-' j irF(U).0> 

-^ 1.2.8.4 -^-f (xvn.), 

(XVltt), 
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Theory of Oeneric Equations. 61 

where U'F{U) = U,^-p,U,^,+j,,U^^&c±j,^U,, 

which, hj (XI.) can be expressed in terms of the A^ and 
therefore of the B numbers. 

28. From preceding Art. we obtain, by multiplying by 2", 
2U{2U-2){2U-'i)...{2U-{2n-2)] cos2J7tf 

«(-l)-.m.(« + !)...(«. 4 «-l).^^^^ 
2£^(2 J7'-2)...{2J7- (2n- 2)} 8in2f7'(? 

-(-ir.m.{«. + lJ...(m + »-l).^^^. 

Let c^, c,, c„ ...0^, be the sumfl of the products of the (n — I) 
quantities, viz., 2, 4, 6, ...(2n — 2), taken 1, 2, 3, ...(n— 1) 
together, then 

[(2Uy - c, (2 U)"^' 4 ^, (2 Uy* - &c. ± c^, (2 U)] C082 f7» 

/<\« / .«\ / *\ cos (n — m) 

= (-l).w.(m + l)...(w + n-l)-^^^^5;^, 

and {(2J7)*-c,(2J7)"-^4....±c^,(2J7)} sin2J7(? 

/ t\« / . i\ / . *\ sin(n — m) tf 
«(-l) m.(m + l)...(in-hn-l). Ag.,H» > 

cos2c/9: 



Also* 
therefore 



(cos<?r^ 

(2^).sin2^ = ^..{^.}. 

(2trrcos2£7^=^ {;^.}&c.&c. 

Similarly, 8in2 J7i? = - ^^ ; 

therefore -iUcwiUS^ja \ f"^^m \ i 

dd ((cos^ ) ' 
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62 Theory of Oeneric EquaUona. 

Hence by sabst'itation and redaction we obtain the following 
results: 

(f f coBOTg ) <r"' f sinwtg ) 

der t(cos^-j "' der' ((cos^)-} 

- (- l)»".TO.(»i + l).(m + 2)...(m + n - 1). T,^^"^I^ (n even) 

(30), 

and = (- !)»«-».«,.(« + l)...(m + n- 1).?^^^^ (« od4) 

(31). 

rf^ t(co8^)"j "•'''' rfr-» t^S35^j 

d*** fsinw^'l <r^ f cosfflg ) „ 

»(-l>*<-".«t.(m+ l)...(«t + n- 1).5!^^^ („ even) 

(32), 

«id-(-l)*-'.«.(m + l)...(«, + „-l).^^^{nodd) 

(33), 

If m = 1, these eqoations become 

= (-l)»"1.2.3...«.^^^(„even), 

and .(-i)»-«,.2...«.»^Zl^(„odd), 

^ (tan ^) - c, ^ (tan^) + &c. 

-(-1)*-M.2.....!i^^^„e.en), 
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Theory cf Generic Equatiaru. 6S 

and = (- l)i'-".l.2...«.£^^ (n odd). 

Ex. Let n = 3 ; therefore from (33) 

which is the case, and from (31) 

which is also the case. 

29. Manj general results analogous to those of the pre- 
ceding Art. may be obtained by somewhat varying the process 
there used. The following result, the proof of which is 
omitted on account of its length, is given as an instance 
of the power of the method adopted in this theory, and 
as^ot likely to be obtained In any other way. 

Let -N; = n.(n + l).(n+2)...(2n-l), 

JVr = (n + l).(n + 2)...2n 

JVr = (n4 2).(n + 3)...(2n + 1), &c. &c, 

and let r,. r^, r,, ...r^, be the sums of the products of 
the (n-1) quantities, viz., 2*^ 4*, 6", ...(2n-2)*, taken 
1, 2, 3, ...(n — 1) together, then it can be shewn that 

(f f coBm0 \ . cT^ f cosmg ] cT^ [ cosmg ] 

rf<r Vcosfl^j"^''^^^-' t(cos^-p''«rf^^ Ucostf)-] ■^'•• 

■^'*-\rf^4(^o^j 
K.l)-..(m4.1)...(m + n^l){^-^ 

.^fci).^..^j^.^ ,„,, 

"^'^W [iwifff] ■''''' d9^ 1(^3^1 '^''ydtr-* \{w^] ■•""• 

■'■''-'5^1(35^; 

= (-ir.»i.(m+l)...(m + «-l) |^iV;.2"- ^^^j;j 

«».(»»- 1) ._ 8m20 . - ) ,„,. 
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64 Theory of Generic Equations. 

Let m = l^ then from (35)| 

Ex. Letn = 2; therefore 

^(tanfl) + 4 ^(tanfl) = 1.2.3.4 ^-|1^., 
which is the case. 

Ck)B. ^ (tanO) + »•. ^ (tanC) +...+ v, ^ (tantf) 
_r iri2 »„ f«ng^O _ (-l)M.2...(2n-l) 



(cosef 



!"«"• 



30. In e-'^* = (irpif P"* "" *''' ^' » 

2"a!" 
therefore ^ =(^TTf' 

therefore aj-<'^» = 



{x+lT' 

Hence by saccessive differentiation, 
(D"+m) (£r+ «»+ l)...(t7+ OT + n- 1) x-'o*-*"' 

= 2". »».(m + !)...(»» + n - l).^^-j-^ ; 

therefore {U+m) {U+m+l)...{U+m + n- 1) x''' 

= 2- m.(m + l)...(m + n - 1).(^)"" 
therefore patting x = e*, 
{D'+m){U+m + l)...{U+m + n-l)t-^ 

wi.(»t + l)...(ffl+n-l) r^.z<^>» 
2" '(s' + l)**"' 

which ^»».(m + lMm + n-l)^^.^,^ 

if Z7' is what Z7 becomes when m + n is put for m; therefore 
equating coefficients of 0^, 

m.{m + l) (m + n-^l) — , 
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The<ynf of Oeneric EquaHons. 66 

Let Cj, c^y ...c, be the sums of the products of the n qiiantitie8| 
viz., rriy (m+1), (m + 2), ...(m + n— 1) taken I, 2, 8, ...n 
together, then 
-^ -.- —. -. w.(fn4-l)...(m + n — 1) — .. 

^^+c,d:^.+c,o:^+...+c.d:=— i — l^ ku;. 

Since the U numbers involve m, this fact may be exhibited 
in the notation by patting ^Ur for U,^ &c., and we have 
from the above equation 

2* 

+ <'.-«0:^+-+^.-«^r) (XIX.). 

When fit=: 1 put n = 9i»— 1, and we have 

whibh is the formula (XI.), of which therefore the formula 
(XIX.) Lb a generalization. 

31. Required to express U^ and consequently A^ in direct 
terms. 

Since a«7=5^— — -5j; therefore by differentiation, 

therefore Ux"'=--, — . ,.,„ = -»t.2" \-, — — r^ - -. — . ,.»». l . 
Similarly bj a second differentiation and redaction, we obtain 

m,{m+l) f (m + 2)'-2.(TO + l)' + TO* )1 
■^ 1.2 1 {x+\r* iJ' 

repeating the process, we have 

. m.{m+\) f (TO4 2)'-2.(OT + l)'-f»i' ) 
"•" 1.2 \ (x+l)"** J 

TO.(ffl + l).(«i + 2) ( (>«+3)' - 3.(to +2)' + 3.(»t + 1)* - m* ] ~\ 

VOL. V. P 
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66 Theory of Chneric Ejuaiions. 

Hence generally, the law of formation of terms being evident, 

ZTx -(-1) 2 |_(^^.i)- i'\ (x+l)"*' I 

1.2 \ (»+!)**• ) J 

Letxasl; therefore 

Let m 3> 1 ; therefore 

^..(_„.(x..!:^.5:=^±i:-4.) m 

Cob. In (XX.) pot for «, b*^'"", e"^'-*' 8«coe8«vely,-an4 
multiply by 2", then 

2-£roo82D9.(-ir2-{«»-^ 

m (m + ir-wi' coa(>» + l)g 

m.(m + l) (m + 2)"- 2.(«n+l)' + TO' co8(w + 2)g > 

+ 1.2 • 2= • {cosffT' r 

2-?r^2CT-(-ir2-{m-^ 

m (»» + 1)'-ot' ain(»t + l)g 

~T* 2 • (C08^"" 

to.(to41) ( «» + 2)'-2.(m+l)''+TO' 8in(m + 2)g - ) 
■^ 1:2 • 2* • (coB^)-** **•}• 

But 2-trcoB2l«>=(-l)»-^.{^^|(„eTen), 
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n even (38), 

and =(-l)«-«>.2" |«- ^^-&c.| n odd (89), 

fi even (40), 

«,d = (- !)«-» 2- {«»• ^. - &C.J « odd (41). 

Cob. Let ma 1; therefore 

flff^^ / V / ^oogO 2 (cofld)" 

8"-2.2"+l Bm3$ - ) 
+ 2* .^33^-&cJ«eTen, 

«d.(.I).-.2-{l-?fi.^. 

2" (cosO)" J 

Ex. Let a;a 3; therefore 
^ u iXK A f^0 • 8in2d , 8in30) 2 nn9 

32. Bequired to express B^ in direct terms. 
Since 

henoe by differmitifttion and reduction we obtam 
Simibrly by repeating the processy 

^ ^ (V r+1 r + 2 r-f 3 

12 



Digitized by 



Google 
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Hence generally, the law of the formation of terms being 
evident, . , _ 

f / r 2"-r 3"-2.2"+r 



4* -8-8" + 3.2* -r 



*-)(-)■};::• 



r + 4 
Leta; = 0; therefore af = (r>0), and 

5..,.,,. (^ - ?:^\ »L:?f±i:-4». 4.) ...(«). 



2*^-2 



ton. 



C50B. Since ^ =-^— r-p -BU, i therefore firom (87) and 
(42) we obtain 

"mT V 2 8 7 2 

^ 8--2.2-+l 4-^8.3-4-8.2--l',^, ^^3^ 

This equation holds generally, i.e. whatever valne be given 
t. 

83. From aj»=— Sf may be obtamed, by succeadve dif- 
x — 1 
ferentiation and reduction, 

( 1 2"-'-l 3"-'-2.2"-'+l , J, \ 

(1 2"-l 3"-2.2"+l , - ) 

• -K-l)Mogx|— ^-H^^^.4 ^^_^y +&cj, 

for X put e*^*'", 8"^'"*' ttucceasively, then multiplying by 2", 

''®^* „ ,fl 2"--l co82(? 

2"5"coe2Jd-(-l)"n2 |2 + -2^-(ri^' 

8"-'-2.2"-+l Bin3^ 4-'-3.3-'+3.2-'-l .cob4^ „ ) 

— -T* J^ef' ^ ' {f^ff)" ) 

(co8^ 2"- 1 Bin2g 8'-2.2'+l C0B8g 
+ ^-^)'^'^\2^0-'¥-'{^0f 2* '(Bin^r 

4* - 3.3" + 3.2" - 1 8in4(9 _^j.) 

+ — 2^ — •■p^*+*^r 
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' (* BinO 2* (sin^* 

8'-'-2.2-' + l CO830 , ) 

also 2"^ co82Bd = (- 1)*" ^ (0 cottf) (n even), 

and =0 wheo n is odd, 
2"^ rin2Jd = (« even), 

and = {- 1)»'-" ^ {0 cottf) (n odd). 
Hence, when n is evea^ 

8-'-a.2-' + l sinS^ . ) 

./ txt» «■.«/! f COB g 2'-l sin2g 
■^^ '^ "* "12 Bine ¥~ (ri^ 

8'-2.2' + l oosSd . , ) 

? •(riE^+**^| • (**)' 

and when n is odd, 

— (0catff\-(-i\ii^'^>n^i.S2iL ^*"'-t Bin2g 
^(»cote^ -(-!)»< «.3 |2-^ W'i^ffP 

3-'-2.2'-' + l cosStf , ) 
2* ~ • (S^+**'j 

8'-2.2" + l 8in30 , ) ' . 
? — (5E6^'-*4 ^**^' 

.!«. n-ij.^*-* C082g 3'-2.2" + l nnS^ ^ 
•laoO = i + -^.^^^ 2i .(-^-&c 

(neven) (46), 
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(nodd) (47). 



.cm0 2*-l rin2e 8"-2.2*+l cosSff - 



Ez« Letfi»2; therefore 

pf_C08^ rin2^ CO880) 2 20 cosg 

'"^^ 12 rin^"* (sin^*"* (sine)') ^ (5S^« SnT ^ 
which is the case. 

which is the case. 

34. Beqnired to prove Formula (XII.), viz, that 

,.,^, n.Cn-l).(n-2)...(n-m-H) /5 B^ 

*^-"^"^J • l.2.3...(wi-l) Vir'^*»n-I 

where ^j, j,, •••?«-! are the sums of the products of the m — 1 
quantities, viz. 1, 2, ...(m— 1} taken 1, 2, ...(m — 1) together, i.e. 

It was observed (Art. 24) that this formula could not 
apparently be obtained in a manner similar to that in which 
the corresponding formula for U^ was derived. The following 
is an elaoorate proof of the above formula. An easier one 
mfty possibly yet be found. 

In (IV.), Art. 10, viz. 



m 



/laj+(F+m)<?}-Y/{a:4(r-hm-l)^ 
^ni,(m-l)^^^ 

let 0s 1 aiul^s»~", then reversing the order of the series, 
1 m 1 TO.(wt — 1) 1 „ 



■(-1)" -^ = «.(«+l)-(" + '»-l).-s5f. 



Digitized by 



Google 



Theory cf Generic Equations. 71 

Hence, samming between x^x and o^soo, m times in sne- 
oession, we have 

1 ^-1 1 (^-i).(^-2) 1 . 

(r+aj)* "n~ (F-fx+1)""^ 1.2 '(7+0^-2)* *^ 

^11,(11 + iMn+m^l) 1^ + (^/^)-»^ + {x^2r^ '^^, 

_i ««-^ ^ , (m-2).(tii^3) 1 . 

(F+a?)* 1 -fFjIITIf 1.2 (F+aj+2)""^^ 

«ii.(n-M)...(n4 wt- 1) \^ + (^^\)>.^ + (a^4^2)-^ "^^ 

1 m-8 1 . (m-3).(w-4) 1 ^ 

(F+o;)*"" 1 •(F+ic+ir'*' 1.2 •(^+a?+2r""^ 

i«.(n+ l)^.(ii + m - 1) f 1.2 ^ 2.3 3.4 - 

"7"^ U t:?^ + FMp "^I^+Sf^"^*^' 

1 _ n.{n + l)...[n + m-\) ( 1.2...(fn-l) 
I^FT^" 1.2...(m-l) t »"^ 

. 2.3.. .m 3.4.. .(m-M) . « 

Now let « = 1 -1 = 0, then 

1 ^ n.(fi + l)...(ii + m-l) f l.2...(m-l) 
yff^^^^'^ 1.2...(m-l) i (l-l)*^ 

. 2.3.. .m . 3.4...(m + l) « 

+ -pj;55- + ^ ^ + &C. 

Again, 

( g+l)(a?4r2)^.(a?+m-l) _ a?*''4g,a?*^+g^*^+.>>+g^, 
X x 

thei^ore sammlng between a; = Os I — 1 and a;soo , we have 
1.2.. .(m-1) , 2.3...III , 3.4...(ni4-l) . p. __J__. o 

+ ?...i 1 (1, 1)"^ "^ ^--N.} 5 
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thereftnre 

n.(n+l)...(B + OT-l) r 1 I ff 
^- 1.2...(m-l) L(l^^^ •"' 

Wheni» = l F becomes 5; therefore 

1 D -SL, 

therefore (i - 1)^' "*" •+" ~ "»" ' 

^*"«®^-= 1.2...(m-l) in +*'n + l 

Now for n put - n, and 

Cob.* Ifn<tn, then 

, n.(n - 1)...2.1.0 X (- l)'^M.2...(m - n - 1) f^, 
^n-^-^l ' 1.2...(»»-1) ' !« 

* The generic equation 
(F+mr-m(F+in-ir + !!i:^:^(F+m-2)--&c.«0, 

will give, for the determination of the F numbers, the following equation 
expressed in the received notation, viz. 

1 1»2 

^ (m ^• nMm 4 n - l)...(m ^^ 1) ^„q, p> ^^ 
1.2.. .» ' " 

This equation, by above CJor., becomes (n < m) 

*"^ - ;;r^ «'^ *^ ^ (m-l).(m-2) ^'^ "^ - ^"^ 

+ (_ D- (m4»»).(m + n-l)...(m-H) ^ 

*^ ' (m-l).(m-2)...(m-») *" 
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which is reduced to the last term, and becomes (since B^ = 1), 
F.(n<m) = (- 1)-.. ?:^r""^i'rV \'in (XXL), 

a remariLable property of nmnbers which is probably new. 
Ex.1. Let nia4; therefore^, =s6, ;,= 11, ^3 = 6. Hence 

Again, from 

(F+4)*-4(F+8r + 6(F+2)"-.4(F+l)-+F' = 0, 

by putting for n the quantities 5, 6, 7 successively, we obtain, 
upon reduction, 

F, + 2=:0, 3F, + 12F,+ 13=:0, F, + 6F, + 13F, + 10 = 0, 

which give the above values, viz. 

^.=-2, F;=y, F.— 6. 

Ex. 2. In Art. 26, we have (r+4»n)*"* = 0. Let «i = 6, 
n = 1 ; therefore ( F+ 3)' = ; therefore 

3* + 8.8" F, + 8.3 V,+ V, = 0, 

but from (XXI.), 

where y,, ;^, j,, &c are the sums of the products of the 
quantities 1, 2, 3, 4, 5 taken 1, 2, 3, &c togetner^ therefore 

therefore 27 + 27F, + 9F,+ F, = 27-V. 15 + A-SS-Vrf^ 

= 27-81 + J4A-V=0. 

35. The preceding developments have all been derived 
from two classes of generic equations, viz. those which de- 
termine the U and F numbers, of which the A and B 
numbers are particular cases arising fi^m putting m » 1. 

The numoer of generic ^nations, however, which may 
be assumed is tmlimited. The following instance is given 
as shewing the working power of the method and notation 
employed m tins theory. 

Let the following generic equation be assumed, viz. 

n n.(n— 1)„ n.(n— l).(n-2) „ r» - »> 
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-mhtn B is the representative of B^nonUi's nombers, n being 
• positive integer > 1. It is required to determine the values 
ot the P numbers, i.e.j P,, P,, •••'P»* Giving to n the sno- 
oessive values of 2, 3, 4, &c.| we have 

2P, + l=P^aP, + 8P, + l=-B^&c 

Hence P. = - A, P.=A|i'. = lA^l^4 = -«V,&c• 
The value of i^ cannot by this method be expressed in 
g^eral terms, but may be elegantly obtained as follows : 

By representative notation, the above generic equation 
becomes 

(P+l)"-P* = P^ = ^(n>l); 

therefore f[x+ (P+ 1) B] -f{x + PI9), 

which =f.f + ^{(P^l)'-P.},^ 

=/(a> + J<?)-/(a:)4{l-5.)<?^ 

=/(x 4 B0) -f[x) + ^ze ^ (since 5, = - i). 

Let>=«' then (a;=0)e"^"«-8« = e»-l + i8d; therefore 
e«(««-l)»8«»-l + iS^; 

therefore ,« = __- -yl^4 | ^. 

Bat e* = 



therefowi •" ~5 • (,«_i\« - g «*+ !«**• 
Ag«n from (IV.), Art 10, if « = 2, 



therefore 8« = J e»^- Je« + ft» 



1 
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Eqaating coefficients of ^, we have 



^•+1 - rri ^iH-i + l^»- 



• n4l ^"^ n + 1 
Also from (XIL)| when m = 2, 

therefore i', = i5.--B^. 

Hence P. = -i-.i = -A, i\=AT i'. = --B4=«^F,&c.f 

iSb&>2»vm.^ The sabiect of generic equations afqpeare to 
fiimisb a mine of analytical research, in which, by aid of 
mj notation, as a fitting tool to work with, whatever directioii 
may be taken, new and highly eeneral recnilts i^^ar capable 
of bebg turned up in consi&rable abundance. Besides 
developments, the method has been applied to transcendents, 
generalization, and series, under eadi of which heads various 
results can be exhibited of undoubted novelty, elegance, and 
generality. It is, I think^ evident that the notation here 
used is alike simple and effective, and possesses large gene- 
ralizing power, as diewn both by ^e nature of the results 
obtained and by the facility of meir production. On these 
grounds I trust that the mathematical reader will kindly 
Dear with my introducing to his notice a new notation, 
new at least, as regards me use here made of it, and not 
consider me justly chargeable with a needless and pre- 
sumptuous innovation. 

^ The divided notation of the calcuks of operations, from 
beine based on a separation of symbols, would, as I conceive, 
if substituted for my own in the present theory, prove only 
an encumbrance ana a disadvantage. 

Yicaraffe, Hampstead Korria, 
Kewbory, Berks. 

{To be amiimied.) 



Digitized by 



Google 



( 76 ) 



ON THE VARIATIONS OF THE NODE AND IN- 
CLINATION IN THE PLANETARY THEORY. 

By C. H. H. Chbtke, B.A., St John's CoUege. 

rPHE following method of obtaining the variation of the in- 
dination, which differs from that which I have g^ven 
in the last number of this Jowmal^ is rigorous, and possesses 
in addition the merit of brevity. 

The same notation will be employed, and we shall denote 
by ^ the longitude of the disturbed planet, measured on 
the plane of reference as far as the nod!e, and thence on the 
plane of the orbit. 

Lemma. To shew that 52" =* ^ + ^ • ^® ^^^ 

sinXsaintj sin('9 — 7,), 

rj = r cosX, 

ton (^, - 7i) = cost; tan (3 - 7,), 

z^T sinX, 

whence r, « ^ (.9 - 7j)', 

where ^. %, '^ are symbols of functionality. 
It follows that 

dr. , dr. ^ 

d0 d0. 

da d» ^ 

^. dR dR dr^ dR dB. dR d» 

dR^dRdr^ dR M^ dRdk^ 
drf^ dr^ drf^ dd^ c/7, dz dff^ ' 



ogle 



i 
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therefore, by addition^ 

dR dR dR 







d5 


^^, 


-30/ 


COTL 

this may 


fl. dB 
Since ^ 

be written 


dB 


dB 






dB < 


iB . 


dB d 



dd^ dz^ rfflj, flJy, * 

We are now in a position to obtain the required variation* 
For, differentiating the formula 

jy=A, cost,, 

dH . dh^ . . . di, 
_=.co8»,^-A,smi.^, 

and by the eqoationa of motion, 

dH dB ^ dB^dB 

dt^dd,' dt" de "55 ' 

.1/1 1 • • di. dR • dR 

therefore -A. sin.. ^ = 55.-008.. ^ 

dB , .. dB ,r . 

= ^ + (l-C08»,) ^, [Lemma) 

dB .^ .. (dB . dB\ 

When either the variation of the node, or that of the 
inclination has been obtained, the other may be thus deduced. 
The function R may be expressed in two ways, 

^ =/(^ ^> »,) 7„ y), or = ^ (r, ^, $;, 7j, 
which are derivable the one from the other by the relation 
^«^ + 7^-v (I). 

Difieiientiating the former as if the elements were in- 
variable, 

dR^df dr^d[dd ... 

dt'drH^dd dt ^^^' 

* If the aoceleimdon on the planet be reeoWed in the plane of ita 
orbit alonff and perpendicular to its radius Tector, the aooelerations 
in these dnrections Uke the same forms as if this plane were at rest, 
provided be measured from an origin remaining fixed reUttiTely to it. 
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from the latter, 

dR^dr d^ dB d4> ^ d4> &f, , . 
dt^dr dt'^ d» dt'^di, dt'^d^^ dt ^^^' 

and from (1), 

d» d0 .^ ..dy. . dv . dy. 

_ = _ + (l.co80^S smce^.cost.-^, 

*^ dr dr' M d0' 

therefore from (2) and (3), 

or writing 5 for ^, and ^ + t— for js , 

St. John's College, 
Au^uti 2\9i, 1861. 



ON THE EQUATIONS OF THE PLANES OF CIRCULAR 

SECTION OF A CONICOID* REPRESENTED BY 

TETRAHEDRAL COORDINATES. 

By N. M. Febbebs. 
rPAKB, as the equation of a conicoid, 

+ aZff.o^ + 2 SZ>.7« + 230.07 + 2SB. 8)9 

+ 235.aS + 25&./»y«0 (1), 

and let fa + fiii9+n7+i>S«0 (2), 

* This term, in place of "surfkoe of the second degiee," is adopted 
from Messn. Frost and Wolstenholme's recently published ** Treatise on 
Solid Oeometry." 
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be the equation of a plane, passing through the centre of 
this sorface and catting it in a circle. Oar object is to 
inyesti^te the relations between L m, fi, j?, and the coeffi- 
cients in the eqaation of the conicoid. 

The necessary and safficient condition that the section 
shonld be a circle, is that any three of its radii vectores. 
measared from the centre, be equal to one another. We will 
therefore proceed to investigate the conditions for the eqaality 
of the radii vectores given by the intersection of the plane 
(2) with the planes throagh the centre respectively parallel to 

a + i9-7-S = (3), 

a-/8+7-S = (4), 

a- iS- 7 4-8 = (5). 

Let 0L i8, 7, S, be the coordinates of the centre of (1), 
and, for shortness, put 

a-a«f, fi^0^ffj 7-7«Si B-'B^0. 

Then, if r be the distance from the centre to the point 
(a, fij 7, S), 

(6), 

(a, bj c, d being the angalar points of the tetrahedron of 
reference) and 

/(f, V, {, <^ =-/(S, ^ 7, S) (7). 

(These two resnlts have been already demonstrated in a 
paper pablished in this Journal^ t. lY., p. 140.) 
We have also, identically, 

f + iy + r+^J^O (8), 

and, at the intersection of (2) with the plane throagh the 
centre, parallel to (3), 

f + i7-r-^ = (9), 

Zf + wiy + ni:+i>d=:0 (10). 

Hence, combining (8), (9), (10), 

g ^ ly ^ r ^ g 
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Hence, hj (6) and (7), 

/(^ ^, 7) «) 

- gy (n -i?)* - C(f (?- wt)''+(ac?'+(a* + <«? - bc*){n-p){l-m) 
f{n-j>,j>-n,l-m,m-l) 

ab* ceT at? -^ db* - acP - Ix? 



__ {l-mY^^-pY {l-m)(n^i>) 



2AB-A-B <iCD-C-D AO+DB-AD-BO 
{l-mY + (n-i»)' (i-m)(n-j>) 

Similar expressions, of coarse, hold for the values of r 
corresponding to the intersections of (2) with planes throogh 
the centre, parallel to (4) and (5). 

By what has been auready said, these three values most 
be ^qual to each other. Hence we obtain the following 
relations among the values of I, m, n, p^ corresponding to 
a plane of circmar section, 

A + B-2AB . 0+D-2CD AO+DB-AD-BO 

(Z- jn)» "^ {n-pY ('-«») (»-p) 

A + C-2A0 . D + B-JDB - ^ AD + BO-AB-CD 

{l-nY "^ (p-mY '^^ (l-n){p-m) 
a(f db' ad' + bi^-ah^-ce^ 

{l-nY^ {p-mY {Ji-n){p-m) 

A + D-2AD B+O-iBO , ^ AB -¥00-10 -Sb 

It will be obserred that these relations, since they involve 
only the differences of the coefficients Ij m, n^ p^ hold for 
all circular sections, as well as central ones. 

They may be written in a slightly different form, by 
observing that 



A'\-B-'2A£t 



\da dff) ^' 
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«,d 3c+S2f-a7)-BS-(|-|)(4-|)/ 

Hence, i^/(«) A 7» SJ = 0, ^ (a, ^9, 7, 8) = be the equations 
of two conicoids, ana la + mfi + ny +^S = that of a plane 
cutting them in similar and similarly situated curves, we nave| 

dS d§} ^ 




J¥fy 26, 1S«1. 



ON A NEW ANALYTICAL REPRESENTATION 
OF CURVES IN SPACE. 

(Second Paper.) 

By A. Catlbt. 

O^HB employment of a new kind of coordinates for the 
analytical representation of curves in space is suggested 
in my former paper under the same title Journal^ t. ill., 
pp. 225—236 (1859). The idea was as follows :. viz. if (a;,y, s^ w) 
are current coordinates of a point in space (ordinary point 
coordinates), and (a. fij jy B) the coordmates of a particular 
point) then taking (pj q^ r, Sj tj ti] to represent tne minor 
determinants formed out of uie matnx 



(a:, y, r, w) 
|a,i8,7, SP 
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VIZ. ^=7y-/3«> «=&c— aw>, 

r = /9a; — ay, w = 8« — 711?, 

values which satisfy identically 

p« + j< + ru = 0, 

then the equation of a cone passing through a given curve 
and having for its vertex the arbitrary point (a, /8, 7, B)^ 
is of the form 

F.O, 

V being a homogeneous function of the six new coordinates 
(-Pi ?) ^) *) ^ ^)* -^"^ 5* ^^ proposed to consider F=0 
as the equation of the curve. 

But as remarked in the paper, it is not every function 

V of the coordinates (jp, q^ r, «, <, w) which equated to zero, 
does in fact represent a curve. In order that the equation 
F=2 may represent a curve, it is necessary, that when 
any infinitesimal variations whatever are e^iven to the constants 
(a, I3y 7, 6), thus converting the equation into F+SF=0, 
the two equations F= 0, S K = (considered as equations in 
ordinary point coordinates) shidl represent one and the 
same curve, whatever the system of infinitesimal variations 
attributed to a, /9, 7, S may be. Let P, ^, jB, 5, T, U 
denote the differential coefficients of Fin regard to j?, q^ r, «, L u 
respectively, then the equation SF=0, breaks up mto the 
equations 

. - ^y + Cj5 - /Sw =« 0, 

Bx . - Jfe - rt£? = 0, 

-Cx+i^ . - £;tc=o, 

Sx-^ Ty-^Uw . =0, 

and the syBtem composed of these four equations and the 
equation . F= (considered as equations in ordinary point 
coordinates) must belong to one and the same curve. 
The four equations gave 

a relation between the differential coefficients of F which 
must be satisfied either identically or in virtue of the equation 
F= 0. And this relation existing, any two of the four equa- 
tions lead to the other two. Attenoing exclusively to the 
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coordinates (^, ij^^^^ w) and considering (a?, y, «, iif) as 
mere arbitrary multipliers, the above equation 

b the only relation between the differential coefficients of V 
which b deducible from the four equations. 

But it was noticed that the equation F=0, even when 
F b a function such that we have (identically or in yirtue 
of the equation F=0) the equation PS-^ QT+RU^O. does 
not of necessity represent a curve. Some further relation 
or relations betw^n the differential coefficients of V must 
therefore exbt, either identically or in virtue of the equation 
FsO; and such relations can be found by resorting 
to the second differential S^F of the function F. In &ot 
not only the equation SF=0 but the entire series of relations 
S"Fx=0, S^F^O. ... should be satisfied by the coordinates 
of any point of tne curve. I find by means of the equation 
S*F=0 a plexus of e^juations. which are consequenUy ne- 
cessary, and I am inclined to oelieve sufficient, in order that 
the equation F= may in fact represent a curve ; the equa- 
tions of the plexus are, it will be seen, very numerous, and 
certainly only a small number of them are independent| 
but tbb b a question which I have not as yet investigatedt 

Attending to the expressions for^, ;, r, «, f, u^ we have 

<» . -y< + «rf,-wf, = (l), 

rfa= asd^^-ydf + zd^ . =(4), 

and writbg for convenience a, b, c^ d instead of cf«, d^^ dy^ d^j 
we have 

rf=(l)a4-(2)b + (3)c+(4)d. 

It was in effect by operating on F with this symbol and 
equating to sero the coefficients of a, b, c, d, that the before- 
mentioned equations 

Rx . -2%- rtt7 = 0, 

- Qx^Py . - [7m7 = 0, 

Sx^Ty^ Uz . =0, 
were found. 

02 
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If to these equations we join the equation 

Ax^-By^-Gz^-Iho^Oj 

where -4, 5, (7, D are arbitrary multipliers, .we can express 
a?, y^ z^ w m terms of -4, jB, (7, Z> in such manner as to 
satisfy the four equations, viz. we have 

aj= . BU-CT+DP, 

«= AT-iB8 . -hDBy 
w^-AP-BQ'-GB . , 

and if in the expressions for (1), (2), (3), f4) we substitute 
for x, y^ z^ w these values, and form therewitn the value of c2, 
which value I will for distinction call B, we have 

i^{Ud,+Td,-\'Pd,j Qd.Sd, , Bd.-'Sd, , Bd.-Qd, ) 
Pd.-Td^ jUd,+ Qd,+8d,, Bd,-^Td, , Pd.'-Bd, 
Pd^-^Ud, , Qd^^Ud, .Bd.+Sd.^-Td,, Qd^^Pd, 
Td^'-Ud, , Ud.-Sd, , 8d,^Td, ,Pd.+Qd,-^Bd, 

(^,5, C,2))(a,b,c,d), 

viz. B is a lineo-linear function of the two sets of in- 
determinate quantities (-4, -B, (7, Z>), (a, b, c, d), the co- 
efficients thereof being the operators 

Ud^ + Tdg + Pd,^ Qd, - 8d^^ &c. 

It may be remarked that we have identically 

Br=(Piff+(2r+iii7)(^a + 5b + Cb + i>d), 
since obvioudv each term such as {Qd,— Sd^V^ which is 
equal to Qo— 8Qj vanishes identically. The equation 
BF=0 gives therefore only the before-mentioned equation 
P5+ QT^ BU^ 0, which is as it should be. 

The eauation V V= 0, is then to be satisiSed independently 
of the values of {A^ B, O, Z>) and (a, b, c, d), and as B 
contains 16 distinct terms, B* will contain in all ^16.17 or 
136 distinct terms. The equation W^O gives therefore 
a plexus of 13t' equations, and the equations in each suc- 
ceeding plexus, involved in B*F=0, B*F*0 &c. will, of 
course, be still more numerous. 

If F=0 be the plane conic which is the intersection of 
of the surfaces 

aX'\-hy-hcz-\'dw=sOj 



Digitized by 



Google 



of Curves in Space. 



86 



ad 

ac 
be 



then we have 

r=(6*+c*, -oi, -ac, . y led J 
' ba J (^+(fj --be y —cd J • J 

— cay "Cb ycf-^-Vy bd ^ - ad ^ 
. , — erf, bd ,a*4-rf*, aft , 

erf , . J — «rf, fta ,6*+rf", 

— Jrf, orf , • , ca , cJ , c" 4 rf* 

The values of P, Q, 5, /8, T, i7 (omitting a common factor 2) 
are 

P=s (J« + c", — oJ, - oc, . , + erf, - bd) (j?, y, r, «, ty u), 

&c., 

and if we proceed to form a term in B* F, sav the coefficient 
of ^ V, this is ( Crf, + Td, + Fdy Vy or 

(a» + 6«, ^^a% a» + rf», -erf, +Jrf, -eJ)(D; T, P)\ 

The coefficient therein otp* is 

(a^ + ft", e«+a«, a« + rf*, -erf, + Jrf, -eJ)(-6rf, erf, J* + e»)», 

that is, it is 

(a'' + A«)J"rf» -2erf. crf(6* + e*) 

+ (e'' + a»)e«rf' +26rf.- W(6» + e*) 

4(a* + rf^(6» + e")" -2e5,-Jrf.erf, 

where the terms in which (i* + e^ does not appear as a factor 
are together equal to 

a*rf«(6« + c") + rf'(6* + c^«, 

the entire expression thus divides by b* + e*, the quotient being 

(a'' + rf^(6* + e»)-2e«rf"-26*rf« + a»rf' + rf»(6« + e«), 

which is equal to a' (6* + e* + rf"), or restoring the factor b* + e", 
we see that in BTtbe coefficient of ^V is 

a*(6* + e* + rf')(&" + e»)/ + &c. 

Tho complete value must, it is clear, be of the form 

a"(6* + e" + rf^ V+k{p8 + qt + ru)y 

vanishing in virtue of the equations F=0, ^4-y^ + rti = 0, 
and this being so, observing that V contains no term iapsy 
we have k = coefficient pa in 

(a" + 6S e* + a*, a*+rf*, -erf, +Jrf, -eJ)(J7, T, P)-, 
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that isy 

Aja2(a" + ft', c' + a% a" + (f, -od^ ^-bd^ -ob) 

{-bd^ cd^ 6* + c*)(ca, 6a, 0), 
or 

iA:=(a' + J*)--^'-<» -crf{crf.0 + (6"4-c')ia} 

+ (c» + a*). crf.ia +W{(iVAca-M,0} 
+ (a" + (P). -^(Al-bd.la + cd.calj 

which is equal to 



abed 






The coefficient A: consequently vanishes, and therefore 'm W 
the coefficient of -4V is a'(6* + c* + tf') F, but I have not 
worked out the coefficients of the other terms. 



2, Stone BuUdings, W.C. 
80<A October, 1860. 



NOTES ON LAMBERrS ANOLES. 

By William Walton, M.A., Trinity College. 

T ET A8CA' be the major axis of an ellipse, 8 being a 
focus, the one nearest to A^ and G the centre. From 
any point M^ in the major axis draw an ordinate to intersect 
the ellipse in P^, and the auxiliary circle in Q^, For con- 
venience of language, I propose to call Q^ and M^ the circular 
and cuctal points, respectively, of the elliptic point P,. 

Take an elliptic point P, such that the distance of its 
axial point if, n-om A may be equal to the focal distance 
of P^: let Q^ be the circular point corresponding to P. 
Take any two circular points Q^ , (?/', equiaistant from ^, 
fcmd on opposite sides of it. Let (?,', <?,", be circular points 
similarly related to ^,, and such that the circular arc QJQ^Q^ 
may be equal to the circular arc Q,'Q,Q^\ Let P/, P,, 
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be the elliptic points correspondlog to Q\ Q"^ and P/, P'' 
tiioM corresponding to Q^\ Q^\ Let Jf, , M^\ be the axial 
points corres|>ondine to Q^^ Q^\ The relation which the 

rem of pomts characterized by the saflix (1) bears to 
system diaracterized by the suffix (2) may be repeated 



in passing fiom the points characterized by the snffix f2) 
to points characterized by the suflix (3)^ and so on tor 
©▼cr^* 

I propose to pcnnt out certain geometrical properties of 
the eliipse, which are connected with these correlative systems 
of points. 

Xet the angles ACQ* ACQ" be denoted by 6/, 6" 
and the angles A CQ;, A CQ,'\ by ^;, ^;'. 

(!]• To prove that the snm of the focal distances of two 
elliptic points P^', P/', is equal to the sum of the distances 
of the axial points of P^/, P^^./, from the extremity of the 
major axis. 

Attending to the construction, we see that 

AM^ + AM^' = 2a - ( CM^ + CM;') 

= 2a — a (cos ^,' 4- cos <f>;') 

= 2a - 2a cos ** 7 • coa « *' 

=2o - 2gaf;.co8 ^' ~^' 

= 2o-2CJ<;.coB ^' ~^* 

= 2a - 2 (^C- 8F,) coe *^' ~ . ^» 

2 2 

> 2a — ea cos^/ — ea co8<t>;' 

:5P/+5P/'. 



* In aooordanoe with this ooastruction, the diitancet of the suoceMi?e 
axitl poinU Mi, M%, M..., from the centre of the ellipse form a 
geometrical prqgresaioa of which the eccentricity it the common ratio. 
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(2). To prove that the distance between two ellii)tic points 
-P* 1 -P."> *8 equal to the distance between the axial points 
of P' P" 

{P;P;r=cl^ {(cos^' - cos^/r + (1 - «•) (sin^,' - sin^,")') 
= a" {2 - 2 co8{^.' - ^,") - e* (sin^/ - sin^,")*} 

« a (co80,' — cos^,") 

The investigations which I have pursned in demonstrating 
these two geometrical properties, point out that the angles 
ACQ^j AuQ^'j are geometrical ^presentations of the sub- 
sidiary angles which are involved m Lambert's expression* 
for the time in which a planet would describe the elliptic 
arc P^PJP" about 8 regarded as the Sun's place. I am 
not aware that any geometrical interpretation of the relation 
of these subsidiary angles to the eccentric angles of the ellipse 
has been before given. 

* These subsidiary angles are not presented explicitly in the result 
given by Lambert in his treatise entitled Insigniores orhUm eometarum 
proprietatM, p. 125, published in the year 1761 : his formula for the time, 
at which he arrives by a very ingenious method, mostly geometrical, 
is a constant multiple of the integral 



/: 



0dv 



{2av - r^* ' 

where «, = } (^i^/ + -SP," - P/Px'O, «. = i (^'P/ + ^P/' + P/P/'). 

Lambert performs the intention afler expanding the function under 
the integral sign by the binomial theorem. The angles, which I have 
called I^imberrs angles, and which Laplace in his Mecaniqtie Celeste, 
liv. II., chap. 4, has used explicitly, obviously result from mere in- 
tegration without expansion. The student may see in Hymers' As- 
tronomy the transformation of the expression for the time through 
the elliptic arc iiom eccentric angles to Lambert's angles. 
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Notes on Lamlert^s Angles. 88 

(3). To prove that the rectilinear triangles 

p;(7P.", p;cp.", p,'(7P.", ... 

are all equal to each other. 

= ^ (sin^," co8<^/ - sin^/ cos^/') 
= ia&Bin(^;'-^;) 

=AP;cp;'- 

Hence, by similarity, 

£iP,'CP^' - ap;cp;' = ap;cp;' = ... . 

(4). To prove that the distance between the elliptic points 
P^', P^'y is to that between the circular pomts Q^'y Q^\ as 
the diameter conjugate to the diameter through P^ is to 
the major axis. 

By referring to the demonstration of property (2), we 
see that 

{CAY » 

and, rimilarly, P,'P: ' ^^%f^' • 

(5). To prove that, when n becomes infinite, the distance 
between the elliptic points P^', P^", is equal to that between 
the circular points Q\ Q". 

Since the chords Q[Qi\ Q^Q*\ Q^Q^\ ... are afl evidently 
equal to each other, let c aenote the vidue of each. Then 

(>:o''=c»(i-e'coB«^s4^'). 
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90 Notes on Lambert^ 8 Angles. 

Now. by reforenoe to the demonstration of property (2), we 
see that 

2 ^ ^ 

Hence we^have 

Let ft s QO : then^ evidently, 

Combining this result with property (4), we see that 
CD^ = CAj and that, con8ec[uently, when n is indefinitely 
increased, Q^ ultimately lies in the axis minor produced. 

(6). The chords P^'PJ\ Q^Q^\ produced, cut the major 
axis produced in a single point 

(7). Let T,, 21, r,, ..., be the intersections of the chords 
PIf;\ P^F^\ P,T;', .*. produced, with the prolongation of 
the major axis of the elhpse: then will (72;, CT,, C721, ... 
form a geometrical progression, the common ratio of which 
is the reciprocal of tne eccentricity of the ellipse. 

(8). The intersection of the n^ and (n + 1)"* elliptic chords 
lies in the line joining the centre of the ellipse with the 
elliptic point corresponding to a circular point naif-way be- 
tween the n^ and (n -h 1)"* circular points. 

f9). The rectilinear triangle P'8P^ bears a constant ratio 
to me rectilinear triangle Q^ 8Q^ . 

flO). If u^ represent either the rectilinear triangle 
P^SP^'y the rectibnear triangle QJSQJ^ or the quadrilateral 
P^Pn'Qn'Qni ^^ ^ denote the ordinary symbol of finite 
differences, dien, for all values of n, At^^^j is a meMi pro- 
portional between Au, and Au^. 

I have not supplied the demonstrations of the properties 
(6), (7)^ (8), (9), (10), because their truth may so easily be 
ascertamed by the use of the formulae employed in proving 
the first five properties. Many other properties, more or 
less interestin^i might be mentioned m connection with 
Lambert^s angles. 

April, 1861. 
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n. 

ON THE EXPANSION OF POWERS OF THE TRIGONO- 
METRICAL RATIOS IN TERMS OF SERIES OF 
ASCENDING POWERS OF THE VARIABLE. 

By Hen&t M. Jkfpebt, M.A. 

l^ rpHE methods, which will be employed in this In- 
^ vestigation, deoend on various ranctions of the 
differencee of nothingi ana presappoae an acquaintance with 
the preceding memoir. 

Besnlts will be obtained for (ain^)'* and (cosx)*, inde- 
pendent of /(A) O') although by its assistancoi and agreeing 
with ordinary expansions. The general terms of the series 
for (coseca;) and (cotx)* involve functions of die forai 



— J O' : while the expressions for (seca;)* and (tana;)" require 

other functions of the form 7^^ — -rh O'. It will be further 

(2+ A) 

shewn, that each of these functions can be reduced to depend 
on BemouilU's numbers, and that, if those of the first form 
be tabulated, the others can be deduced from them. 

2. The general theorem of reduction includes both ftmc- 
tions: 

By using the fundamental theorem of the preceding memoiri 
it may easily be found, tiiat 






*'"ftV'»"-'"-"fI^"'=-'"-"(^'" 
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92 Expansion of Powers of ike Trigonometrical Batioa 

and, by porsuing the same course, the formula may be 
established. 

Hence, in the two important cases, when r = 0, and r = 2, 

.g.=,_.r.->i^(..5)(,,«)...(.,^). 

By aid of the table for values of }^^ given in the pre- 
ceding memoir, we may express — ^ 0* in a form adapted 
for computation. 

If n > «, a preferable form may be obtained : 

r.— iV-0^ +(«-«- l)^.i>^ 

+ (n-«-l)(n-«-2) ^Zr-'+.^lo*. 



* Dr. Brinkley, who first introduced the numbers of the form A^O** 

as data in analysis, has developed the function f > — -j in powers of t 

in the PhiL IVant., 1807, 1. 

Several months after this memoir of mine was placed in the Editor's 
hands, I have seen for the first time and studied Mr. Blissard's treatise 
on Generic Equations in the last number of this Jottrnal, and find he 
has investigated with great success the properties of the functions 

(n^-^ 0* and (-1 0*, which that writer has denoted U^ and V^. 

One of his two methods for reducing these functions, viz. that marked 
(XI.) and (Xn.), is identical with the theorem in the text 

A third method has since been suggested by Prof. Svlvester's process 
for expressing a negative power of a series in terms or positive powers 
of the same series. {Mati, Journal, Dec. 1855.) 



[n4l) 

1.2 '[n-i-2.|s-2 



»(» + !) [*• + * /, A«^^ 

' ^= y^r)^'"'^ 
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It msLj be here obserred, that the usual notation for 
BemooIUi's nambers is objectionable, from its being unmean- 
ing : — tf** should always be written instead of (— l)"*"* 5,^,. 

3. Another expression, but not so convenient for com- 
pnting, may be obtained for -^ 0*, 

. Since af^L^'^ ^ + a^'> ^'+...+ a;^-) ^ (y, 

by dieorem (D), 

by Art. 6, Mem. 1. 

4. The annexed table was calculated both from the 
formula contained in the preceding article 2 : and also by 
successive steps from the expression 

which may be obtained, as beforci firom the general 
theorem (fi). 

It is noteworthy that for the particular value n — 1| 

go-^c-ir.in-i. 

Another simple test of accuracy may be derived from 
the formula : 

g)".(2.0+nr«=0. 
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The pro<^ of this proposition will be contained in Art. 12. 

D 

A 

^ "30 30 ^ 

Cf 1 - 
10 

0- i-.l^. 

^^ '^'^ 11 22 44 44 66 11 44 

JOT 
Additional importance is attached to the STmbol ---n C, 

since the successive summation of series by i^proximation 
depends on this form. 

^A-'iU) +[i-U) ^••'■^^^i^-^-^-r'- 

5. It may be proved, that, as in the particular case of 

BemouiUi's numbers, so universally, ^ 0* is ultimately di- 

l 2>" 
vergent ; but - • -r- 0* is ultimately convergent, when the 

odd and even terms are considered separately. 



D 


D" 


ir 


2/ 


2/ 


IT 


Jff 


D" 


ly 


D^ 


A 


A« 


A" 


A' 


^ 


^ 


A* 


A* 


A* 


A^ 


1 
"2 


-1 


3 
'2 


-2 


6 
",2 


-3 


7 
~2 


-4 


9 
'2 


-6 


1 
6 


6 
6 


2 


11 
3 


36 
6 


17 
T 


36 
3 


46 
3 


39 
2 


146 
6 





1 
"2 


9 


-6 


26 
" 2 


46 
"■ 2 


147 
4 


-66 


-81 


226 
2 


1 
"30 


1 
10 


19 
10 


251 
30 


24 


274 
6 


1624 
16 


967 
6 


3207 
10 


3013 
6 





1 
6 


3 
"4 


-9 


476 
12 


-120 


-294 


1876 
3 


2403 
2 


4276 
2 


1 
42 


6 
"42 


16 
"21 


221 
42 


4316 

84 


19087 
84 


720 


13068 

7 


29631 

7 


180920 
21 





1 
"6 


5 
4 


11 
3 


476 
12 


1376 
4 


36799 
24 


-6040 


-13698 


- 82676 


I 
"30 


7 
30 


19 
30 


199 
18 


329 
18 


9829 
30 


237671 
90 


1070017 
90 " 


40320 


114064 





3 
10 


63 
^20 


3 
6 


396 
4 


171 
2 


69829 
20 


114662 
6 


2082753 
20 


-362880 


6 
66 


16 
"22 


3 
"ll 


707 
22 


2386 
44 


41066 
44 


16366 
66 


330167 
11 


9751299 
44 


134211266 
132 
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By Art 2, the limit of — i— .:5 0^^4-.? O"* 
^ * [2^4-2 A |2£ A 

^ (2^+2r D \(f^ (T r-* ^. , ) 

[ 241 + 2 ' A (2^ + 2 "*" 2jr'|w->2 J 

♦ [2sY' D fO** ) 
" "[iT- A 12^ ■^•••j 

(2^4-2) (25 4-1) 2 ■ . 2 1 

(2«-7i4-2)(2«-«4-l)'{2«4-2)(27r)'"^ ' 25.(27r)"' "" (2^ 

tiltimately, if 2« be taken at least > nir. as a limitation ne- 
cessary, if the terms involving — — —0*, ^ .0", ... are 

to be neglected, since these functions of n increase by four 
dimensions for several terms of the series. 

A similar proof will establish the existence of convergency 

bthelunitof^3 5o-.^-^.f.O-. 

The ratio of the consecutive terms is ultimately 

-^~ , and — ; TT-ri » indefinitely small and in- 

4« ' n.(n— IJ.ir' '' 

definitely great. 

It is easy to deduce the fact of divergency, when the 
factorials in the coefiicients are withdrawn. 

6. To find a limit for the remainder of the series for 2*ii, 
after (2ii 4- 1) terms. 

The series, neglecting the subscript a?, is 

1 n'^d^u -, 
l2n A oar 

The alternate terms of the remainder may be conveniently 
grouped together, 



•| 2n + l A* <i«r-' [2n + 3 A« daT*' 



[2w+2 A' <iir | 2n + 4 A* ctr*^ 
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96 Expansion ofPovoers of the Trigonometrical BaHos 
therefore 

|For,b7Art.2,§0»: = -(2n-l)^(r 



:^,(r*« = -(2n + 1)^(^.1 



The summations of these portions depend on the solutions 
of differential equations of these respective types : 

By proceeding in the usual way, the numerical limits of 
the sums of all the forms of {Zand V are found to be 

27r'|2«-2 A 'daT''' 

2n-H :D^d^_ 2n-l J^^t^cTu 
2 |2n A cfe*^ 2 |2n4-2 * A da:"* 

Remark. The determination of limits of the remainder, 
after taking certain terms of 2 V, will require the solutions ot 

THi 4 «*) u = X, for all values of r from 1 to n. 

7. Another expression for 2"ti, may be easily proved 
by taking the successive differences : 

|n. r**tt, = aj<*^Su„ - ?uir"2 (a; - n +iru^ 

+ ^^^^^ar«S(a;-n + 2)«u„+.... 
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Ex. To find an approximate value for l*.2'...aj', when x 
is very large. 

Write loga? for u^ in this identity : 

Sa;w, = (a; - 1) 2m, - SX- 

log (1*.2'. . .a?*) = c + a? loga? 

+ (x-l)|(x-l)logx-x + ^__l_+...| 

{(a? 5\. Za? 1 1 1 ) 

- lir-^+HJ ^"'e^-T + '^-m - 240^' + 360? -") 

^ (7? X 1 \ , ^ 

[4 a"V ^6 a"V [8 A V •••♦ 
where on trial C is found to be '24875. 
Hence l\2». . .x' = s-**"*-? a;^*i* A 

A second constant does not appear in the result, since 
the substitution of 1 tor x causes ix — 1) Su^ to vanish. 

The value of the constant may oe also thus obtained. Since 

if a; be indefinitely great, 

4^8^..(4x^ _ 6«<>-^ (4x^-0:* \.c .^.^ ^\ ^'k 
2«.6«...(4x-2)- ,-.c-'(4^).^2i^-i 

Now the evaluation of the expression 

. 1^3^4^4^5^7^8^8^ . , ad infinitum 
*^So« o« Q« i;4 fte /»e 7« q8 

depends by Cauohy's theorem for the test of convergency on 
the definite integral (given in Boole's Finite Differences^ p. 67) 

or (*^+^)(^ + g) iog(4x + 1) _ (2x + 1)" log(4x + 2) 

O 

+ (2aj+ 2)" log(4x + 4) - ^^^^^^"^^^ log(4a: + 5). 
VOL. V. H 



V 
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The integral vanishes at the upper limit: by vaiying 
the lower limit, the required value of the ratio of the infinite 
products is found to be .660. 

But this ratio may also be written : 

4^4^8^8^..(4a;)"^(4a?^ 1 l*.5'.9'...(4a;-3)» 

2^2^6^6^..(4a;-2)*^.(4aJ-2)*'-« ^ (4a;+ir ^ 3^7Ml^..(4a;-l)* ' 

3.7.11...(4a;-l) 1 _T {{) 
1.5.9...(4a;-3) * V(^) ~ r(|) ' 

since the limit of n{n^Vs...{n^^r'-\) .^ r^ (Todhunter's 

1.2... r rW 

Integral CalculuSy p. 220). 

67 making the necessary substitutions, 

eV(4a;r.a:*.2'*= (4flj+ ir.ic*.^! x V(.660) ; 
therefore 8V= 2*. e^HS x V(.660). Hence G = .2487. 

r(f) 

8. The values of tt — ttu O** can be derived from those 

(2 + A)" 

of -n» 0' in the following manner. 

110 

Since 



e^+1 "b^-I 8*^-1' 
it may be proved that 

n(n-3) / 1_Y / 2 V" 
"*" 1.2 V?^^^/ Ve"^-i; 

n.(n^4)(n-5) / 1 \ / 2 N^* 

The last term b 2. ( -5^— J , if « is even : 

and ^- (iSFTl) • (?53i) 7 ^^ ♦» »» o^^- 

It may be noted, that these coefficients are numerically 
the same as those in the expansion of 2 cosn^ in terms of 
powers of 2 cos^. 
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in Terms of Series of Ascending Powers of the Variable. 99 
Hence, by observing that 

(.^)V(»)=(i^y.-"/(»)-?/(^»). 

we obtain the connecting formula : 

Or, 

(- *)"•'•'"' (2TAr" «^= (2'- 1) ? 0'+«r.2- ^ (r« 

+ — j;2 — •'^•I'^-IJ^ "5^" ■^•••' 
Cob. 1. Hence it may be shewn that the denominator 
of - 0** or of -B^, measures 2 (2" - 1). 

A* . A* . . 

now — 0"* is always integral, and — 0** or its equivalent 

3««-i _ 2.2**"* + 1 . 

^ is an even number ( Quarterly Journal^ p. 370) : 

hence the denominator contains only the first power of 2. 

2. The denominators of - — — 0*** condst exclusively 

2**— 1 D 
of powers of 2 : and — . -— O"* is its equivalent. Hence 

the denominators of Bemouilli's numbers must measure 2'' — 1. 

Cor. 2. The following table of values was calculated by 
the theorem of reduction given in Art. 2 : 

t2TAr^"'(2+Ar* |^+;r3i}- 

To test its accuracy, a formula may be used, which can 
be derived from Art 13, 

[^^{^'^^n)x^O, or^^.(2.04«)-' = 0. 

HS 
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100 Expansion of Powers of the Trigonometrical Ratios 
Another test may be supplied by Art. 9, 2. 





2 + A 


(2 + A)" (2 + A)» 


(2 + A)« (2(.a)» 


(2+A)« 


(2 + A)' 


(2 + A)« 


(2 + A/ (2 + A)» 
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-A 


-J 


-A 


-A 
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•rf^ft 
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0« 
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-A 
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if 
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/ft 


.V. 


-A 


-.¥. 
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0* 
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li 
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-if 


-?{i 


-H 


-« 


-ISff 


0' 


ii 


ii 


-tJ 


-W 


-¥/ 


-v.^ 


fft 
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V.W 


WA» 


0« 





-V 


-V 


A 


W 


»«i* 


'.W 


¥^ 


-«« 


-v.w 


0* 


-1 


-V 


W 


*l» 


1JJ4 


_x^ 


-'i{f'-'»?H'- 


-If} J* 


-HSfJ' 


0» 





*ji 


»«» 


-*}J^ 


-"A" ■ 


-^w.^ 


-HV." 


Hfl* 


*^ft¥* 


•^!sWA^ 



9. The sums of any number of terms of the functions 

IT 1 

A^ 0', 7^ — -Tyi 0', are connected by the following theorems. 

By Art. 3, Oor. (Mem. 1), it appears that 

UJ^rfAJ0^=(l + Ar^(0' + 0'-'+...+ + l). 

1. Hence by Art. 7, Cor. (Mem. 1), p. 366, 
^ 20' + 2.;^, 2rO-» + ^ 2r(r-l)0^ 

"[nf [2^« + r2.3^'"^(n+l)...(n+r)'(r+l){r+2)r 

Ex. When n = 1, we can express the difference of Ber- 
nooilli's ntunbers : 

* In my last MS. I had employed the Hebrew DaUth {^^ and not f 
to represent log(lf2>): this explanation may render intelligible the 
analogy described in Art 4 (Mem. 1) p. 365. 
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Otherwiae \ff^d/A 0^ = |(1 + A) J^eiA} (T*' 
by the ftmdamental theorem {B)^ 

Hence B^-B,+...+{-^TS^=Uj^^A (r*'-(2n»+«4|) 

2. By proceeding aimilarly, it may be seen that 
(n-l)(n-2) • (2 + Ap ' ^'** =" {ij(l + Af J ^ 

^*°'* (n-l)2-* + (n-l)(«-2)-(2 + Ar*"' 

" 1(2 + AH "(2 + A)-' "^ (2TAfj ^' 

10. I now proceed to apply the preceding results, to 
determine the expansions of powers of the trigonometrical 
ratios, and shall commence with the simplest cases. 

To find the general term of (sba;)". 



V X ) -\2x,/{-l)j- 



A* 



(since by HerBchel's theorem /(x) 3f{D) t^'*) 

= ^ 8^«-^>'^^-'> = ^ co8(20 - n) X, 
since the imaginary portion most vanish. 

The (m + 1)* term of (sin a;)" = (- 1)".^ (2.0 - w)"-^ , 
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102 Hipansion of Powers of the Tr^onomeirioal Batiot 
and by integration, = (- 1)".-. . y^^^^ (e" - 1)" (2.0 - «)-« 



^ n n+1 ] 

to - or — ^ termsV . 

11. To find the general term of (coao;)*. 

Bj proceeding as before, it will be found that 

(2 cosa?)" = (1 + e^)" cos (2.0 - n) a? or (2 + A)* cos (20 - n) x. 
The (m-f 1)** term of this expansion is 

(-ir.(l+ei>r.(2.0.nr.g, 

or (.ir2.g |n- + n.(n-2r + '^:(^) (n«4r+... 

^ n n+1^ ] 
to - or — — terms^ . 

12. To find the general term of (coseca?)*, 

J3» If 

s= -ni cos (2.0 + n) a? : and —ii sin(20 + w)a? = 0. 

The values of the coefficients of the various powers of x 

JOT 
can be obtained from the table of integral values of --li 0** : 

— j and ijA should be ex- 
panded bv the usual algebraical processes in ascending powers 
of A or A 

When n = 1, it can be seen that 

irx cosecTTX = 1 + H^a?-\^ H^x* +..., 
where jE^, H^j ... denote the homogeneous products of different 

^Umensions, which can be formed of the series t^ , -^ , ^ 9 ••• • 

I 2 o 
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-"^-{'-(f)T'{-©T"{-(i)r-- 

"• (^)"-(2TI)-«"("-^"'*- 

which may be otherwise written by Art. 2, 

In Art 8 it has been shewn, that j- — --^ can be expanded 

in a descending series of powers of -- : and its values are 

calcolated for integer values of n as far as ten. 
Ex. 

(^)'-.-T3{('^<"-"-»)-f-('-'"-^--) 

4^4 ^6 ^ 180 ^•■•' 

14. Another more convenient expression exists for seco; : 
X secx = — --- sin (4.0 + 1) x. 



For ajseca? = 



1 Z>s4^^,.^,^.„^2>e4^ 



= - {sin (2.0 + 1) a?- sin (4.0 + 1) or}. 



i 



In this form, the general term coincides with that given 



in Herschel's Examples on Finite Differences^ p. 95, but is 
capable of being furtner simplified. 

For — sin (2.0 + 1) a; = 0, by Art. 12. 
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15. Elder has shewn that 

2* 2* 2* 

TT ' TT ' IT ^ ' 

, ^111 

Where ^tafi^TSm ^ ois+i + cIsti ""•••• 

The theorem may be thus simply established : 

X X 

1-- 14-- 
For all the solutions of sin— (1 + a;) =0 are comprised in 

TT 

the formula a? = 4n — 1, and of cos- (1 + a:) = in the formula 
a? = 4w + 1. 

logtan- (1 +a:) = 2 (-^ + -|- + i^ +...) . 

Differentiating, - sec— = (7^ -f C,a;* + C^a;* +. . . . 

Hence c, =—: 0, = --: c,= ---— :.... 

* 4 * 32 « 1536 

^^.— ?-{-©} {'-(I)] {-©}•- 

we may obtain another expression for sec— , 

where jff,, jff^ denote the homologous products of different 
dimensions of the infinite series -5 , -5 , 75 > • • • • 

16. The ratio of the two infinite products 
2*.4».5*.5*.6'.8'... 1 -^ 



2.3\3».4\6*.7\7\.. " C, ' 

where (7^, C^ have the meaning assigned them in the last 
article. 
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— sec— =2C;aj+2C^+... 

2aB 3x 

1' - 3* . 

=aa?logtan- (l + a?)— I c&logtan- (1+a). 
By equating x to unity, 



4 4 f** 
dog- -h - I dx log tana;. 



By integrating bj parts, 

,4 4 r*» rf.tana? / tan'x tan*a; \ 

= log I tana; 1- — ...) 

®7r 7r J^ tana; \ 3 5/ 

Hence we obtain the required evaluation, 
1 -~ 4 

C, TT 

No expression for (7^ is known: but C, may be found in 
terms of c^, c,, ... : 

A=^C; = -- f*'cii;logtana; = 5 f rfd logtan^r (l + d) 

C'. CL a , ^ 1-a i-(7. i-a 
= li + d -^ d+-=>^s'-^-T2^ + ^ + -5:^ ■^- 

which series is very convergent. 

^ cosa 3 cos3a 5 cos 5a rr e'^« + e-*« 



l* + ic* 3* -f ic' 5* 4- ic" '" 4'ei*^-f£-i* 



i 



Digitized by 



Google 



106 Eicpansion of Powers of the Trigonometrical BaHoa 



For convenience, call these series — ^— , — -— ; then it 
will be found diat 

-^ — inis — sina + sin3a — sm5a+...s0, 

dv 

It may be remarked, that on the simplicity of expression 
for the determining series of sines or cosines depends the 
summation of series such as those proposed in pairs. 

Integrating the differential equations, 







«=C!b««: »s=<7'e-««. 






Write a 


= Oin 


the proposed series : 






G+C 


1 


3 5 


2 ' 


1 


2 


I' + zc* 


3* + ^ ' 6' + «« ••■" 


e*«* + e-4«» 


IT 


irx 


1 3.5 


-.. 


, , by Art. 1 


Biuce "7 sec 
4 


l»-a^ 3»-x« ' S'-ai' 






0-(7' = 0; 










r r "^ 1 






tnereiore 


^-^ -4'e4" + 8-»«'- 





18. To expand (cota;)** in a series of ascending powers 
of X. Since 

by equating real and imaginary values on both sides, 

^..?2?^ or X- U-x-"^^ cot-«+. J = f. cos2,0.x, 
sm a? ( 1.2 ) A ' 

^smnx «f ^^1 n(n — l)(w — 2) -., ) 

aj^.-r-ir-oraj^-^ncotf^^oj ^ — — f^ ^ cot '« + ... ^ 

sm a; ( 1.2.3 j 

= — -= sm2.0.a;. 
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It maj be easily seen that (o^ooto;)* can be expanded 
in a series of the form 



f.(5)%.(.-o«^(f)- 



+ n (n- 1) (n-2) (n-3) c^x' {^ +-..| 



cos 2.0. a;. 



where the coefficients c^, c,, ^'49 ••• cure constant, and can be 
determined by a definite law. 

Apply the jHre^ous theorem to the case of (« cota;)*'^, 
and make the requisite sabstitutions : then {x cota;) » 

(f)'^4{« + 2)(«+l)^a^.(f)" 

+(«+2)...(n-l)||a:*(g'"+(n+2)...(n-3)j|a^(^)""+. 

n\«-« /) *-* \co82.0aj. 

-(«+2)...(n-l)^x*(g _(„+2)...(„_3)^^(^) -. 



By equating the coefficients in this expansion with those 
in the equivalent series 

{<'.(^'" + (« + 2)(«+l)c^(f)" 

+ (n + 2)...(n-l)c,aM— ) +...1 co82.0.a;, 
the law of formation is recognized. 



«>=; 



* Li 11 • L? l* [6 



These connecting equations are comprised in the following 
identity : 

(c, + c^ + c,aj*+...) (1^-2 + ^ -...) = I, 

or c^ + cjjf 4- c^x^ +. . .= seca?. 

But X secx has been shewn to be equal to 

-— sm(4.0-f l)a?; 
!»«. -.. = 5(4.0+.): „. = fM±i)':. ..:„.. 
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The following explicit expression Is thus obtained : 
- (« cotaj)" = -^ (4.0 + 1) (-) co82.0.» 

^„(„_,)^(£^-(^'^«.eos2.0.x+.... 

From the other serlee of powers of cota;, we may similarly 
obtain a second explidt value : 

-no:- cot-a.«|rf, Q\n.{n^l)dj^ g)*" 

+ w(n-l)(n-2)(w-3)rf^aj* f~] +...l8in2.0.a:, 
where d^j d^j d^j ... are the coefficients of a; coseca;, or 
aj~cos(20 + l)a?. 

Ex. (a:cota:)- = g|l-?^.0«+...} 

19. In like manner, mutatis mutandis^ we obtain two 
corresponding expressions for (tana;)*', 






-(X tanxr = {f (4,0+1) (^-l^y 

, ,. Z> (4.0+1)' (D\'^ , ) „^ 
- n (» - 1) - i — — i- . f -j a;* +.,. ^ co82.0.a;, 

, ,, i) (2.0+1)" / D \"- . ) . „^ 
-«(«- 1) ^ ^-^ . (2^) a^+...} Bm2.0.a,. 

Cheltenham, 
D0C. 1860. 
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ON THE INTERNAL PRESSURES WITHIN AN 
ELASTIC SOLID. 

By James W. Wakkev, A.B. 

T'HE principal results in the theory of Elastic Solids, al- 
though known more or less completely to Cauchy and 
chiefly &Teloped by him, yet have been extended and 
simplified much since they came from the hands of that 
great analyst. I purpose in the following communication 
to consider the elasticity of solids from a more physical 
point of view, than, as far as I am aware, writers have 
as yet regarded them. 

Mr. Rankine in the former series of this Journal^ and 
subsequently Mr. J. B. Phear of Clare College, have given 
demonstrations, the former geometrical, the latter analytical, 
of the existence of three principal axes of elasticity in every 
solid of constant homogenity. I intend to give new de- 
monstrations of this and some other results, and also to add 
a few results I believe new. 

I commence with Cauchy's theorem of the tetrahedron 
of elasticity quoted by Mr. rhear, viz., 

iT.cosa' =-yj.cosa+ r,.cos/8+ ^,.0087. 

i?'.cosi8'= T3.cosa + -N;.cos/8+ 2;.cos7i (1), 

F.cosy = r,.cosa+ ri.cos/8 + -N,.cos7j 

where F is a resultant force exercised on the largest face of 
the tetrahedron. N^ N^&c. denote pressures normtu and trans- 
verse, as used by Mr. Kankine and others, and F^ is resultant 
of iV;, 2^ and T,; F^{ N^^ T,, and T, ; F^ of iV,, T, and T. 
Write F.coBa' — Xy J?'.cos/8'=y, F.cosy'^Zy and let a?', y, 



and «' denote components of F resolved along F^y F. and F^ ; 
therefore by the theory of prejections we get immediately 



NTT 
T T N 



.(2), 



therefore by comparing (1) and (2) we get 

cosa^jr; cos/8=^; co87=^ 



' I *• 
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110 On the Internal Pressures within an Elastic Solid. 

Let x\ y'\ z" be current coordinates of the largest face of 
the tetrahedron, a", )8", 7" the angles its axis makes with 
J^,, F^^ and F^ ; therefore its equation referred to these may 
be written 

a:".cosa" +y".cos/8" + z'.cosy = constant. 

Let P denote this axis, therefore 



cosa" = cos (P. axis of x\ i. e. F^) = cos (P ; iVJ . cos (P, ; N^) 



+ cos(P; iV,).cos(P,; iV;) + cos(P,; iV^J cos(P/, N;j 

N,x' ry T/ _ X , 

^ F^ F .F F .F ^ F ^ 

nmilarlj for cos/8" and cosy, therefore the equation of this 
plane is 

+ (^^pf a; +-p* y + y « )-;p = constant, 
but this is the plane conjugate to point x'y'z' in the surface 

+ -=-^ ajy = constant (3), 

and therefore the resultant elastic force on anj element 
plane at a point of solid has the diameter of this ellipsoid 
conjugate to the plane for its direction, but every surface of 
the second order has three mutually orthogonal planes whose 
conjuj?ate diameters are respectively perpendicular to them, 
therefore at every point of a solid there are three miUually 
orthogonal planes whose resultant elastic forces are respectively 
perpendicutar to each plane. Now take these lines tor axes 
of coordinates, and remembering that our surface has a 
physical significance, and that now N^=F^'i N^ = F''y 
iV,^=P;; !r;=T;=r' = 0; it becomes, by wnting ^. for 
P;,i&c., 



^ it z^ 



Digitized by VjOOQIC 



On the Internal JPresaures within an Elastic Solid, 111 

which, according to the Bigns of 4>j, <!>,, and 4>3, is an 
ellipsoid or hyperboloid. 
System (1) now becomes 



but 

therefore 4^ = 





Jf.cosa =q>j.co8a, 




i<'.cosi8' = 4>,.cos/8, 




F.coBy =^,.cos7; 




008*0 + cos'/S + cos'7 = 1, 


1 


cosV , cos'/9' cosV 1 



therefore, we see that, the elastic force exercised on a unit 
area of any diametral plane of this eUwsoidj is given in 
direction by its conjugate diameter ^ and in magnitude by 
length of conjugate diameter 
area of diametral plane 
Hence immediately follows the theorem of " Reciprocity," 
since it is a known result, easily proved, and first I belieye 
by Mr. Mac CuUagh, ( On the Dynamical Theory of Orystalline 
defection and Refraction^ Trans. R. L A., 1846, p. 24), that 
if r and p denote a radius vector and perpendicular on its 
tangent plane for an ellipsoid / andp', two more for the same 
surtace, and 

o> angle between r andy, 

m angle between / and^ ; 

then rp . cos 00 = r.p\ cos oo' ; 

therefore F. cos cm = J^'. cos o>' ; 

or the projection of F on the normal to J^'s element plane 
equab the projection of F' on the normal to i^'s element 
plane. 

Imagine our ellipsoid to become very small, so as that 
any diametral plane has sensibly elastic force constant at 
every point, then the elastic forces exercised on any two 
diametral planes are as their respective conjugate diameters* 

So far my chief object has oeen to deduce the funda- 
mental properties of an elastic solid by the aid of one 
geometrical representative alone; the making use of two, 
as M. Lam^ has done, gives unnecessary obscurity to this 
beautiful theory. I shall then, in future^ designate this 
surface by the name " ellipsoid (or hyperboloid) of elasticity," 
and omit as useless the consideration of the surface so desig- 
nated by M. Lam^. Imagine any plane through our 
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" ellipsoid of elasticity," the elastic force for the unit of the 
area of this plane is equal to py.r^ and the normal elastic 
force OD this plane 

therefore, we get the theorem, The normal farce for any 
diametral plane of the ellipsoid is as the square of corresponding 
perpendiculars, hut the squares on any three mutually ortho- 
gonal perpendiculars when added is constant, and, therefore, 
Aj + A^ + ^3 for any three mutually orthogonal planes is 
constant, the radius vector of the ellipsoid reciprocal to tlie 
ellipsoid of elasticity is equal to p^ and therefore we get 

j^r^ = co8*a.4>, •+-cos*/8.4>, + cos*7.4>3. 
Again, 

r. = i?;.cos(^) = i^3.cos(i^.i\rj = i?,.P,.cos(^^ ^ ^ 

where P,, P,, and P, ; -Bj, -B^, and B^ are perpendiculars and 
radii vectores, corresponding to any three mutually ortho- 
gonal directions of N^^ N^ N^'^ or, Drawing three lines 
mutually orthogonal through the centre of the " ellipsoid of 
elasticity ^^^ the tangential force corresponding to one of these 
directions J is equal to one of the perpendiculars corresponding to 
either of the other directions multiplied by the perpendicular let 
fall from the eoctremity of its radius vector on a plane of 
which the third line is the axisj i,e. 

+ i* . C08/8 . COS ^ + c" . COS7 . CO87', 

or, in terms of the ellipsoid of elasticity, 

r^ = co8a,.co8a3.4>j + cos/8,. cos)93.4>3-f co87,.cos7,.4>3. 

Let us now change the coordinate axes from the directions 
4>j, ^3, 4>, to N^^ N^y N^^ we have to substitute 

a; = cosa,.a? + cosaj.y + 00803. «, 

y = cos)9^a; + cosfi^.y + qx>%P^.z^ 

»=cos7j.aj + co873.y + COS73.JK; 

substituting these in the equation of the ellipsoid reciprocal 
to the ellipoid of elasticity, viz., 

*,.a^ + ^,.y* + ^a.«* = constant, 



cosa.cosa 
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we obtain 

of. (4>, . cos'Oj + ^, . C08*)9, + 4>, . co8'7j) 

+2y«.(4>^. cos a,,co8a^+<I>,. cos/8,. co8/8,+4>,.co87,.co87,)-f-&c 
equals a constant, or from formulae, 

+ 2r,.y« + 2r,.a:2 + 25r,.a?y = con8tant (5), 

and, therefore, the transformed equation of the ellipsoid of 
elasticity (which is the reciprocal of the above surface) is 

+ 2 (T; 7; -^,3ga:y = constant (6). 

We have thus got the equation of the ellipsoid of elasticity 
in the three forms (3), (4), and (6) ; we Know that in an 
ellipsoid the snm of the squares of the reciprocals of any 
three mutually orthogonal radii equal a constant, therefore 

N,N, + N^, + N^,- T:- T:- r/, 

is a " physical invariant," as well as -AT, + -A^ + -S^ ; and the 
disoimmant of (5), or, 

and now by the same geometrical means that we obtained 
N^j &c. from 

4>, .ic* + ^a-y' + *s • ^' = constant, 

we may get jN"/, &c. from 

N^a? + ^y + N/ + 2 T^yz + 2 T^xz + 2 T^xy = constant, 

or by remembering that N^ is •inversely proportional to the 
square of the radius drawn in its direction ; result by either 
method is 

N^ = N^ . co8*a, + N^ . cos*/8, + -^3 . cos'7j 

+ 2 T^j^cos/Sj .COS7, + 2 r,. costtj .C0S7, 4- 2T3.coRaj.co8i8j, 

r^' = -ATj.cosOj.cosa, + -A?^.cos)9,.cos/8, + -y,.co87,.cos7, 

+ r,. (cos/8,. cos7, + cos7,.cos/8J 

+ rg.(cos/9,.cos7, + cos7j. cos/8,) 

+ r,. (cos/8,. cos7, + cof»/8^.cos7,). 
VOL. V. I 
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And Bimilarlj we get from our reciprocal ellipaoid, i.e. dlip- 
8oid of elasticity, 

+ (A;i^,- 7;«).co8«/8, + (A;iV,- 7;«)-co8-7. 
+ 2(7;7;-JV,7;).co8i8,.co87, 
+ 2(2;?;-JV,i;).co8aj.co87, 
+ 2(2;7;-^3 7;).co8a,.co8/3., 
{TJ.T^^N;.T;)^{N^N^^ 2;»).co8a,.co8a, 

+ (iV'^,-r/).C08/9,.C08)9, 

+ (^,^,- 7',"».coB7,.co8y, 
+ (r,7;-iV;7;).(co8/8,.co873 + co87,.co8/8J 
+ ( 7;7; - iV;7;).(co8/8,.co87, + co87,.co8)93) 
+ ( 2; r, - iV,TJ.(co8/8, .CO87, + co8)9,.co87 j. 

I think the theory of distortions has not been saflSciently 
investigated. 1 will give a short sketch of a theory of the 
sabiect. Denote by fy ffy ^ the absolute displacements of a 
molecule. Suppose we change our coordinate axes and write 

fscosttj.f + co8i9j.i; + cos7j.f, 

1;' « coso,. f + co8)9,.i; + C0S7,. f, 

f « coso^. f + co8/8,.i; + COS7,. f, 

a;' « cos a, . a; + cos^, .y + cos 7, . «, 

y' « cosa,.a; + cos^S^.y + cos7,.«, 

«' = coso^.o; + cos)9,.y + cos7,.«, 

but we know that x\ y\ z\ and ^ , , -r-7, -j-r, when the 
^ ' ax ^ ay ^ dz ^ 

transformation of coordinates is orthogonal, are transformed 

by oogredient transformation^^and therefore we get 

^ - (coso, ^ + cos^, ^^ + COS7, ^)(cosa,f -f cos^,i;+cos7,f), 

dfi dt: 

■ {'^^di'^ <^o«^.^ + <^8'y.^).(cosa,.f +cos/9,.i74cos73.f), 
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1 shall write for shortness and elegance 

therefore our formulsB of transformation give us 

A/ = cos'OjA, + co8*/8, A, + cosVi^s 

-f-2.cos)9,.cos7,.r, 

+ 2.C080, .cos7,.r, 

+ 2.cosa, .co8/8,.r,.A,' = &c., 

but these are identically the same formuUd of transformation 
for a;a;A3T/, &c as those before found for N^'N^'N^T^^ &c 
Now imagine a plane through the coordinate centre, two 
mutually perpendicular lines in it and the axis of the plane, 
we will investigate the delta and two gammons of this plane 
and their connection ; multiply the values of A.T 'r/ in terms 
of A,A A^r^r^r^ by cosa,, coso,, cosa, respectively, and add 
results bluing m mind that 

cos*a^ + cos'o^ 4- cos' a, = 1, 

and cosa, . ooso, + cos^, • co8)9, + C0S7, • C0S7, a 0, &c., 

hence we get 

cosOjA/ + cosfl^r,' + coso^r,' = cosOjA, + cos^S^r, + cos7,r„ 

and rimilarly, we obtain 

cofliS^A/ + cos/8,r; + cos/8,r; = cosa,r, + co8i8,A, + cos7,r., 

co87jA/ + cos7,r,' + cosiSjr,' = cosa^F, + oosi9,r, 4- 00S7,A,. 

Ima^^e now a line drawn through the origin of coordi- 
oates of such a length and in such a direction that if it be pro- 
■ected on the axis of our ideal plane and the two rectangular 
ines in plane, components are A/r,T ' ; therefore, evidently 
50sajA/4-cosa,r,'H-cosa^rj', &c are the projections of this 
Ine on the coordinate axes; write them equal respectively 
to Xy y, and z ; therefore 

x = coso, . Aj + cos/8^ . r, + C087, . T,," 

y = cosa, . r, + cos^S^ . A, + COS7, . F,, 

z =s coso, . r, + cos^s, . r, + C0S7, . A3, 

12 
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but these equations are the symbolical expressions of a 
theorem analogous to the "tetrahedron of elasticity," this 
theorem we shall therefore call the " tetrahedron of distor- 
tion," setting out therefore from this theorem an analysis 
identically the same as the one conducted by us relative to 
the " tetrahedron of elasticity" leads to similai* results, theorem 
for theorem. Not to trespass on this Journal^ I shall merely 
state them, all of which are new, as far as 1 am aware. 

(1) A plane whose delta and gammas are ^^^^ and the 
resultant of A,r^rg has the radius vector and its conjugate 
diametral plane in a certain ellipsoid for their respective 
positions, and the length of this resultant is as y? x r, this 
ellipsoid we shall call the *' ellipsoid of distortion." 

(2) In a solid body there always exist three mutually 
perpendicular lines, the angles between which are still right 
after distortion, i.e. V^ = 0, T, = 0, F, = 0. 

(3) The "ellipsoid of distortion" is capable of being 
written in the forms 

(AA-r.'').a:' + (AA-r.»).y''+(AA-r.').^* 

+2(r,r,-A,r.).ya+2(r,r - A,rj x«+2(r,r -A.r.) xy=con«tant, 

AAA 2r 2r 2r 

where />,, Z> , and Z>, are values of Aj, when r„ F,, and 
fj each equal cypher. 

(4) The three expressions, viz. 

A, + A,+ A3, 

A.A, + A3A, + A, A, - r,« - r,« - ^3^ 
A.AA+2r,r/,- A,r/- A/;- A^r; 

are invariant, that A, + A, + A is an invariant of course is 
otherwise self-evident, the third will of course seldom enter 
into the construction of the equations of equilibrium or motion 
of the solid, but we may use the second as Mr. Haughton has 
used the first {Trans. B. I. A.j Vol. XXII.). 

(5) Calling the resultant R of A,r/, the distortion of 
plane for shortness, we get this theorem of " reciprocity of 
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distortion," viz. the distortion of a plane P projected on the 
axis of another plane P* equals distortion of P projected on 
axis to P. 

(6) The distortions A^, \^ \ are as squares of perpen- 
diculars on taneent planes to ^^ ellipsoid of distortion'^ parallel 
io their respective distortion planes. 

Other tneorems of course may similarly be deduced, but 
I conclude with a few remarks ; and first, as the coefficients 
of the ellipsoid of distortion are A,. A, — T^*, &c., and of its 
reciprocal A„ &c., we immediately perceive the truth of 
Mr. Haughton's remark ( Cambridge and Dublin Mathematical 
Journal^ Vol. ix., p. 131) that A,, &c. and A^A, — F/, &c. are 
cogrediently transformed. 

Secondly, if the body is homogeneous, it is manifest by 
the principle of sufficient reason that the principal axes of 
distortion coincide with principal axes of elasticity, but not 
if it be heterogeneous; therefore we obtain the theorem 
noticed by Mr. Raiikine {Cambridge and Dublin Mather 
matical Journal^ Vol. vi., p. 55) "in an elastic substance 
which is homogeneous and symmetrical with respect to mole- 
cular action there are three directions at right angles to each 
other, in which a longitudinal strain produces an exactly 
normal pressure on a plane at right angles to the direction 
of the strain." I shall only remark, in conclusion, that 
calling our three " distortion invariants" /,, /„ and /g. if we 
suppose the sum of internal moments represented by the 
variation of a single function and body homogeneous and 
non-crystalline, this distortion theory gives us very simply 
the form of F. since it must be a symmetrical function of 
the second order of A, A,, &c. and must remain the same 
after transformation ; therefore it must be a function of the 
invariants I^ and I^ ; therefore 

Many other theorems and demonstrations may also be de- 
duced by the " ellipsoid of distortion." 

38, Trinity College. Dublin, 
April 22, 1861. 
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ON COAXIAL CIRCLES. 

By John Caset, Scholar of Trinity College, Dublin, and Head-Master 
of the National District Model School, KUkenny. 

(Continued from p. 53.) 

14. IF in the last Article the arcs AD and BO be bisected 

it is easj to see that the anharmonio ratio of 
the four points of bisection on BC is equal to the anharmonic 
ratio of tne four t\ hence the anharmonic ratio of the four 
points of bisection on the arc BO is equal to the anharmonic 
ratio of the corresponding points on the arc AD. And 
ihere/bre if tie area BC ana AD be biaectedj the envelope 
of the line joining the point of contact is a oonic^ having double 
contact touh the circle X. Q.E.D. 

15. ABCD {fg. £) is a quadrilateral such as described 
in Arts. 13. 14^ and abed the line of contacts^ AB and CD 
intersect in O', and AC, BD in O, the line 00' passes through 
the point of contact ofeA unth its envelope. 

Demonstration. Let Off intersect ad in 7, and through 
draw a*d! parallel to ad. By similar triangles 

al:ld::aO:Odj 

and since Oa' bisects the angle AOBy and the triangles A OB 
and OOD are similar, 

a'0:Od:::AB:CD; 

therefore al : Id ::,AB : CD :: by Lemma 2, Cor. 2, velocity 
of the point a : velocity of the point d. Again, let e* l)e 
the point of contact of ad with its envelope, we have velocity 
of a : velocity ot d :i ae' : ed. Since e' is the instantaneous 
centre of rotation of ady and the tangents at a and d make 
equal angles with ad^ hence the points Tand e' coindde. Q.E.D. 

16. B, C {fg. 7) are two fixed points on a circle X of 
a coaxial system^ and Be, Cb are tangents to a variable circle 
7t of the system^ the locus of the points of contact e on each 
chord be when it touches its envelope^ generated by supposing 
BC to roll on a circle of the system^ is a conic passing through 
the limiting points. 
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DemonstroHan. Let AD and BC meet in 0". Now AL 
and BC are taug^ts to a circle X' of the system, Lemma 1, 
Cor. 1. and be passes through the points of contact fj g. 
Now the triangle OOO' is self-conjugate with respect to 
JT, hence 0" is the pole o{ GO with respect to Xy therefore 
the polar of 0" with respect to every circle of the system 
passes through some point on the line Off. Again, fy is 
the polar of O" with respect to X' ; therefore the polar of 
O' with respect to every circle of the system passes through 
0. hence the circle described on O'e as diameter passes 
tnrough the limiting points. Now while BC remains fixed, 
if we take four successive circles Z^ we shall have corre- 
sponding to them four points O' on the Ime BC produced, 
and four points e on the chords be. Join the four O^'s to 
the limiting points, and also the four e's, and it is easy to 
see that the anharmonic ratio of the two pencils from the 
four e's to the limiting points are equal; hence the locus 
of 6 is a conic through the limiting points. 

Cor. It is not difficult to prove that the vertices of the 
triangle OO'O", the limiting points and the point where BC 
totACMS its envelope are on the same conic. 

17. In the last Article we see that the anharmonic ratio 
of the four points e is equal to the anharmonic ratio of the 
four points &'j and that again equal to the anharmonic ratio 
of the four lines gfj whidi is equal to the anharmonic ratio 
of the four lines tm drawn from t the point of contact on 
BGj with its envelope perpendicular to the chords &c, and 
since each tm passes through a focus of its reciprocant; 
hence we have the anharmonic ratio of the four foci of 
the conies equal to the anharmonic ratio of the four points e. 
Therefore we have the followine theorem : 

If a variable chord BC of a circle of a coaxial system 
touch another circle of the system^ and from its extremities 
tangents be drawn to four other circles of the system^ then 
in each position of BC the points where the cords touch their 
envelope lie on a conic (which we may call the transversal 
conic) passing through the limitina points^ and the anhurmonic 
ratio of the jour points in which any transverse conic is cut 
by the four redprocants is equal to that of the points in which 
any other transversal conic is cut by the same redprocants. 

Cor. It is evident also that the anharmonic ratio of the 
four points in which any reciprocant is cut by four transversal 
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conks is equal to that of the four j)oints in which any other 
recijnvcant of the system is cut by the same transversals. 

18. We have seen in Art. 4, that (7, ff being the centres 
of the curcles Y and Z^ the reciprocant of a cirdfe X, whose 
centre is 8j with respect to Y^and Zy will be a parabola 
when the M]uare of the radius of X is ecpiiJ to 80.80'. 
By examining this particular case we shall obtain some in- 
teresting results. 

Since the souare of the radios of X^80.BOj X is 
the circle described on the distance between the ceptre of 
rimilitude of Y and Z^ and since the foci of the reciprocant 
divide OO harmonically, and (me of them is at infinity, 
the other bisects OO. A^in, because the circle on the 
transverse is one of the curdes of the system, it is plain that 
the vertex of the parabola touches the radical axis. Thirdly. 
If OL and P denote the complementary and sub-complementary 
of Y and Z with respect to X^ one of these circles will 
pass through the focus of the parabola, and the other will 
oe the radical axis. This folfows firora the property that 
the foci of the reciprocant are centres of similitude of the 
circle on its transverse, and the complementary and sub- 
complementary respectively. 

19. By means of parabolic properties we can obtain 
theorems respecting -X, F, and Z. 

1°. The circle described about the triangle formed by 
three tangents to a parabola passes through its focus. Hence 
if from a point A in X, tangents AB, AB', AC, AC be 
draum to Y and Z respectively^ the circle described about 
any of the four triangles formed by the lines BC, B'C, B'C 
BC' will pass through a given point wherever ^ point A 
is taken on the circumference of^. 

2°. Since the perpendiculars of a triangle whose sides 
touch a parabola intersect on its directrix^ the perpen- 
diculars ot the four triangles formed by the Imes BCj B'Cy 
BC'^ B'C intersect on the directrix, and this line is the 
radical axis of the circles on the diagonals of the quadrilateral 
formed by these lines. Hence we have the foUowinff theorem : 
If from any point on the circumference of the circle described 
on the distance between the centres of similitude of two circles 
of two given circles a pair of tangents be draum to each the 
radical axis of the circles described on the chords of contact 
is afx d line. 
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3^. The following theorem is also easily inferred: The 
parabola which touches the three sides of a triangle^ and 
whose focus is either extremity of any of the three diameters 
which are perpendicular respectively to the sides of the tri' 
angle has a fourth tangent which is also a common tanaent 
to two cf the four circles which touch the three sides of the 
triangle. 

TRIANGULAB 8YSTEM8 OP CIRCLES. 

20. If ABC, A'B'C be two Poncelet^s triangles inscribed 
in a circle X, ht the circles which are the envelopes of these 
trianghs opposite the angles A, B, C, A', B', C, respectively 
he denoted by a, b, c, a, )9, 7, then if a , /S', 7 form triangular 
systems loith a, a; b, fi; c, 7, respectively j a', /8', y form 
a triangular system* 

Demonstration. Let the triangle A'B' C* ffig. 8J be turned 
round until the point A' coincide with A^ ana let its position 
then be AB'C. Now it is evident that the chord BB' 
touches 7, and that CC touches ^, from C draw C'C" 
touching 7', and join BC'\ Then BC'\ per Lemma 1, touches 
the same circle as J5'C"; therefore BC touches a. and BC 
touches a; therefore CC" touches a', and the tnree sides 
of the triangle CC'C" touch the circles a', /S*, 7' re- 
spectively. Q.E.D, 

21. If a Poncelet^s hexagon inscribed in a circle X be 
such that th circles which are tlie envelopes of three alternate 
sides AB, CD, EF form a triangular system with respect 
to X. The circles which are the envelopes cf the three alternate 
sides BC, DE, FA also form a trianaular smtem. This is 
evident from Art. 20, since the envelopes ot AC j CEj EA 
form a triangular system. Q.E.D. 

22. If the circles Y, Z, W form a triangular system with 
respect to X, and from any point in X a pair of tangents 
be drawn to each^ intersecting X again the points A, A'/ 
B, B'; C, C, the envelopes of the chords AA', BB', CC 

form a triangular system of circles with respect to X. 
This is evident from Art. 20. 

23. If Y^ Zy W be three circles forming a tricmgular 
system with respect to X, then it follows from Art. 20, that 
if toe take the duplicate of each with respect to the other ttoo. 
the three duplicates form a triangular system of circles with 
respect to X. This is evident from Art 20. 
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24. It is not difficult to extend the resnlts of Aria. 20, 
21, 22 to any polygon whatever. 

THEOBEMS ON BECIPROCATION. 

25. Let ABCD inscribed in X haye its sides AB^ CD^ 
(fig. 7) tangents to a given circle Y^ and AC^ BD tangents 
to another given circle Z o( k coaxial system ; let the sides 
of this quadrilateral intersect in the points 0, (7, 0". Now 
it has been proved that the polar of the point e with respect 
to any circle of the system passes through 0\ and it is 
evident that the polar of e with respect to Z passes through 
0\ therefore 0& \a the polar of e with respect to Z^ and 
is the pole of be with respect to Z. Now the locus of e 
is the envelope of be ; therefore the locus of is the envelope 
of 00"; in like manner the locus of ff is the envelope of 
O'O'. Again, since the locus of e is the reciprocal of X 
with respect to Y and Z\ let this reciprocant be denoted 
by 2, then it is evident that the locus of (7 b the reciprocal 
of 2 with respect to F, and the locus of is the reciprocal 
of the locus of O with respect to JC, since OffO*' is a self- 
conjugate triangle with respect to JT, and finally, if the 
locus of be reciprocated with respect to Z^ it will reproduce 
2 back again. Hence we have tne ifollowing theorem. If 
"St be the reciprocant of a circle H of a coaocial system toim 
respect to ttoo other circles Y and Za of the system^ then if 
2 be reciprocaied with respect to Y^ me resuU reciprocated 
urith respect to X, and lastly^ this result redproccUed with 
respect to Z, 2 will be the result of these three successive r€- 
ciprocations, Q.E.D. 

26. We may express the theorem in the last Article by 
the following notation, 

ZrF.2 = 2. 

Where 2 is the subject, Z, X, F, beginning with F, are 
the symbols of reciprocation, the meaning of which is that 
we nrst reciprocate 2 with respect to x, then the result 
with respect to X, and finally this result with Z^ and we 
get 2 itself as the result of these successive reciprocations 
performed upon 2, and the dot is placed between the operator 
and subject. 

Cob. It will appear in like manner, that 

FZZ.2 = 2. 
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27. If we examine the demonstration of Art 25 at- 
tentively, we shall find that the following proposition is 
contunea in it ; let « be any point on 2, and be the tangent 
to S at e^ then 

YXZ.e^bc. 

TTuU 18 J if we take ike polar of e loiih respect to Z, then 
the pole of this polar with respect to X, and lastly^ the polar 
of this vole toiU oehcthe tangent to 2 at the point e. 

In uke manner, 

ZXY.e =bc, 

YXZ.bc^e, 

ZXY'.lc^e. 

26. The propositions contained b the two last Articles 
are but particular cases of more general ones which we 
proceed to develop. 

Let abc (fi^. 9) be any triangle circumscribin|B^ 2 {we 
omit F, X^ Z in the diagram for the sake of distinctness}. 
Then since YXZ.ab^e, YXZ.ac^e, and YXZ.bc^e", it 
is evident that the operation YXZ. performed on the trianele 
abc gives the triangle eee" as the result. Again, if the 
locus of the point a be the line BC^ the line cc' will pass 
through the pole of BC with respect to 2, hence the 
operation YXZ. performed on BC gives as result the point 
U the pole of BC with respect to S. Therefor , if upon 
any point the four successive reciprocations denoted by YXZ2. 
be performed^ the result will be the point itself Q.E.l>. 

29. If we take any figure whatever and ^rform the 
reciprocations denoted YXZ^, upon any point in it the result 
will be that identical point, and therefore when the operations 
YXZ2 are performed upon the whole figure, the result will 
be the whole figure itself; hence, let S denote any figure 
we have, 

YXZ2.a=^8, 

ZXY2.8^8. 

30. From the result of the last Article many important 
inferences can be deduced, for doing which it will be useful 
to bear in mind the following principle, viz. : If in any re- 
dprocating symbol the same letter occur tunce m succession^ 
such as ZZj tt may be omitted. 
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For the operation ZZ performed upon any point or line 
gives as result that identical point or line; therefore when 
performed upon any figure it gives as result the figure itself. 

31. In the formula TXZ'S./S, replace /8 by 2.5, and we 
have 

rXZ22.iS=2./ff, 

or YXZ. /S= S . /ff, Art. 30. 

Hence, if ^ be the reciprocant of X vrith respect to Y and Z, 
the result of performing the three successive reciprocations 
denoted by YXZ upon any figure is the reciprocal ojthe figure 
with respect to 2. 

32. Upon the result contained in the last Article perform 
the equivalent operations YXZ. and 2, and we have 

where the index denotes that the operation is performed 
twice in succession. Hence we have the following theorem : 
^ Y, X, Z denote any three coaxial circles^ the operation 
X XZ performed twice in succession upon any figure gives as 
result thai figure itself 

Cor. All odd powers of the operation XYZ are equal^ 
and all even powers produce the original figure. 

33. From the last Article, we have 

{YXZ)\8^8, 

(YX'Z)\8^8. 

Hence ( YXZf. = ( YX'Z)\ , 

or omitting the subject, 

YXZYXZ. = YX ZYX'Z. , 

and omitting the first and last letters from each, 

XZYX^X'ZYX\ 

Therefore if ZY. be any reciprocating symbol^ wp get tJie 
same result^ whatever letter we place before and after it. 

34. In the reciprocating equation 

XZYX^X'ZYX\ 
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replace X' by F, and we have, by Art. 30, 

XZYX=^ YZ. 

Hence, if toe pixuie any letter before and after a binomial 
symbol ZY^ the result will be equal to the operation ZY reversed, 

35. In the equation XZYX. = YZ of Art. 34, place W 
before and after the equalities on both sides, and we get 

WXZYXW= WYZW=ZYj by Art. 34. 

Hence two letters before any binomial symbol are cancelled 
by placing the same letters reversed after. 

36. If in the equation 

ZXY^.8^8, 
we replace Shy 2 F. 5, we have 

zxr2sr.5=2r.5, 

or omitting 22 in the left-hand side of the equation, and 
then yy, Art. 30, 

ZZ.iS=2r.5. 

H^ce, in a reciprocating equationy when two or more 
members are removed from one side to the other^ their order 
must be reversed, 

37. In the last equation let Z and Y become equal, then 
2 becomes the reciprocal of X with respect to 1", let it 
be denoted by 2,, and we have 

YX.S^^J.S. 

Hence, if X and Y be any tujo circUs^ and if we reciprocate 
any figure first with respect to X, and then with respect to 
Y, the result will be the same as when we reciprocate with 
Y and then 2,, the reciprocal ofX. with respect to i, 

38. In the last equation replace S by F, and denoting 
the reciprocal of Y with respect to X by 2,, we have 

in like manner, X. 2^ = 2^ . X. 

Hence, if X and Y be any two circles^ and 2^ and 2^ the 
reciprocals ofX. and Y unth respect to x and A respectively^ 
the reciprocal of 2, with respect to X is also the reciprocal 
of^ wtth respect to 2,. 
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39. In the equation ZX.S^^Y.S of Art. 36, replace 
S by X. and we have 

zx.x=sr.x, 

or Z.X^^Y.X. 

Hence we have the following theorem : 

If 2 be the redprocanl of X with respect to Y and Z, 
and S, and S, the reciproccus of X with respect to Y and Z 
respectively^ then S. is the reciprocal of S, with respect to 2. 

From Art. 4 tne following relation between the conies 
8^^ 8^^ and S is easily inferred, viz.: the eccentricity of 
"St is a mean proportional bettoeen the eccentricities of S, 
and S,. 

40. We shall conclude this paper by giving a geometrical 
proof of the theorem of Art. 39. 

Let X. y, and Z be the three circles : from any point 
A in X draw the tangents ABj AB' to F, and -4(7, AC 
to Z. Join BC^ BC'ff Cj B' C\ then four lines are evidently 
tangents to 2, and BB' and CG' are tangents to 8^ and & 
respectively: let the points of contact on BC. B'C^ and BB 
be denoted by P, P', P", and JB'C, B&, and 00' by 
Pj, P/, P/' respectively. 

Now it is easily proved by infinitesimals, that 

AB.BPiAC.CPi: velocity of B : velocity of (7, 

by considering P as the instantaneous centre of rotation of 
JSCj and in like manner, 

AC.CP' : AB'.B'P' :: velocity of C : velocity of ^, 

jB'P" : BP" :: velocity of P' : velocity of P. 

Hence, by compounding these ratios, and since AB^AB*^ 
we get 

BP. CP\ B*P'' = CP. B'P'. BP' ; 

therefore the points P, P', P" are in a right line, in like 
manner P^, P/, P" are in a right line, al^ P, P/, P/' are 
in a right line, and P„ P', P/' are in a right line, and it 
is easily seen n*om this, that P" is the pole of CC with re- 
spect to 2, and BB' the polar of P". Hence the proposition 
is evident. Q.E.D. 

Cor. Hence the reciprocant is real even when the tangents 
AB, AB', AC, AC are imaginary. 

Model School, Kilkenny, 
Nw. 29, I860. 
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ON CERTAIN ANALYTICAL RELATIONS BETWEEN 

CONJUGATE WAVE- VELOCITIES, RAY- VELOCITIES, 

AND PLANES OF POLARIZATION. 

By WiLUAM Walton, M A , Trinity CoUege. 

O^HE position of each of two conjugate planes of polarization 
in a biaxial crystal, as weU as the direction and mag- 
nitude of each of the two corresponding ray-velocities, may 
be shewn to depend upon two variables, viz., the two con- 
jugate wave-velocities. The formulae, by which these relations 
may be expressed, are rather elegant, and may perhaps be 
worth recording as a contribution to the Geometry of the 
Wave-Surface. 

Let V represent any wave-velocity, and ?, w, w, the cosines 
of its inclination to the axes of elasticity : let a, p, 7, denote 
the direction-cosines of the corresponding plane of polarization, 
and r the corresponding ray-velocity. Let a;, y, «, be the 
projections of r on the axes of elasticity. 

Then, (see Griflin's Treatise on Double Refraction^ pp. 
11, 18) 

I m n 



and -s iX=vl 

r —a 

v'-h* 

Eliminating ^ «», n, between (1) and (2), we get 

ence, hy the equation to the Wave-Surface, viz. 
aV by oV _ 



•(0, 



.(2). 
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we have 

"aV + *'i8- + cV ^ ^' 

Since the sum of the squares of a, ^3, 7, is equal to unity, 
we have, by the equations (1), 

^8 '' 77J A^* * 



and therefore 



^^^ ^ (4). 



m' n 



Let ttj, a^, be the two values of a, and v„ v^, the two values 
of v, which correspond to any assigned values of Ij m^ n: 
then, (see GriflBn's Double Refraction^ p. 14), 

P(a»-i'')(««-c'') = K»-a»)(V-a«)| 

».''(&''-c'')(6''-a')= («,'-ft*)(».»-ft7 (6). 

n' (c* - a') (c" - J') = (r," - c") (w,» - o')) 

From (4) and (5), using S to denote symmetrical sum- 
mation, we see that 

'• - S {{t,/ - a") {v; - />») («,• - c«) :*» - c«)} • 

Now it may easily be ascertained that the sum of the 
coefficients of v^ in the denominator is equal to 

-(6»_c»)(c«-a«)(a'-n 

and that the sum of all the terms, which do not involve v/, 
is equal to 

hence we have 

,,_ (»>/-«»') (V-y)K'-c^ 

"' -(c«-a«)(««-i')(V-V)- 

Similarly B » - K' - y) (^.^ - O ( V - °') 
Similarly, p, - ^^. _ ^.^ ^^, _ ^,^ ^^, _ ^^^ , 

(«>,«-c»)K-a»)(V-y) 
^' -(6«-c«)(c«-««)(V-0 • 
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These enressions for a,, ^8^ 7^, determine the position 
of one of the planes of polanzation in terms of tne two 
conjugate waye-yelocities. Interchanging the suffixes, we 
obtain the expressions for determining the position 01 the 
other plane ot polarization. 

Again, let r, be the value of r corresponding to the value 
r, of t; : tnen, from (3), 

or, sabstitating for a„ /3,, 7,, the values obtained above, 

■"-|«-('--^:^:}' 

Now the numerator of this fraction b equal to 

= t,,'(V-V)s|^^^f^)|-(y-c')(c^-a')(a»-J») 
.Again, the denominator of the fittctlon is equal to 
Hence r* = t>,* ttt r% • ^ '^lU %\ ' • 

hence V = ..'f (<-\yr^')y-^ . 
Simdarly, r/ = r,» +^-« Jvy«„^«) ^ • 

VOL, V. K 



Digitized by 



Google 



130 Abstract of Sir W. Rowan Hamilton' a 

These two formulsd determine the magnitades of the raj- 
yelocities in terms of the two conjugate wave-velocities. 

Again, from the equations (2), a;,, y,. z^^ being the pre- 
lections of r^ on the axes of elasticity, we nave 



^■"•'•(^' 



-"' (««-ft')(a''-o-r"^ vK-'-o r 

with analogous formulsd for v^y z^. The formulsB for x^j y„ z^ 
are obtained from these by the interchange of suffixes. 

These formulae determine the directions of the ray- 
velocities in terms of the two conjugate wave-velocities. 

Cor. Supposing the position of the plane front of a wave 
in a crystal to be assigned, the magnitudes of the two wave- 
velocities are determined by the formula 



and therefore, by the formulsd above given for the values of 
(«.» /9i7 7i), (a., /9„ 7,), (a?,, y„ zX {x, y„ «J, the positions of 
the two corresponding planes of polarization and the direc- 
tions of the two corresponding rays may be computedl 

March, 1861. 



ABSTRACT OF SIR W. ROWAN HAMILTON'S 
EXPOSITION OF ABEL'S ARGUMENT. 

By James Cockle. 

TN the following abstract of Sir W. R. Hamilton's paper on 
•*• Abel's argument (IVarw. B. L J.. Vol. xviii., pp. 171-259) 
I have made a brief statement ot results sumce for those 
portions which, on a general view, coincide with the corre- 
sponding portions of AJbers discussion. But (excepting always 
Sir W. R. Hamilton's comprehensive and expressive notation) 
I have gone fully mto that part on which, more particularly, 
there is a great oiveruty between the two arguments. 
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Abel's argument, as modified by sir w. r. Hamilton. 

[1.] That function which, according to a phraseology pro- 
posed hj Abel, 18 called an irrational function ofthefi order ^ 
and which will here be denoted by v (and into which no 
radicals with composite exponents are supposed to enter, 
since it is obvious that any extraction of a radical with a 
composite exponent may be reduced to a system of successive 
extractions with prime exponents), may be regarded as the 
general type of every conceivable function of any finite 
number of independent variables, which can be formed by 
anjr finite number of additions, subtractions, multiplications, 
divisions, elevations to powers, and extractions of roots of 
functions. Insomuch tnat the question, "Whether it be 
possible to express a root x of the general equation of the 
n"" degree, 

0?" -h a^x"*^^ +. . .4- a^^x + a^ = 0, 

in terms of the coefficients of that equation, by any finite 
combination of radicals and rational functions? is. as Abel 
has remarked, equivaldht to the question, "Whetner it be 

Sossible to equate a root of the general equation of any given 
egree to an irrational function of the coefficients of that 
equation, which function shall be of any finite order /Xr?" 

[2.] For the cases n = 2, n = 3, n = 4, this question has 
long since been determined in the affirmative, oy the dis- 
covery of the known solutions of the general quadratic, 
cubic, and biquadratic equations. (The solutions are then 
illustrated by translating them into functions of surds of 
different orders. I woiud add that the varied and important 
illustrations with which the paper here abstracted abounds 
are, I believe, chiefly or entirely due to Sir W. Rowan 
Hamilton.) 

[3.] Inasmuch as by known processes we may (1) put the 
development of v under the form* 

?o> 1x1 '"inr-x ^^^Si ^^ general, functions of the ij!^ order, 

* The n and m introduced for convenience into Arts. [3.] and [4.] 
are distinct from the n of the given equation and the m of order. The 
same remark holds of n and m m Art [5.]. I have ventured to transfer 
to [5.] the definition of irreducibilityir--J. C. 

K2 
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not involving the radical v^(^); and (2) the development 
of j^ under the form 

JL J. "tl 

and so on ; it id clear that by a repetition of this process t; 
may be put under the form 

« i. 

in which 1**. tt is a function of the order /:* — 1, or of a lower 
order ; 2**. the exponent, a for example, is zero or any integer 
less than ti; 3^ the summation extends to all the nxmx.., 
terms which have the exponents a, J, ... subject to the con- 
ditions just mentioned ; and 4''. the coefficients u admit of 
being analogously developed. (This is illustrated by the 
cases of cubic and biquadratic equations). 

[4.] Let V be formed from v by changing every radical, 

such as ^**, to a corresponding product, such as oo^^^", in 
which o^ is an n** root of unity ; so that 

« L 

and let any isolated term of the corresponding development 
of V be denoted by 

a k 

tu^u^p'^gT.,, ; 
we shall also have 

t^ = S^'g),"*!!) "*. . . , 

the summation extending as before, and also embracing all 
the ran.., values of v (or v) which arise from the replacing 
of or, «-v ^7 different n*^, w"",... roots of unity. Sir 
W. K. Hamilton exemplifies this by the theory of cubics 
and biquadratics. In these examples the truth of the results 
is obvious; and the general demonstration follows easily 
from the properties of the roots of unity. 

[5.] We may call an irrational function irreduciblej when 
it is impossible to express that frmction, or any one of its 
component radicals, by any smaller number of extractions 
of prime roots of variables, than the number which the actual 
expression of that function or radical involves; even by in- 
troducing roots of constant quantities, or of numerical equa- 
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tions, which roots are in this whole diBcossion considered as 
being themselves constant quantities, so that they neither 
influence the order of an irrational function, nor are included 
amone the radicals denoted by the symbols V{p)j &c. We 
have hitherto made no use of the assumed irredudbility of 
the irrational function v. But now taking this property 

into account, we perceive that the radicals ^*, &c., or, as we 
may write them, «, &c^ must not be compatible with any 
equations of <x»ndition wnatever, but only with the equations 
of definition, such as 

which determine the radicals by determining their prime 
powers. The coexistence of 

and z' + Gy"^ +. , .+ a^^^z + G^, -= 0, 

where g b less than n and O^^ ...Gg are functions of orders 
not higher than that of «, and not involving «, is incon- 
sistent with the irreducibility of z. And even if a system 
of relations 

6^.-. = ^^7 or G^^v^jT, 

in which v^ is finite and a root of a numerical equation, 
were compatible with the equation of definition, so that the 
equation of condition became 

stiU, n being prime, we could find integers X and /* satisfying 
the relation 

Xn — /A€= 1, 

and, deducing successively, 

zi^^y^^a,^^, z^^'^'^z^v:G,_:*'P^, 

we should either express 2; as a rational function of other 
radicals of the same system and of orders not higher than 
its own; or, raising both sides to the n"* power, we should 
be led to 

an equation of condition, between the remaining radicals, 
which might be treated like the former, till at last an 
expression should be obtained of one of the remaining 
raaicals as a rational function of other radicals of the 
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same system and of orders not higher than its own. In 
every case therefore we should be conducted to a diminu- 
tion of the number of prime roots in v, which consequently 
would not be irreducible. A ready illustration of this is 
offered by the expression for the roots of a cubic. 

[6.] It follows that if any one value of t? be equal to any 
one root of 

af + A^x"^ +. . .+ A^^x + -4, = 0, 

in which -4^, ...-4, are any rational functions of a, ...a^, 
then the same equation must be satisfied, also, for alt values 
of V obtained by changing any radical z into <oz. And all 
the values of v must represent roots of the same ^ic equa- 
tion, and, being unequal (otherwise an equation of condition, 
between the radicals, would arise inconsistent with irre- 
ducibility), must represent different roots of that «-ic. 

[7.] Coml>ining Arts. [4,] and [6.] we see that if any root 
a?, of ic' + &c. = 0, be equal to v, ana v be developed under 
the form above assigned, then every term, say ^ of this 
development may be expressed as a rational (and indeed 
linear) function of some or all the a roots a?,, a; , ,..05, of the 
same proposed equation. Apt illustrations of this are found 
in the case of cubic, biquadratic, and quadratic equations. 

[8.] To illustrate, by a preliminary example, the reason- 
ings to which we are next to proceed, let it be supposed that 
any two of the terms ty are of the forms 

in which the radicals are defined by equations such as the 
following : • 

v=>;, <=/., c=i^., c=i7.> 

their exponents being respectivelv e<]^ual to the numbers 
3, 3, 5, 5, and the terms ana radicals bemg all of the second 
order. We shall then have, by raising the two terms t to 
suitable powers, and attendmg to the equations of definition, 
the following expressions : 
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which give 

if we pat, for abridgmenti 

^■-©" ''.-©"/.v.v.-. 

'••-®" "-©"/.to.-. 
^•-©'' ''•-(=?)">^.'''.- 

And, with a little attention, it becomes dear that the same 
sort of process may be applied to the terms of the develop- 
ment ot any irreducible function v whatever its order ; so 
that we have in general, a system of relations, such as the 
following : 

in which T'*^ is of the order (say) m and is the product of 
certain powers (with exponents positive, negative, or null) 
of the various terms t^ ; z^"^* is of the same order ; and the 
coefficient (7^**"*^ is different from zero, but of an order lower 
than m. For if any radical of the order m were supposed 
to be so inextricably connected, in every term, with one or 
more of the remaining radicals of the same highest order, 
that it could not be disentangled from them by a process 
of the foregoing kind ; and that thus the foregomg analysts 
of V should be unable to conduct to separate expressions for 
those radicals ; it would then, reciprocally, have been imne- 
cessary to calculate them separately, in effecting the synthesis 
of that function ; which function, consequently, would not be 
irreducible. In the case of the lower equations the theorem 
of the present article is seen at once to hold good ; because 
in these the radicals of the highest order are themselves terms 
of the development in question. 

[9.] By raising to the proper powers the general expres- 
sions of the form just obtained, we obtain a system of, say, 
nT^ equations of this other form 
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f being Bome new irrational function, of an order lower 
than mi and by combining the same expressions with those 
which define the various terms tj the number of which terms 
we shall denote by the symbol f^\ we obtain another system 
of f^^ equations, of which the following is a type : 

if we put, for abridgment, 

and w'=^u.[ Cr'V' {-0;^"}"^... 

In this manner we obtain in general n^^^H-^*^ equations, 
in each of which the product of certain powers (with nositive, 
negative, or null exponents) of the ^^"^ terms of the aevelop- 
ment of v (or, as we may write it, v^"*^) is equated to some 
other irrational function, f or «?', of an order lower than m. 
Indeed it is to be observed^ that since these various equations 
are obtained by an elimination of the n^"' radicals of highest 
order, between their n^"*' equations of definition and the ^"^ 
expressions for the f^^ terms of the development of t?'"*^, they 
cannot be equivalent to more than f^^ distinct relations. 
But, among them, they must involve explicitly all the 
radicals of lower orders^ which enter into the composition 
of the irreducible function v^\ For if any radical z^. of 
order lower than w, were wanting in all the n*** + (T^ functions * 
of the forms /' and w'j we might then employ, instead of 
the old system of radicals, z^^ of the order m, a new and 
equally numerous system of radicals, y*\ according to the 
followmg type 

and miffht then express all the ^'"^ terms of v^ according 
to the formula 

« f 

or < = i/7rV"*..., 

which would not involve the radical z^ ; so that in this way 
the number of extractions of prime roots of variables might 
be diminished, which would be inconsistent with the ir- 
reducibility of v^\ (This is exemplified, by Sir W. B. 
Hamilton, in the case of a cubic.) 

[10.] Since each of the iT^ terms of the development 
of v^^ can be expressed as a rational function of the s roots, 



Digitized by 



Google 



Expontion qfAhePs Argument. 137 

x^y..x,^ of that equation of the s^ degree which t/^ is sap- 
posed to satisfy; it follows that every rational function of 
these (^^ terms must likewise be a rational function of those 
# roots, and must admit, as such, of some finite number, r, 
of values, corresponding to all possible changes of arrange- 
ment of the same 8 roots among themselves. The same 
term or function must, for the same reason, be itself a root 
of an equation of the r^ deeree, of which the coefficients 
are symmetrical functions of the s roots, aV) *** ^«' '^ there- 
fore are rational functions of the s coefficients,^,, ..>A^^ 
and ultimately of the n original quantities a„ ...a^; while 
the r— 1 other roots of this new equation are the r— 1 other 
values of the same function of a;,,... a;,, corresponding to 
the changes of arrangement just now mentioned. Hence, 
every one of the tT'-^T' functions {T^y and U^^\ and 
therefore also every one of the n^' + f^^ functions f and tr', 
to which they are respectively equal, and which have been 
shown to contain, among them, all the radicals of orders 
lower than m, must be a root of some such new equation, 
although the de^e r will not in general be the same for 
all. Treating these new equations and functions, and the 
radicals of the order m— 1, as the equation a;' + &c. = 0, 
the function t;^"^, and the radicals of the order m have 
been already treated ; we obtain a new system of relations, 
analogous to those already found, and capable of being thus 
denoted : 

u'^^u' (c/"^r' (c.^-^... =t?". 

And, so proceeding, we come at last to a system of the form 

in which the coefficient C is different from zero, and is a 
rational function of the n original quantities a,. ...a.; while 
7" is a rational function of the s roots, x,, . . . x,y of^that equation 
of the 8^ degree in x which it has been supposed that t;^^ 
satisfies. We have therefore the expression 

* c • 

which enables us to consider every radical r, of the first 
order, as a rational function F' of the 8 roots 2;,, ... x,y and 
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of the n ori^iiml quantities a,, ... a^: so that we may write 
for each radical, z'^ of the first order 

«'^i^'(aj„ ...a?,, Oj, ...aj. 

But before arriving at the last mentioned system of relationSi 
another system of the second order and of the form 

most have been fonnd, in which C is different from zero, 
and is a rational function of z^^ 0/, &c., and of a^, ...a^, 
while T" is a rational function of a;^, •••a?,} we have there- 
fore the expression 

and we see that everv radical of the second order also is 
equal to a rational function of x^^ ...a;^ and of a„ ...a^: 
so that we may write 

«"=-^'K) — ^i) ^it — O- 

And, reascendin^ thus, through orders higher and higher, we 
find, finally, by similar reasonmgs, that every one of the 

radicals which enter into the composition of the irrational 
and irreducible function t?^, such as the radical «^, must 
be expressible as a rational function F^ of the roots a?„ ... a;,, 
and of the original quantities a„ ...a^: so that we have 
a complete system of expressions, for all these radicals, 
which are induded in the general formula 

z^^F^(x,,...x^ a», ...«J. 

Some illustration of this is afforded by a cubic. 

[ll.J In general, let p be the number of values which 
the rational function F^ can receive, by altering in all 
possible ways the arrangement of the s roots a?„ ... a;,, these 
roots being still treated as arbitrair and independent 
quantities, (so that p is equal either to the product 1.2.3...^, 
or to some submultiple of that product) ; we shall then have 
an identical equation of the form 

F^ + D^F^^ +. , .+ D,_^F+ D, = 0, 

in which the coefficients i>„ ...Dp are rational functions of 
a., •••a^; and therefore at least one value of the radical 
z^ must satisfy the equation 
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Bat in order to do thia, it is necessary, for reasons already ex* 
pldned, that aU the values of the same radical z^^ obtained by 
moltiplymg itself and aU its subordinate radicals of the same 
functional system by any powers of the corresponding roots 
of unity, should satisfy tne same eauation; and therefore 
that the number a of these values of si^ should not exceed 
the degree p of that equation, or the number of the values 
of the rational function F^\ Again, since we have denoted 
by q the number of values of the radical, we must suppose 
that it satisfies identically an equation of the form 

the coefficients j^^, ... E^ being rational functions of a,^ ... 6r ; 
and therefore that at least one value of the function F^^ 
satisfies the equation 

F* + EJF^"^ +. . .+ ^f-i^+ E^ = 0. 

Suppose now that the a roots x^^...x^ of the original 
equation in x^ 

of + ^jaj*^' +...+ ^^,aj + ^, = 0, 

are really unconnected b^ any relation among themselves, 
a supposition which requires that a should not be greater 
than 91, since A^^ ...A, are rational fuuctions of a^, •••a„} 
suppose also that a„ ...a can be expressed^ reciprocally, 
as rational functions of A^y ...A,, a supposition wnich re- 
quires, reciprocally, that n should not be greater than «, 
because the original quantities a^^ *'*^« ^^^9 ^^ ^^ whole 
dvtcuasiony considered as independent of each other. With 
these suppositions, which involve the equality « = n, we 
may consider the n quantities a,, ...a^, and therefore also 
the q coefficients J?j, ... J?^, as being symmetric functions of 
the n roots a;,, ... x^ of the equation 

we may also consider 2^^ as being a rational but unsymmetric 
function of the same n arbitrary roots, so that we may write 

and, smce the truth of the equation 

F' + E^F^^ +. . .+ -£v-i^+ ^9 = ^ 

must depend only on the forms of the. functions^ and not on 
the values of the quantities which it involves (those values 
being altogether arbitrary), we may alter in any manner 
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the arrangement of these n arbitrary quantities a;,....a?^y 
and the equation must still hold good. But by such oianges 
of arrangement, the symmetric coefficients E^ ...E^ remain 
unchanged, while the rational but unsymmetnc function F^ 
takes, in succession, all those p values of which it was before 
supposed to be capable; these p unequal values therefore 
must all be roots of the same equation of the ^ degree, 
and consequently q must not be less than p. And since it 
has been shown that the former of these two last mentioned 
numbers must fwt exceed the latter, it follows that they 
must be equal to each other, so that we have the relation 

q=:p: 

that is, the radical z^ and the rational function F^ must 
be exactly coextensive in multiplicity of value. 
This is exemplified by the cubic. 

[12.1 The conditions assumed in the last article are all 
fulmled, when we suppose the coefficients A^^ &c. to coincide 
with the n original quantities a„ &c., that is, when we return 
to the equation originally proposed ; 

a:" + a^x"^^ +...+ a^,aj + «» = 0, 

which is the general equation of the ri^ degree : so that we 
have for any radical z^\ which enters into the composition 
of an irrational and irreducible function representing any 
root of any such equation, an expression of the form 

the radical and the rational function being coextensive In 
multiplicity of value. We are, therefore, conducted thus 
to the important theorem, to which Abel was first led, by 
reasonmgs somewhat different from the foregoing. Examples 
of the truth of this theorem are given by anticipation in 
arts.^.] and [10.] of Sir W. R. Hamilton's essay; and 
Sir W. K. Hamilton here adds an illustration derived from 
a biquadratic equation. 

lout before he proceeds to apply the theorem, in a manner 
similar to that of Abel, Sir W. K. Hamilton shows a priori^ 
with the help of the same general theorem, that no new 
finite function, irrational and irreducible, can be found, 
essentially distinct in its radicals from those which have 
long since been discovered, for expressing any root of such 
lower but general equation, quadratic, cubic, or biquadratic, 
in terms of the coefficients of that equation. 
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[13.] Contains a discussion of the g^end qaadratiC| 
and [14.] of the general cubic. 

[15.] Functions are defined as syntyptcal when they are 
formed from one common type. F\x^^ x^ and F{x^^ a? ) 
are syntypical as formed from one conmion type F{x^^ x^. 
It is shown that two syntypical functions of two arbitrary 
quantities cannot have equal cubes, if they be themselves 
unequal. 

[16.] and [17.] It is shown that if an unsymmetric rational 
function of three arbitrary quantities have fewer than six 
values, it must be reducible either to the two-valued form 

a + 6 {x^-x^ («, -a;J (a;,-a:J, 

or to the three-valued form 

a + 6a; + ca?* 

[18.] Functions of the form 

b{Xa-x^){Xa'Xy){xfi-Xy\ 

are the only two-valued functions of three variables which 
have symmetric squares; the square of a three-valued 
function of three variables is always itself three-valued; 
if an unsymmetric function of three variables have fewer 
than six values, its cube cannot have fewer values than 
itself; and if a rational function of three arbitrary (]^uantities 
have a symmetric cube it must be itself symmetnc. The 
form 

{a + J (a;. - x^j (x. - x^ [x^ — aHy)} (a;. + a^^x^ + «,ajy) 

of six-valued function of three variables has a two-valued 
cube. 

[19.] A rational function of four symbols may have 
twenty-four, twelve, eight, six, four, or three values. Oi 
twenty-four-valued functions two forms have twelve-valued 
squares, and one an eight-valued cube. Three forms of 
twelve-valued functions have six-valued squares. An eight- 
valued function may have its square four-valued. Three 
forms of six-valuea functions have three-valued squares, 
and a modification of one of the latter forms has a two- 
valued cube; and the square of any multiple of the dis- 
criminant is symmetric. But there exists no other case 
of reduction essentially distinct from those discussed by 
Sir W. B. Hamilton, in which the number of values of 
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the sqaare or cabe of a rational function of four independent 
▼ariaoles is less than the number of values of that tunction 
itself. 

[20.] It is impossible to discover any essentially new 
expression for the roots of a biquadratic. And the onlv 
important difference with respect to the extraction of radicals 
between any two general methods for resolving biquadratics, 
if both be free from all superfluous extractions, is, that 
after calculating first, in both methods, a square root and 
a cube root, we may afterwards either calculate two simuU 
taneous square roots, as in the method of Euler, or else 
two successive square roots, as in the method of Ferrari and 
Descartes : — for, in the view in which they are here considered, 
the methods of these two last-mentioned mathematicians do 
not essentially differ from each other. 

[21.] It is not necessary, for the purposes of the inquiry 
into the possibility or impossibility of representing, by any 
expression of the form v, a root x of the general equation 
of the fifth degree, 

a? + a^x^ + a^a? + ajx? + a^x + a^ = 0, 

to investigate all possible forms of rational functions of five 
variables, which nave fewer than 120 values; but it is 
necessary to discover all those forms which have five or 
fewer values. These forms are investigated, and it is shown 
that there are none with fewer than six values except only 

a + i X the discrimmant, 

and the five-valued function 

the coefficients J^, i,, 6,, 6^, b^ bein^ symmetric. 

It is then proved that a multiple of the* discriminant is 
the only form which has a prime power (natnely its square) 
symmetric; and that no form can have any prime power 
two-valued if its own values be more numerous than two. 

S22.] Since the coefficients a^, ... a^ are symmetric functions 
[le roots a;,, ... a?^, it is dear that we cannot express any 
one of the latter as a rational function of the former; m 
in v^"*\ must therefore be greater than ; and the expression 
v^"*^, if it exist at all, must involve at least one radical 
of the first order, z\ which must admit of being expressed 
as a rational but unsymmetric function F' of the five roots, 
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but must have a prime power symmetric, and conseqaently 
must be a square root and therefore a multiple of the dis- 
criminant. And because any other radical of the same 
order can be deduced from this by multiplication, we see 
that no other radical of the first order can enter into v^"*^ 
when that expression is cleared of all superfluous functional 
radicals. On the other hand, a two-valued expression cannot 
represent the five-valued function x] if then the sought 
expression aj = v^"*^ exist at all, it must involve some radical 
of the second order, z'\ and this radical must admit of being 
expressed as a function F" of the five roots, which function 
is to have, itself, more than two values, but to have some 
prime power two-valued. And since it has been proved 
that no such function F" exists, it follows that no fimction 
of the form v^** can represent the sought root x of the general 
equation of the fifth degree. 

[23.] A fortiori it is impossible to satisfy the general 
equation a?* + &c. = when n is greater than five. 

[24.] Contains the criticism on Abel which I have already 
adverted to, and the remark that another chief obscurity 
in AbePs argument had rendered it advantageous, as pre- 
liminary to the discussion of the forms of functions of five 
arbitrary quantities, to establish certain auxiliary theorems 
respecting functions of fewer variables ; which have served 
also to determine a priori all possible solutions by radicals 
and rational functions (for Sir W. B. Hamilton does not 
absolutely ignore others, see the end of [22.] p. 247 and of 
[28.] p. 255) of all general algebraic equations below the fifUi 
degree. 

[25.] Contains Abel's proof, after Cauchy, that if a 
function of five variables nave fewer than five values, it 
must be either two-valued or symmetric. 

[26.], [27.], and [28.] Contain remarks on Mr. Jerrard's 
method and a consideration of his trinomial form of quintic. 
Sir W. R. Hamilton proposes a mode of solving it ; not, of 
course, algebraically, but oy two new tables of double entry. 

In an " Addition" (pp. 256-259) Sir W. R. HamUton 
shows that the elegant analysis of Mr. Murphy fails to 
establish any conclusion opposed to the argument of Abel. 

4, Pump Court, Temple, London, 
8epi§mb9r 8, 1860. 
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ON THE COVARIANTS OF A BINARY QUANTIC 
OF THE n"^ DEGREE. 

By Michael Roberts. 

T PROPOSE, in what followsL to contmue the discossion which 
has been the subject ot my former papers. The method 
which I have employed in them is, I thmk, peculiarly ap- 
plicable to the discovery of relations existing between fuuctions 
of the differences of the roots of equations of the higher 
degrees. These functions, when considered by themselves 
as a set of individual terms, are generally of such repulsive 
length and apparent complexity as to idBTord no clue what- 
ever to the equations by which they are connected with 
other functions of the same class, and as they are the ana- 
lytical elements on which the nature of the roots essentially 
depends, it is plain that any inquiry into their properties 
must be valuable when considered m reference to the progress 
of algebraic science. A remarkable equation of M. !Brioschi, 
which I have already had occasion to quote, serves to connect 
the theory of functions of the differences of the roots of alge- 
braic equations with the theory of the covariants of binary 
quantics: indeed, from my point of view, after this rap^ 
prockement has been made, the two theories oecome identicaL 
As this paper is to be read in connexion with my Memoir 
{Quarterly Journal^ Vol. IV., pp. 168-178), the notation is 
the same in both. 

Suppose now that a;^ is a root of the equation 

if we put a?, = — * + w, and if we operate with the symbol 



£ of my former paper, we find 

&c, = — I + Sm; 

but Sa;^ = — 1 so that Su = 0, or u (a function capable of 
supplying all the roots} is a function of the differences of 
the roots. ^ One of the most remarkable peculiarities of these 
functions is the great facility with whidi they e^ve rise to 
other functions of the same kind, and the nexibilitv with 
which the relations existing between them admit of being 
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transformed. For example, let there be m coTariants of 
the quantic (a,, a„ a,, ...a.) [x, y)', namely, 

(R„B„...B,){x,y)r, 

(flf, 5„ ...-8i)(a:,y)», 



{T„T„...T:){x,y)% 
then the determinant 



ai+1 



^0, T„ ...r. 

is a fxinction of the differences of the roots of the equation 

and therefore the source of a covariant of the original quantic 
K ^ is the quadrin variant of the form {a^y a,, ...a^) {x^ y)^ 
it is the source of a covariant of the form (a^, a , ...«,i4j)(aJ,y)"" 
of the second degree in the yariables : let us denote it bj 

and if '^ is the quartinvariant of the form 
hence a^yfr + i^ 



^\^i 



has 6 for a factor, and it is easy to see that this expression 
does not contain a^^^. 

The remainder ot this paper will be exclusively occupied 
with an examination of the covariants of binary quintics, 
and, when taken in connexion with my former papers, will, 
I think, furnish a tolerably complete theoiy of these functions. 

I have already shewn that all covariants of binary quintics, 
whose source is an even function of the roots, can be ex- 
pressed by the quintic itself, the covariauts {H)^ (/), (J), 
(X), and the invariant K\ tnese quantities bemg connected 
by the covariant equation derived m>m the relation 

a^U = 4^[H[P - 9«7» - 2lL - HK) + a/(3L - F)] 

+ a^'K{HI+a/) + a^U{l2J'-^2lL^r) (a). 

VOL. V. L 
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If the source of the coyariant is an odd Ainciion of the roots, 
the covanants {G)^ [K') must be combined with the above< 
mentioned fanctions, and between all these covariants there 
exist three bjzj^gs^ namely, the covariant equations which 
flow from the rollowmg relations : 

GK^4.WI^^a^HJ+a^{L^r) (A), 

(^Qiuirterly Journal^ Vol. IV., p. 173). The eouation (a) 
is obtained by equating the two values of CPK"^ derived 
from the group (J). 

Hence the covariant equation of the equation of the 
squares of the differences of a quintic depends on the quintic 
itself, the covariants [H)^ (/), {J)AL)^ and the invariant Ki 
it is at once deducea from Mr. Cayley's equation (given in 
the Philosophical Transactions for 1860) by putting the second 
term of the quintic equal to zero, and by substituting for 
the remaining terms the values given in my paper ( Quarterly 
Journal^ Vol. IV., p. 172). 

If ^ is the coefficient (to a factor prki) of the penultimate 
term of the equation of the squares of the differences of 
a quintic fas given in the Quarterly Journal^ Vol. IV., p. 327), 
the covariant whose source is if> is of the fourth degree in 
the variables, and furnishes values for a double root by 
the successive quotients of its coefficients : its quadrinvariant 
has for a factor the discriminant of the quintic. (This result 
is general, and applies to equations of higher degrees). In 
consequence of the values which I have given for ^ [Quarterly 
Journal^ Vol. iv., p. 234) and for the third Sturmian constant 
8^ for a quintic [Quarterly Jawmal^ Vol. IV., p. 175), I find 

a^4> ■*- 2//S, = Jr{505e7+ a^ [ZP + L)] 

- 2l[aJK- 12J(3i - P) + 8J3S}, 

an expression which must vanish for a triple root and also 
for a pair of double roots. Now Mr. Cayley has shewn 
[Philosophical Transactions^ Vol. CXLVII., p. 780) that for a 
pair of double roots, 

50fi7+a,(8P + i) = 0, 

so that the function 

aJK- nj [ZL - P) + %HR 

vanishes for a triple root, and also for a pair of double roots. 
At the conclusion of my paper. Vol. IV., p. 327, I derived 
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a remarkable function of the differences of the roots of a 
qointic from similar functions of a sextic. This function 
which I have called T admits of an elegant mode of derivation 
from the quintic itself. Suppose that the cubicovariant \j) 
18 represented hy 

I find T=^9{j;'^Jj;): 

in fact the covariant (T), which for a quintic is of the second 
degree in the variables, is the Hessian of {J). 

The equation (a) by the employment of T' can be written 

L' = 4jyr+ 2r (fl/-f a/) + i{i2r + 2IL - r). 

If (Ly i,, L^y i,, L^) (a?, y)* is the covariant whose source 
is Xr, tnen 

so that the Hessian of (i) is (/) (T) + (J) {B). 

J£ Q denotes the octinvariant of tne quintic (No. 25 of 
Mr. Cayley's Tables) I find the quadrinvariant of h (L) + k (i)* 
to be A (A + A) HH-i^jr*. so that the quadrinvariant of No. 20 
of Mr. Cayley's Tables is K^. 

I find also 

a,G = e7(12r-./ff) + JB(i + P) (c). 

By means of this expression and those which I have 
already given, the Sturmian constants for a quintic are ex* 
pressed in a form which renders their calculation sufficiently 
simjple, as after having calculated the values of fi, /, J, JT, Z, 
which are not very complicated, those of R and T can be 
readily ascertained from the following equations, which I 
have given before, 

a^R = r-9J^''2lL-HK [d)y 

a,T^RH-\-{SL^r)J {e). 

We have then the following table of the Sturmian con* 
stants for a quintic, 

S^^ff, 8,^5HI+da/, /8, = irir+12/L + 4J'-216e7', 

a^8, = a^K* - 128 { J(12 T- /JT) + 5 (i + P)}. 

In an mterestin^ paper by Mr. Cayley, which has appeared 
in this Journal (Vol. IV., pp. 7-12), the criteria for the 
number of real roots in cubic and quartic equations are 
deduced from an examination of the Sturmian constants of 

l2 
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diese eqaations. The author has also verified by h 
reasoning, the cases relative to the signs of the Bturmian 
constants, which it is clear, h priori^ are impossible. I pro- 
pose to demonstrate, in a similar manner, that the following 

consecution of signs, 1 , for the first three Stnrmian 

constants is impossible for a quintic. Let 

I find then S = HIC - 6/(?, 

whence 1" = - a^^HS^ - 45, (a,»P -f ea^HJ- 5H^I]^ 

but the condition 8^>0 can be written in the form 

and M 8^or H is negative, it follows that 

and 

< {<^ + ^%BJ^ bIPI) = (a;/- 3ZP) [a^U^ SH") - 6i?G^, 

but from the condition which I have just obtained, it follows 
that a//— 3-ff*, and a*I- SH^ are bbth positive, so that 

Hence from the value found for S', it is plain that 8^ 
cannot be negative. 

The following equation is worth noticing, 

J/8, + 4iiiS, = 5 {dHJK-h l2a^RJ-^ ^aJT]. 

I find also, 

ft 

this equation proves that when H is negative, R and J cannot 
both be positive. 
We have also 

(^^)* = 4/Z»i+3J*(ffl^-3a„J). 

If is the invariant of the twelfth degree of the quintic, 
the eliminant of [R] and (T) is 

A > 
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and the eliminant of (J?) and [I) Is ^12-9(7: these results 
are^ deduced hj employing Mr. Sylvester's canonical form, 
which is admirably adapted for expressing composite in- 
variants, such as the eliminants of covariants, in terms of 
the fundamental invariants. The eliminant then of (R) and 
n[T)--K[I) is 

and the eliminant of {R) and [J) is, as I have already shewn, 

i Quarterly Journal^ Vc4. iv., p. 327j the skew-invariant of 
I. Hermite, which I shall denote oy F. Hence we infer 
from the covariant equation t)f (c) that the eliminant of the 
quintic and its linear covariant is 



r(3I2- JT). 

\ obtained 
and its lin 

Rx + Rjf 



(This result can also be obtained by seeking directly the 
eliminant of the quintic and its linear covariant). If 



R 
represents this latter covariant, then the quantity — ^* is 

a root of the equation ^ 

ifr = 0, or if 312-^ = 0. 

It is not difficult in general to express the eliminant of 
the linear covariant and any other covariant in terms of the 
fundamental invariants. For example, from the covariant 
equation of (e) we find the eliminant of {R) and [L) to be 

\ [£e - 27^12(74 K^G^ -I- A^'Ch- 108C*}, 

and from this result and the covariant equation of [d) we 
find for the eliminant of {R) and (H) 

tV {SiT'Xl' - J 26ia2«(74 43212(7* + SliPC* + a* - 8A^i2(7). 

It may easily be shewn that the eliminant of {R) and the 
covariant {W) which I have already noticed [Quarterly 
Joumalj Vol. IV., p. 325) is identical with the eliminant of 
[R) and the quintic itself. For putting 

U= (a^, a„ a„ a„ <?„ a,) (a:, y)% 

we have 

_, dU^ dU ^..... j.dU j.dU 
5Cr=x-^+y^-, 5(«) = i2^-/J.>^, 

and from these equations, the proposition which I have just 
enunciated follows at once. The eliminants of [R) and [O) 
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and of (B) and {K') can therefore be derived from tlie vahiea 
which I have given for WGy WK' [Quarterly Jowmal^ 
Vol. IV., pt 325) and it is also plun that the emninant of 
Z7 and (IF) is 

r(312-ir) X discriminant of U. 

We may remark also that T is the eUminant of U and [J). 
I have already remarked that for a triple root the equations 

jr=0, 3i-i* = 

coexist : it is then an interesting inquiry to ascertain whether 
their coexistence necessarily implies the existence of a triple 
root. If the above-mentioned conditions hold, we find from 
equation (a) 

Za^L* = iiT* (P - 21 r) + a^I (36 J^ - P), 

and therefore in consequence of the given conditions 

21a;U = UH*r {P - 27«7») + Za^P (36J* - P). 

Hence 

a^P = 12^?* [P - 2ir) + 3a;/ (36./^ - P\ 

which gives 

(P-27j')(a;/-3iP)=0, 

so that the coexistence of the equations ^=0, ZL — P^O 
Implies the existence of one or other of the equations 

P-27e7' = 0, a//-3ZP = 0. 

The first of these corresponds to the case of a triple root, 
the second indicates that the same transformation removes 
the coefficients a^, a^ from the equation 

and in this case the roots are connected by the relations 

S {x, - a:J« (a?. - x^f (a?, - a?J* [x^ - x^Y [x^ - a:J» = 0, 
1 



^^i-^8-^8-^4-^a 



= 0. 



Postscript. — It may easily be shewn that with the con- 
secution of signs — + + for the first three Sturmian constants 
of a quintic^ o^ or the discriminant is positive. 

By puttm^ the coefficient of the second term of a quartic 
^qual to nothmg in the expression for its discriminant and by 
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making the substitutions which I have already so freaaently 
employed, the foUowmg identical relation is easily established : 

a; (P. 27c/») = (a//- 35*) (a,-/- 12fi^» 

From what I have already stated, it is plain that when H 
is negative and 5^/+ 9ay (or the second Sturmian constant 
for a quintic) is positive, /, J", and a*I— AJS^ are positive : 
and we infer from the formula which I have just given that 
in this case /• — 27e7' is positive: and the four roots of the 
equation . 

are imaginary. Let us denote them by oc, /3, 7. S ; and as 
this ecjuation is the derived of (a^, a , a„ a„ a^, aj (a?, 1)* = 0, 
the discriminant of this latter is equal to 

(a^ + 5a^a -h lOa.o" + 10a,a' + Sa^a* + a^) 
X (a, + 5a^+ 10a3/8* + 10a^ + 5a,)9* + a^) 
X (a, + 5a,7 + lOa.y + lOa^ + 5ay + a^) 
X (a, + 5a,a -h lOa.S' + I0a,8» + Sa^S* + a^S») 

which is therefore essentially positive. 

The formula which has been given for the discriminant of 
a quartic includes what has been demonstrated by Mr. Cayley 
{Quarterly Journal^ Vol. iv., pp. 9, 10) ; namely^ that for the 
sequence of signs — h for the first two Sturmian constants 
for a quartic the discriminant is necessarily positive. In this 
case the condition 2HI+ 3a^> gives 

-£-(«;/- 12^)- 3 (?>0, 

and as H is negative, a^I— 125' is positive, and therefore 
a//— IH* is positive, from which we mfer by oiean9 of our 
formula that /" — 27e/' is positive.* 

• The skew-invariant of the ninth degree which I mentioned as 
belonging to a sextic (Mathematical Journal^ Vol. IV., p. 326) I find 
on closer examination to have no real existence, as indeed is evident 
from Mr. Cayley's theory. Mr. Cayley also informs me that the decadic 
has several invariants of the ninth degree, so that those invariants 
which I supposed to be identical are in reality different. 

15, Trinity College, Dublin, 
September 4, 1861. 
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ON THE EQUATION OF THE EVOLOTE OF 
A PARABOLA., 

By J. CoRBETT TuRNBULL, M.A., Trinity College, Cambridge, and 
Head Mathematical Master of Cheltenham CoUege. 

T>T a well known property, if three normals be drawn from 
a point in this the parabola to the points (a?^,), («ayj> 

which gives y ^ + y^ = v, geometrically. 

Let {xjf^) a[)proach indefinitely near to {xJ/^). 

Then the point of intersection of these two normals is on 
the evolate, and 2y, = v,. 

And the locus of the intersection of the normals at {x^y^) 
and (^,3^) will be the evolute. 

To nnd its equation, we have the equations to the two 
normals 

^ ^» 2a ^ 8a' ' 



y + 2y, 



= ^-^. 



subtracting and dividing by Sy^ 



2a 8a' ^ 



therefore 3y,* == 4a (a? - 2a) ; 



_ 4a (a? -2a)' 
27a' ' 



therefore 270^ « 4 (a? - 2a)' 

is the equation of the evolute. 
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NOTE ON DES CARTES' RULE OF SIGNS. 

By William Walton, M.A., Trinity College. 

^HB object of this note Is to give a demonstration of 
Des Cartes' Rule of Signs, not essentially different from 
that ordinarily given in systematic treatises on the Theory 
of Equations, but more lucid, I think, in the manner of pre- 
sentation ana therefore better adapted for the ready appre- 
hension of students. 

Let ?7=0^ ^=0, be two equations of the forms which 
are discussed m the Theory of Equations, and let the latter 
equation contain all the roots of the former and only one 
more, and that a positive one. Suppose the polynomials 
represented W U^ K, to be arranged by ascending powers of 
x^ and their first terms to be both positive. Let u^, t/^', be 
two successive terms in U. and t?, the coefficient of a^ in F. 
I shall first prove the two tollowing lemmas : 

{A) If, 8 being equal to r+1, u^ and u, have different 
signs, Vt has the same sign as u,. 

(B) If 8 be greater than r + 1, v, has the same sign as u^» 

Let c be the additional root of the equation F= : then, 
since V is equal to {c — x)U^ it is obvious that, t being any 
integer, 

Vi = ^m-^/ 0> 

The equation (1) renders evident the truth of the lenuna {A). 

Next conceive u^ and u^^u+, to be the coefficients of two 
successive terms in U^ and accordingly u, to be zero for all 
values of t lietween r and r + /a + 1 : then, by the equation (1), 
it is evident that v^^^^^ is eaual to cu^^^y^ or that v^^, has 
the same sign as tt,^^., : that is, the lenmia {B) is established. 

From the lemmas {A) and C^) it is evident that, the upper 
of the two following rows of signs representing the si^ns of 
the successive groups of terms in the whole polynomial U^ 
the lower will represent the signs of a corresponding series 
of groups of terms in T, the signs of the lower row being 
less numerous by one than those of the upper : 

+, -, +) -f ± 

-) +1 -> ±- 
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But the first groap of terms in F is positive, and, by the 
relation F=(c — a;)Z7, the sign of the last must be T: these 
considerations present to our notice two additional changes 
of sim in F: thus the changes of sign in F must in all 
certamly exceed those in 27 by one. Thus the introduction 
of a new positive root must augment the number of changes 
of sign bj at least one ; and, accordingly, no equation, com- 
plete or incomplete, can have more positive roots than it hafl 
dianges of sign ; a proposition which constitutes Des Cartes' 
Bule of Signs in relation to the positive roots of an equation. 
His Bule in renrd to the limit to the number of the 
negative roots follows at once as a corollary from his Bule 
for the positive roots, as is shewn in ordinary Treatises on 
the Theory of Equations. 

July 26, 1861. 



ON PETZVAL'S ASYMPTOTIC METHOD OF SOLVING 
DIFFERENTIAL EQUATIONS. 

By WiLUAM Spottiswoode, M.A., F.K.S., &c. 

^BB researches of M. Petzval here brought under notice 
are directed to the solution of those Lmear Differential 
Equations with variable coefficients which, to use his own 
words, have reference to small motions, and in which the 
dependent variable represents infinitesimal disturbances. He 
then points out that as these small motions not only subsist 
in the neighbourhood of their origin, but are propagated 
to finite distances, the solutions of the difierential equations 
which correspond to large values of the independent variable 
become a legitimate and useful object of study. These 
solutions are however, as will be at once apprehended, not 
rigorous for the entire range of the phenomena^ but exhibit 
only the leading terms of the integral expressions ; in fact, 
those terms whose magnitude becomes preponderant when 
the value of the independent variable is indefinitely increased. 
In other words, if the complete expression for the dependent 
variable y, in terms of the independent a;, be regarded as 
the equation to a curve, the expressions obtained by M. 
Petzval would represent those asymptotes which are situated 
in the neighbournood of the axis of x. The method is, on 
this account, called the ^' Asymptotic Method of Solution.'' 
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A large part of his work, under the name of ^^ Formen- 
lehre," is devoted to the discussion of the forms of differential 
e(|uations constructed from given particular integrals. And 
with a view to the conversion of his propositions, i.e.j to 
drawing conclusions with respect to integrals from the form 
of the differential equations, converse to those which he 
establishes with respect to tne form of the equations from 
given integrals, he attaches great weight to a classification 
of functions given below. 

To ihejirst clas$ belong such algebndc functions as have 
the following properties : 

f 1) That for increasing values of the mdependent variable 
Xj their value approximates to that of a certain power of Xj 
of J where ^ may be positive, negative, or fractional. 

(2) That their differential coefficients^ for infinite values 
of the independent variable Xj are successively lower by unity 
in dimensions ; and for those finite values of x which make 
them infinite, they are successively higher by unity in di- 
mensions. 

To the second dasa belong all functions possessing the 
same properties with respect to their differential coefficients 
as functions of the form e/^'^j where ^(oi) is a function 
of the first class. 

A third class mieht be formed by conceiving ^ [x) itself 
to be of the second chss ; and so on indefinitely. 

The coefficients of all differential equations here treated 
of are supposed to be of the first class. 

He next proceeds to consider the effect produced on a 
given equation 

^^^•' + ^^y'^+-..+ ^y+^ay = (1), 

(where y^ is the %^ differential coefficient of y with respect 
to x) by introducing a new particular intcCTal, y„ mto 
the expression for y ; the general integral of (1 ) containing 
n arbitrary constants. 

Let z be the general integral of the new differential 
equation to be so formed ; then 

or y ^ ^ - Cjfx 

y' =«'- c'j^/) (2)> 



ye) = «c-)-C^;-i 
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whence -X,«'"'+ X,.,«<-> +... X,t' + X^z \ 



(3), 



or writing Z.«'"' + X^,«'"-" +... X^z' + Z,« = P\ - . 

the equation (3) takes the form 

P=C,P, (5), 

whence P : P^P; : P, = M: N (6), 

where M and N are polynomials cleared of fractions. 
From (6) we may deduce 



P, F 
P P' 



= 0, or 



P, P 

M, N 



= 0, 



.(7), 



the latter of which is the new differential equation in ;? of 
the order (n+1), from which the arbitrary constant (7, as 
well as the exponential factor belon^g to the new par- 
ticular integral y^, have been eliminated. 

If there be more than one particular integral introduced 
at once, €.g,j r of them, we maj deduce the expressions 
corresponding to (7) as follows : the expression for z will be( 

«=y + ^J^x + C'^-+-Cj^r (8), 

or y = «- C,y,-Cj/^''...ayr ,...(9), 

with its successive differential coefficients up to the order z. 
Then, If P., P^, ...P^, be the same functions of y,, y,^ ...y^, 
that -r, is of y,, we shall have, by successive differentiation, 

P= (7.P. + CJ>, +... CA 

p= c,p; + G,p; +... c^: 



.(10), 



P"> = (7,P,"> + C^P^'^ +. . . C^,<" I 
whence, by elimmation. 






...p; 



p(r; p{r) pit) 



= 0. 



.(10, 



in which, as in (7), P„P;, ...P., P;, 
quantities analogous to M^ N, 



may be replaced by 



Digitized by 



Google 



of Solving Differential Equations. 157 

Betoming to (7), the developed expression is 

+ «'-" {NX',,^ + NX^ - Jf J„} 

+ i 

+ 2 {NX; + NX^ -MX] 

+ z {XX: -JfXJ=0...(12). 

The author then proceeds to discnss, in detail, the cha- 
racteristics, deducible from equation (12), of (I) entire 
algebraic functions, and others connected with tnem; (2) 
of exponential functions ; (3) fractional functions. 

And first, as regards entire algfhraic functions. Suppose 
that 

y, = <?, 

where Q is a finite polynomial in x arranged in powers of 
that variable. Then the degree of M is lower than that 
of N by unity. 

Pour fixer les id^es, let all the X's be of the same 
order /?; and let q be the order of N] then the coefficients 
of the «'s will be all of the order p + q^ excepting the last, 
which is of the order p + q- 1. 'Hie same will be the case 
even if Q is fractional; for then P/takes the form Bi 8\ and 

P; R 8' M R8'R8' ,,.,, 

Tr-R"8^ ""'n^—RS- (^^^^ 

so that the degree of Jlf is again lower by unity than that 
of N. In the cases then that we have considered, the in- 
troduction of a new particular integral results in the de- 
pression of the order of the last coefficient by unity, as 
compared with that of the last but one. 

A depression will still take place, as may be seen on 
inspection, even if the order of Jf^, instead of being equal 
to that of X,, should exceed it by any dimensions. 

If the order of X^ be less than that of X,, then the in- 
troduction of a new particular integral will cause the orders 
of the last three coefficients in the transformed equation to 
form a descending series. 

We cannot however simply convert these propositions and 
from the orders of the last (w -h 1) coefficients of a difierential 
equation conclude the existence of r particular integrals of 
an algebraic form ; because, as is hereafter shown, the sanie 
results as deducea above are produced by the introduction 
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of particular integrals of the form y.^t'^'^Q^ where ^(«) 
is an algebraic friwjtion. These are, however, distinguishing 
criteria, in the case of fractions, considered hereafter. 

We now come to the most important class for the present 
purpose, viz., exponential ^functions; and investigate the 
effect upon a given differential equation produced by the 
introduction of a new particular integral of that form. Be- 
ginning with the fidmplest case 

y.=e"<2 (14), 

where Q is an entire algebraic polynomial, y^*"^ Is of the 
form e^Q^, and consequently, 

whence -^ = — -^— (15), 

so that M and N are of the same degree. 

Beferring again to the test, of equation (12), we find that, 

(1) K among the degrees of the coefficients of the given 
equation (I) there is a level (t.e., two consecutive coefficients 
of the same degree] ; tlie same will be the case in the trans- 
formed equation (12). In special cases there may be even 
a fall. 

(2) If there be a gradual fall in the degrees of the last 
h coefficients, and a level among the r preceding, in (1): 
there will, in (12), be likewise a gradual fall in tne last k 
coefficients ; but the level will extend over the r + 1 pre- 
ceding. 

The last may be further stated thus : 

If the degrees of the X's rise from X to X,^, are thence 
level as far as Z^, and finally fall gradually to X^\ then, 
calling the transformed equation 

Z^/"*" + Z.i.<-'+...^.«'+Z.« = (16), 

the Z's will rise from Z to -^+i^, remain level to Zj^ and 
then fall gradually to Z^ ; the values of Z^^^^^ and Z^ bemg 

Z,= NX\ +NX^,- MXt \ ^ '' 

These indications are also common to the case where Q is 
fractional and of the first degree. 

Next let us consider a particular integral of the form 
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Then P, = 8/''^^*i?, 

and ^^ ^ , 

and consequently the degree of M is greater by unity than 
that of N. And referring to the test equation (12), we con- 
clude that : 

(1) If the degrees of the X's are on a level, those of 
the Z^s will rise from Z^^ to Z^, and thence remain on a level. 

(2) Any continuous fall among the last k^ X^s will subsist 
also among the corresponding Z's. 

(3) To a continuous rise among the first r coefficients 
of (1) there will, in general, correspond one among the 
(r-hl) first coefficients of (12). But between the first and 
last of this rise a fall among the Z^a may occur. 

The same properties belong also to all functions of the 
form e'^^'^Q, the orders of -^(a?), whose differential coefficients 
form an arithmetical series with a common difference unity. 

More generally, let us consider the form 

where <f» (x) and Q are algebraic. Then 

and j^ ^ , 

whence, the degree of Jf is greater than that of Nj by that 
of^(x> 

After what has been said in the former cases it is necessary 
to particularize now only the case of the degree of <f>(x) 
being fractional. 

(A) Let the degree o{ f^{x)dx be -, a proper positive 
frtu^tioB. Then that of 6 (x) is ^ — ~ = — , where S is 

positive ; and the degree of M is less than that of -^Tby - . 

Hence 

(1) To a level amon^ the orders of the last r coefficients 
of (1) corre^nds a fall from the penult to the ultimate of 

(12), to the extent of-. 
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(2) The introduction of r such particular integrals will 
produce a fall among the last r coefficients of (12) amounting 

in all to — . 

(B) Let - be an improper positive fraction. Then the 
degree of Jf is greater than that of -W by - . Hence 

(1) The introduction of a single particular integral of this 
form into an equation of which the initial X's are at a level 
will produce a rise between the first and second Z's to the 

extent of - . 
? 

(2) The introduction of r such particular integrals will 
produce a gradual rise among the first r Z's, each step being 

to the extent of - . 

q 

The author next considers the case of the presence of 
several particular integrals of the form b^^^'^^Qj where the 
degree of <f> <x) is different for the different integrals. 

Let us suppose first that the equation (1), into which two 
particular integrals of the present form are about to be in- 
troduced, has all its X's of the same degree p. Let /ti, v, o-, 
be the degree of if, N^ <^(«); then 

Also let A and B represent the degrees of the last two terms 
respectively of the trinomial coefficients of the «'s in (12); 
then we have the following values for A^ J5, B—Aj 

A, 5, B-Aj 

F-t^, , "(v+p)^ in the coefficient of «^**'\ 

y+P^ v+p-^-a-j a-j «^% 

v+Pj v-^p + a-j a-j «^""% 

and the degrees of the coefficients (z^s) of (12) will be 

v-^Pj 

V+P + Cj 
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Introdocing a second integral, for which the values of Jf, N^ 
^{x) are /ij, v„ o-j, we have 

^'i + ^+i^i 5 -C^ + ^+p), 

Vi + v+J? + cr, Vj -h v.+^ + cr + cr„ <r„ 



and the degrees of the coefficients (js's) in (12) will be 
v,-fv+j), orvj + v+jp, 

V, + V +j) + cTj, Vj + v+|> + cr, 

V, + V ^-p + <r + o-,, V, + F +^ + o- + <r„ 

V, + V 4 i> 4- cr + <r„ v, + v +|) + o- + <r„ 

> > 

according as cTj > or < <r. 

The law has now been proved in the case of 1, 2, par- 
ticular integrals; to prove it generally we must assume it 
for any given number (r)^and show that it is true for (r + 1 ). 
Let p be the degree of A^, and let the degrees of the suc- 
ceeding coefficients rise by the quantities a, yS, 7, ... where 
o>/8>7>.... Then if /i, v, <r be the degrees of if, N^ 
^{x) corresponding to the new integral to be introduced, we 
have 

A, 5, J?-^, 

"+?) I -(y-^p^ 

K+^+a + /8 + 7, v+/>4a + i9 + o-, <r-7, 



1 J 5 

and if the ▼alue of tr lies between any two of the qua^^tities 
et, yS. 7, ..., e.a.j between fi and 7, the degrees of the new 
coefficients will be 

v+p, 

v+i> + a4/8, 
v4i>4a4/8 + <r, 

v4;>4a4i94o-47, 

I 

where a> fi> o->y> .... 

VOL. v. M 
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TUb law then holds good in every case of a differential 
equation formed with particular integrab as above described ; 
so long as there is no accidental destruction of the highest 
powers of 0? in the formation of the Z's. The latter can, 
nowever, only take place when two or more of the quantities 
ajfijyy...(r are equal. Suppose that A + 1 of these quantities 
become equal; then (there oeing no accidental destruction) 
there will be produced a series of (A -f 1 ) coefficients, whose 
degrees rise by a constant difference. If there be an acci- 
dental destruction, it can take place only among the mter- 
mediate, not in the limiting, coefficients of this series. The 
result of all this is that, m such a case, a depression is to 
be considered as accidental, and may be replaced by a con- 
tinuous ascent of as many steps as there are intervak between 
the limits of the depression. 

From what has gone before we may represent geo- 
metrically the method to be employed: at equal distances 
on a given line draw a series of ordmates. the lengths of 
which are proportionate to the degrees ot the coefficients 
of the given equation. Join the extremities, bridginff over^ 
however, any re-entering angles, and producing the oixunates 
so overstepped until they meet tne bridge-line. 

Suppose, for examplej that the degrees of the coefficieats 
are 

1, 3, 4, 4, 4, 3, 2, 1, 0, 

the equation being, of course, of the 8th degree. We then 
construct fie. 10. 

The di£^rences between the degrees of the coefficients are 

2, 1,0,0, -1,-1,-1,-1. 

And consequently the degrees of '^, in the particular in- 
tegrals e^'^^, will be 

8, 2, 1, 1, 0, 0, 0, 0, 

Hence In the solution of the equation, we shall have 

one integral of the form e^^'^^Q^ 

«-^'^<2, 

two «»^, 

four of a purely algebraic form. 

As a second example^ let the degrees of the coefficients be 

1, 8, 8, 4, 4, 0, 2,. 3, 2, 0. 
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Then we form the polygon, fig. 11. And after bridging over 
the re-entering angles, the differenoes of the degrees of the 
ooeffidoits are 

2, i, i, 0, -i, -i, -i, -1, -2, 

and conseqnentlj the degrees of the exponentiak -^(x) will be 

3,1,1, 1,1,1, 1,0,-1. 

About the degn-ee — 1 there is a little difficulty ; but the 
author suggests uiat the ne^tive index arises from an acci- 
dental cancelling of the hifirhest powers of a; in «^, and that 
it may probably be replaced by zero. 

We now proceed to consider the indications of fractions 
in the particular integrals. 

where '^{x) is integral, and Q may be itself fractionaL Then 
P, is of Ae form 

If X,, X „ ... contain the factor faj — o), then {x-af can 
be dividedout of the nomerator and denominator, and 

P=- ^ 



(x-af' 
where j < i + w, and B has no factor (x — a). Then 

M_ ir(x-a)--qB 

N R{x-a) ^ 

and N wiU contain {x — a) once, and M will not. 

It follows from a comparison with (12)^ that if X has 
no factor {x — a\ this factor will anpear m the coefficient 
of the first term of the transformect equation. If X^ has 
such a fact(»*, it will appear in the first and second coefiieients 
and no others. Hence the presence of r integrals having 
(a; -a) to any powers in their denominators, will give rise 
to factors 

(a:- a/, {x-aT\ ...(x--a) 

in the r first coefficients, and no more. 

M2 
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Bat as ^contains all the factors of 22 we cannot conclude 
conversely from every factor (x — a) in the first coefiicient 
that there is a factor {x — a/ in the denominator of <f>. But 
k can be so determined as to remove the uncertainty. Thus : 

Let y = — 55—, 

where Q may contain an exponential. Then 

Q{x-a)-^kQ Q, 

^ "" {x^af^ "(a?- a/**' 
) 

^■.,_ <g'^. («-«)-(*-! - » -1)9.^. _ Q, 

^ ~ {x-af* ~ix~af" 

whence identically, 

and as this holds good for all values of x^ let ^ = a, ; then 

Bat Q, = (J-^, (x - a) -(* + n - 1) Q^, ; 

therefore C,{ = -(* + «- 1) Q^,] ; 

therefore j -=- (A; + n- 1) + X^J = 0; 

therefore &(aj-a)l = ^ = A: + (n-l), i = ^-(n-l), 

which gives the value of the exponent of (a; — a) in the 
denominator of the value of y, when x — a appears as factor 
ofX.. 



nAie same process followed for 2^ 3, ... particular mte^rals 
Dtaining (x - a) to any powers in their a< 
to a quadratic, cubic, ... for determining k. 



S articular mteer 
enommators, leads 
a quadratic, cubic, , "^ ' 
Secondly, suppose 
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then 

If any of X,, X,,, ... contain the factor (a? — a), we can 
divide it out and have 



P, "(aj-ar"*" 5 aj-a' N^ix^af ^^aj-a' 

according as m, always supposed poutive, is not less than 1, 
or is less than 1. 

From this the author condudes that : 

(1) The introduction of a particular integral of the above 
form into an equation not having the factor (a; — a) in its 
coefficients, produces the factor (a? — a) in the firat coefficient, 
and generally in no others. 

(2) The introduction of a second, with (a? -a/ in the 
denominator, gives rise to the factor (a; — a) in the second 
coefficient also. If the first coefficient of (1) contains the 
factor (a: — a)*, the first of (12) will contain (a; — ojT*', and 
the second either (x — af or (x — af according as fn<pj 
or p<m. 

And as an example, let the coeffident 

^mJ -^m-lJ -^--t) -^n-i? -^«-4) -^11-6) ^m^ ^n-lJ ^n-^7 

cputain {x — a) to the powers 

8, 6, 5, 7, 2, 2, 1, 3, 0, 

then drawing the polygon (fig. 12) and cutting off the jwv- 
jecting angles, we have, for the series of differences of 
degrees, 

^) i) it 5> i) SI i> aJ 
hence we condude one integral of the form 



e 
and three of the form 






.iifL 



but, 4 being less than unity, we cannot conclude about the 



rest. 
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QEOMETRICAL INVESTIGATION OF CERTAIN 
TRIGONOMETKICAL FORMULiE. 

By J. Bond, B.A., Fellow of St. Maiy Magdalene College, Cambridge. 

T ET (fig. 13) be the centre of the circumscribed drcle 
of the triangle ABC. r, B the radii of the inscribed 
and circumscribed circles. 
By Euclid Ti. D. 

OD.EO-^OE.CD^DE.OO (1); 

tbenfiore im^'OE"!' dD.OE' 

_. ... CE ^CF R BC 

Similarly ol "*" OF = 5" ' 'UKOF' 

CF CDB CA 
OF^ 0D~ 2' OF.OD' 



., , „{CD ^CE ^CD\ 
therefore 2j^4^ + -^| 



EQ.AH.BO 
iOD.OE.OF 

FE.CA.AB CD CE AF 
~ iOD.OE.OF'' OD' OE' OF' 

therefore tan.<l + tan.9+tan(7=:tan.<l.tan^.tan(7. 

Agun, equation (1) may be written 

OD.ACat OE.BC^AB.B. 

Similarly OE.AB+OF.AC^^BC.B^ 

OF.BC+ OD.AB^' CA.B, 

and OD.BC+OE.CA-^OF.AB^r{AB+BC+CA]; 

therefore adding 

(OD-^■OE+OF){AB+BC+CA)=^(B + r)UB■^BC■^■CA), 

or OD + 0E+ 0F= B + r. 
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ON CERTAIN PROPERTIES OF THE TETRAHEDRON. 

Bj N. M. Fbssebs. 
J^£T abc be anj triangle, then the detenninant 

0, 1, 1 1 

1, (f, OJ*, €U? 

1, fta», 0, ftc" 
1, ofl^, c6», 

to^^er with its sevetBl minotBjpoaseflS important properties 
with respect to the triande. For if jil be its area, p tiie 
radiiis of the drcnmscribea dide, we know that 

(gud)" = i (f oy.oi^ + 2ftc». ia» + 2ca'. c6* - ftcS* - «♦ - oft*) 



'-i 



0, 1, 1, 1 



1, 0, ab\ cu? 
1, W, 0, h? 
1, ca\ cb\ 

Again, {2pAY=^.ca*.ab* = i 



.(1). 



0, oJ^, a<^ 
W, 0, W 



.(2), 



which interprets the minor formed by omitting the first line 
and column. If we omit any two other corresponding lines 
and columns, (say the second) we get 



0, 1, 



= 2.Jc». 



1, 0, bc^ 
1, cb% 

or twice the square on a side. 

Omitting the second line and third column, we get 



.(3), 



0, 1, 1 

1, ba% be* 
1, ca% 



= ca" + Jc"-ai" = 2Jc.oacosc (4), 



or, twice the product of two sides into the cosine of the angle 
between them. 
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Lastly, omitting the first line and second column, we have 



1, 


ab\ 


ac* 


1, 


0, 


W 


h 


cb\ 






= Jc" {ca^ + oJ" - be*) = 2bc.ca.ab. 



cc? + ab*-b<? 



2ca.ab 



.be 



= \pA.co^a.bc 

= \A.be,p cosa (5), 

or half the area of the triangle, into the product of a side 
and the distwce of the circumscribed circle from that side. 

This will be (2-4)*.- , if a, i8, 7 be the triangular coordinates 
« 

of the centre. 

Our object is to demonstrate properties analogous to the 
foregoing, for the determinant formed in a simuar manner 
from the tetrahedron ahcd. 

We shall denote the areas of the faces respectively op- 
posite to the angular points a, b^ c^ d hy A^ By (7, D\ the 

mutual inclination of the faces A^ B by AB^ the volume 
of the tetrahedron by F, and the rs^dius of the circumscribed 
sphere by R. 

Many of tlie following results are already known, but 
they are inserted here for tne sake of completeness. 

The tetrahedral equation of the circumscribed sphere is 

Hence, if a, yS, 7, 8 be the coordinates of the centre, we have 
aJ*.yS + ac*.7 + ad*.h = /S, say 
ba\a '^bc\y+bd\S=^8 

ca\a + c6\/8 +crf».8 = /8 (i). 

,da\a'\'db\^ + dc\y =5 

a + /8-f7 + S=l 
Multiplying the first four of these equations in order by 
a, /3, 7, 5, and adding, we have 

2^{ab\aff) = S. 

Again, 5* + 2 {aft* (a -a) (/8 - i8)} = 0, 

or if-f S(aJV+aft*a/8)-(ai*i8 + acV + a<r8)a 

- (6c«7 + W*S + fta*a) /S- (crf*8 + ca»a-hc6«^) 7 

- (Ai*a + db'*fi + dc*7) S = 0, 
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i 



wiienee, nee S 'off*^ ===0, Z ai'iW: = kS, 
and «+i8+7+S=l, 

tberefine JP = 2 ;o6*.« ^, 

and, fimn eqoatioBS '?, 

0, «#, ae', fflrf* 
irt*, 0, fa', W 

oi», e*», 0, <«r 
* 0, 1, 1, 1, 1 i 

1, 0, oA^, ac», «r j 

I 1, W, 0, ie', W j 

1, eo*, c**, 0, oT : 

1, «ii», d^j di'j 

Again, from eqnatMHw (i), h appears that 



•(«)• 



1, 


ab% 


«^, 


«r 


1, 


0, 


ic*, 


w 


1, 


<*•, 


0, 


«r 


I, 


dl^, 


efc-, 






1, 6c«, W, Ja" 
1, 0, of*, CO? 
1, dt^, 0, dtj^ 

1, oc", «r, 



1, 


«r, 


CO?, 


<*• 


, 1, 


0, 


do", 


«fi* 


1. 


«r, 


0, 


oJ' 


1. 


w. 


Jo-, 






8 



1, 


«&«, 


*»•, 


(fc* 


1, 





aft«, 


oc" 


1, 


w, 


0, 


ftc* 


1, 


<»', 


eft', 






.(7). 



"" 0, ab\ oc", oT 
6a*, 0, &?, W 
CO*, c6*, 0, oT 
<&», d&*, cfc», 
1, cosioCi cosiocf 
cosooA, 1, C08CCm2 
co8<2a6| co8(2ac, 1 
2ab\ ab^ + ad'-b<?y ab^ + ad^-bcT 

a(?'\^cff-h<?^ 2ac*, ac" + arf*-orf* 

orf^ + aJ'-W, arf« + ac^-crf«, 2arf* 

and it has been proved by Mr. Salmon {Journal^ t, in., 
p. 282) that when this determinant vanishes, the denominator 
of i? (in equation (6)) does so likewise. 



Now(6F)«=ay.ac».«r 



= 4 
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These two detenmnanta. aince they are of the aame dimen- 
sions, can therefore only aiffer by a numerical factor, and 



they may be ascertained, by comparing 
any term, lab^cd* for instance] to be identic 



the coefficients of 



identical. Hence 



(6F)« = 4 



0, 1, 1, 1, 1 

1, 0, ab% a<?^ ad^ 
1, ba\ 0, Jc", W 
1, cc?^ cb\ 0, cd} 





1, da\ dh% dc*, 

This is the extension of equation (1). 
By equation (6) it appears that 



(6iiF)« = A 



which is the extension of (2). 
We have at once 



0, ab\ cw?, (wT 
ha% 0, 6c^, W« 
ca% c»", 0, cd^ 
do*, dJ^, dc\ 



(2^)" = -l 



the extension of (3). 
And by equations (7), 



1, 1, 1 

0, hc\ hd* 

6b\ 0, oT 

<ft*, dc*, 



1, aJ', cu?, ad' 
1, 0, ic", W* 



(8). 



(9), 



,(10), 



.("), 



1, cb\ 0, erf* 

1, d&', dc», 
the ezteDsioo of (5). 

Lastly, aappose a sphere to be described about a as centre. 



cutting oft, oc, orf in ^, ;, r, respectively, 
and 

_ coegr — coe^.cospr 
"P^~ anpq . ainpr 



Thendb« 



2i»-> 



_ ab'.ac.adcoaqr — ab.ac cmpq.ah.ad coapr 
ab.ac wapq.ab.ad Aapr 

\%CD 
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Hoice 16C2>oo6CZ>=| Soft*, o&'+ <m^ - ftr" 1. 

Now, ooppofle Xy jf , s to be tkree qoaathias whidi nitkfy 
the four eqiunoDs, 

X + 3f + « «0, 
1 +a6".y + ac".« = 0, 

l+&i*.x ■t-Jc'.^^O, 

1+ do^.x + <ft'.y + <fc".« = 0. 

The oonditioii for thia, is 



0, 1, 1, 1 



= 0, 



.(12). 



1, 0, ab\ mf 

1, Jo*, 0, Jc« 

1, do", cB», dc" 

Bat mnhqilTiiig the first of the above equations by a6', 
the second by 1, the third by — 1, and adding, we get 

2ai".y + (oJ* + oc* - ic*) « = 0, 

and moltiplying the first by od*, the second by 1, and the 
fourth by — 1, and adding, 

(ad' + aft'-W*)y+(od* + ac"-cd*)«-0. 

Eliminating y and z between these two equations, we get 

2ab\ ah*-¥cuf-b<? 1-0 (18). 

Hence, the left-hand members of fl2) and (18) vanish 
together, and they may be ascertainea, W comparing the 
coefficients of any term, to be identical. We thus see that 



0, 1, 1, 1 

1, 0, oft*, at? 
1, ba\ 0, bif 
1, cW, cB", d(? 



UODcoBCfh (U), 



or, the determinant formed by omitting anv line and column, 
(not llie first) is equal to sixteen times the product of the 
two opposite faces into the cosine of the angle between them. 
Thlsfwhich in &ct includes (12)) is the extension of (4). 

We have thus completed the discussion of the first minors 
of the determinant. The jM*operties may no doubt be more 
elegantly investigated. 
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We may complete this inyestigation bj briefly considering 
the second minors. 

It is, however, needless to consider any case in which 
a corresponding line and column are omitted, except the 
first, as these, which expunge one letter alto^ther, will 
have been already considered under the first mmors of the 
triangle abc* 

Omitting the first and second line, and first and third 
column, we get 

ba% M, bd' ^cd'(-ba\cd*-^ca\bd' + da\lH?), 
ca% 0, cd' 
da% dc", 

a result somewhat analogous to the expression for the cosine 
of the an^le of a triangle. 

Omittmg the first and second line, and third and fourth 
column, 

1, io", bd* 



= - cd*.da* + da\bd^ + ba\bd^ - ca\bd% 

^bd'{ad' + cd'^ca^)^cd'{da^'^bd''-ba'), 

= 2ad.bd,cd {bd cosoW— cd cosadb). 

Omitting the second and third line, and fourth and fifth 
column. 



1, ca% cd* 
1, da% 



• ad''\'bc*-ac*''bd}^ 



0, 1, 1 

1, ca\ cb* 

1, da% dh^ 

which has been shewn {Journal^ t. III., p. 145, or Frost and 
Wolstenholme's Solid Oeometry^ p. 25, Ex. 16) to be equal 
to 2aft.crf.cos(ai, erf), or twice the product of two opposite 
edges into the cosine of their mutual mclination. 

AvguMi 14, 1861. 

NOTES ON TETRAHEDRAL AND QUADRIPLANAR 

COORDINATES. 

By N. M. Feb&ebs. 

CUPPOSB (^,/, g^ h) to be the tetrahedral coordinates of a 

point, and 

Aa + Z)3 + w7 + n8 = (1), 

the tetrahedral equation of a plane, and that it is required 
to find the distance between them. If c + f, /+17, ^r+f, 
A + &, be the coordinates of any point in (1), we shall have 

f + 17 + ? + ^ =0 (2), 

^f + ^^-f wi(r+w^=-(^+{^+»Jij7-f wA) (3), 
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and if y be the distance between these points, 

S(aJ'^,)=-,^ (4). 

To find the distance from the point to the plane, we must 
make v a minimum, subject to the condition (2) and (3). 

This will give, multiplying (2) by the indeterminate 
multiplier \, and (3) bj /a, 

ca*.f + c6'.i7 +ccr.^ + \ + /m = 0, 

Multiplying these in order by ^, 17, (f, 0, and adding, we get 

2r^ + /i (A^ + (^+ tn(7 + wA) = 0. 

Substituting this value for /a, and eliminating f , 17, (;*, &, \ 
between (2) and (3) and the above four equations, we get 





0, ab\ cu?, aeP, 1 




Mj 0, Jc", W*, 1 




ca*, cS?", 0, oT, 1 




da\ db\ <&•, 0, 1 




1, 1, 1, 1, 


0, ab\ a^^ of, J, k 


M, 0, Jo", W», 1, I 


ca\ c6*, 0, oT, 1, m 


do", dJ*, <fc*, 0, 1, n 


t, 1, 1, 1, 0, 


ft, 


/, »n, n, 0, 



(A^ + y+w^ + nA)', 



or, as it may also be written, 

^^ 18(^g + y+my-fnA)».F« 



(A^)« + (ZB)* + {m Oy + (nZ))" - 22 [klAB cob J!B) ' 

Aj S.Cj D being the areas of the faces of the tetrahedron, 
and K its volume. 

The expression in quadriplanar coordinates, where e. /, 
^, h represent the distances from the respective faces, will oe 

Ai" + ? + wi" + n"-22(A:Zcos 
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We may hence deduce the relation among the diAtancoi 
of a plane from four ^ven points. Suppose t^ u. r, w^ to 
be these distances, and take the points as aii^ular points 
of the tetrahedron of reference. We shall then have suc- 
cessively, 

6-l,/=0, ^ = 0, A = 0, r = «, 

€ = 0,/=l, ^ = 0, A = 0, r = w, 
and so on. Hence 



e 

J? 






^ 
m' 



w* 



n 



whence, substituting in the general value of r^, 



0, ab% «(?, ad*y 1, t 
ba*y 0, bii'j irf*, 1, u 
ca\ cb\ 0, od% 1, v 
da\ db% dfy 0, 1, w 

1, 1, 1, 1, 0, 
ty u, r, voy 0, 



0, oJ*, afy orf*, 1 
ia*, 0, ic*, W, 1 
ccf^ ob% 0, cd% 1 

1 




cfa», d»', rfcP, 0, 
1, h h h 



or 



0, ab*j ac\ ad^^ 1, 
ia*, 0, W, W, 1, 
ca", cb% 0, «P, 1, 



u 

V 

w 




= 0, 



da", d&*, dc*, 0, 1, 
1, 1, 1, I, 0, 
t^ u, r, tr, 0,-1 

the required relation, analogous to that given in Salmon's 
Higher Plane Curves^ between the distances of a straight 
line from three given points, which may be expressed in 
a similar form. 

We may also obtain the equations of the eight spheres 
touching the four faces of the tetrahedron of reference. Thus, 
to find the inscribed sphere, we consider it as the envelope 
of a plane, whose distance from a given pomt is constant. 

^ Cfsing quadriplanar coordmates, the coordinates of tins 
point are au equal to one another, and to its distance from 
the plane, we have therefore to find the envelope of the plane 

*a + ft9+my+n8«(> (i), 

subject to the condition 

(i+ / + « + «)• = *• + ? + «•• -h»i"-22(iMcosi)?), 
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or S (klcoff^)^0 (ii). 

Multiplying (i] by an indetenninate multiplier X, adding 
it to (2), diflferentiating, and equating to zero the coefficients 
of dk^ aij dnij dn^ we get 

« 008 -^7- + «i COS* -7^ +nco8"-27-4 Xa^sO, 



2 



2 



k cos'-^ 



•f tn cos'-— + «co«r-— + X/9 = 0, 



k corf 






,di) 



+ n cos'-^ + X7 = 0, 



k cos'-— + * ^» "^ + ''^ ^^"T" 



+ XS=:0. 



ElUminating k^ l^ m^n^ \ between these equations and 
(1), we get, as the equation of the inscribed sphere, 



0, a, 
a, 0, 



/9, 7, S 

,i^ ,/(7 ,Xt) 






0, 



y, cas'-g-, cob"—, 
8, cos"-—, cos*-::-, COS' 






0, coa-f 



= 0. 



which affrees with the form g^ven by Mr. Salmon in this 
Journal^ IV., p. 271). 

For tne sphere touching A externally and the other 
three faces produced, we have to find the envelop of (i) 
subject to the condition 

(-i + Z+m + n)^=:A^ + P + i»i" + n«-2S(Wco8J!^, 
or — AjUsm -- — l-msm'-^ — f-nsm'-^j 

+ tnn coar-— +m cor-r;- +6» 008?" — = 0. 
2 2 2 
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Tbe eqaatlon of this sphere wUI therefore be 







0, 8m--y-, am'-g-, am' ,^ 
/3, 8»n»— , 0, coB«— , cos"— 



y, Bin*— , cos*— , 0, 

6 . ,2)^ ,2>'^ ,J^C 
8, sin*—, cos*—, cos*—, 



cos"— 



= 0. 



and D on the negative side, for vice versd as the case may 
be) we require the envelope ot (i) subject to the < 



For tihe sphere touching A and B on the positive, and C 

the case n 
condition 

(i + Z-m-.n)' = A;" + ? + m* + n"-22(A:Zcos^, 
or «« cos -5- + mn cos'— — km sm'— — 

iS iS ^ 

— In sm — — ftnsin — tmsin -j-sO, 

^ ^ A 

which will give, for the equation of this sphere, 
0, a, /3, 7, S 

a' aim' . am* 



cos' 






0, 



y, -sin' 



.C^ ..C^ 



2 



-sin'-g-, 0, 



— sin-—-, — sm „ 
2 ' 2 

-sin—, -sin — 



COS' 



ilti^ia^ U, 1861. 



= 0. 
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DETERMINATION OF THE FOCI OF THE CONIC 

SECTION EXPRESSED BY TRILINEAR 

COORDINATES. 

By P. J. Henslet, B.A., Fellow of Christ's College, Cambridge. 

CUPPOSE that a, )8, 7 are trilinear coordinates. 

Equations determining the coordinates of the foci of the 
coire represented by the equation 

fa" + m^ -f WT* + 2^/37 -f 2m'7a + ^n'a^ = . . ..(1 ), 

may be found by means of the following property : If from 
a focus of a come section perpendiculars be orawn to a pair 
of parallel tangents, the rectangle contained by them is 
constant. 

We may by the application of this property to three pairs 
of tangents obtain a sufficient number of equations to deter- 
mine the foci; it will be convenient for this purpose to 
consider the three pairs of tangents parallel to tne sides of 
the fundamental tnanele. 

Suppose then tliat Uie equation 



XaH-/A/3 + i^ = 0. 



.(2) 



represents a tangent to (I). Then if 7 be eliminated be- 
tween (1) and (2)^ the resulting equation must give equal 
values for the ratio a : /3. 

The condition arising from this will be found to be 

(mn - r) V+ (nZ- m**) /i» -f [hn - n^ v* 

+ 2(wV-«')A*v + 2(nT-wim>\+2(rm'-ww')XA* = 0...(3). 

Or 



n ^ m ^ K 



X, /i, V, 

Now the equation to a line parallel to the straight line 
(a = 0) is 

Xa + i/3 + C7 = (4), 

if a, J, c are the sides of the fundamental triangle. 
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178 Determination of the Fodofthe Conic Section^ 

Or, if the area of the triangle be denoted bj | J7, 

(\-a)a+-H'=0 (5). 

This by (3) will be a tangent to the conic if \ satisfies 
the equation 

(mn - r") V + 2 {(fm' -nn')b'^ (nT - mr^') c} \ 

+ (nZ-w'*)i«-f(?m-n'')c' + 2(mV-Zr)Jc = 0...(6). 

And the distances of the two parallel tangents from the side 
a will be given by the equation obtain^ bj substituting 
in (6 J Ae value of \ given bj (5). 
Tub equation b 



I J n J fn J G 
n'j m, r, b 



m, 



f, n, 



a'-2 


n', m'j a 


Ha + 


m, r 




tWj ly 




r, « 




r, n, c 







^ = 0. 



a, 6, c, 

If the first determuutnt in this equation be denoted by P, 
it may be written in the fonn 



dP 



dT 



^*-^Ba+^-^,H* = 



da 



«&» 



.(7). 



Now if Oj and oCg be the roots of this equation, and a the 
perpendicular from a focus on the line a = 0; tne perpen- 
diculars on the two tangents from the focus are respectively 
a — a and a — a, ; and the rectangle contained by them is 

And sinmar quantities for the other ddes being denoted 
by similar symbols, we have the relations 

a-(«i+ag)«+ai«.=^-(^i+/3,)i8+/3,i8,-7'-(7x-f7.)7+7t7«. 
And by means of (7) and the corresponding equations, 

=iV9--f^;3+4gfl-.iV--fs,-H^5-...(8). 

These are the equations which give the foci of the conic 
represented by (1). From these may of course be deduced 
the equations for the special forms 

i!a"H-»n)8"H-wy=0, Ifiy-^mya-hnafi^Oy V(?a)±V(«i/3)±V{n7)=0. 
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Expressed hy Trilinear Coordinates, 179 

For the last of these, however, a direct investigation is more 
simple. 

it may be shewn that if (2) b a tangent to this curve, then 

I m n ^ 

r- -I- - + - = 0. 
X /A V 

So that for the tangent parallel to the line (a — 0), which is 
itself a tangent, 

I m n ^ 

X 6 c ' 

and by (5) the distance between this pair of tangents is 
— -^ — H. where Q stands for the quantity - + t + - • 
Consequently, if a, iS, 7 are coordinates of a focus. 

Equations for the foci of the conic h/ — afi=^0 may be 
deduced from (8), or may be foimd as follows: 

Since (fies. 14, 15) the sides CA^ CB are tangents, if S 
is a focus, the angles A8C^ B8C are either equal or sup- 
plemental. In either case, if C8 meet AB in m, 

AmiBm\\A8iB8. 

If a, /3, 7 are trilinear coordinates of i9, then 

Am : Bm :: b0 : aoj 

and if the angle CB8^ 0, 

a = J5iSfsin^, y^B8 Bin{B- 0), 

whence, eliminating d, 

B8^ 8in*-B= a* + 7* -f 2a7 cosJ5, 

and similarly for A8 and by the above proportion 

(a" + y* + 207 cosjB) /S* = (i8* -f V* -f 2^87 cos^) a*. 

Or, rejecting the factor 7, 

(a*-i8")7+2a/8(aco8^-i8cosjB)=0 (10). 

Another equation may be found in the same manner as (8), 

n2 
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180 Determination of the Foci of the Conic SiCtion^ 

considering only the tangents parallel to the lines a=^0, ^9=0. 
It is 

c«{a«-)9*)-4A;(a«-J')a^ + 4ic(6a-a/S)7 = 0...(ll). 

It may be noticed that equations (9) and (10) each give 
four foci; this is no more than we might expect when we 
remember that to an ellipse or hyperbola there belong two 
imaginary foci satisfying the same analytical conditions as 
the real foci; in fact, in determining the eccentricity (e) of 
the general equation of the second degree in Cartesian coor- 
dinates, we obtain a quadratic in e*, having one root positive 
and one negative, of which the former refers to the real foci, 
the latter to two imaginary foci ; the two signs of e for each 
root to the different roci of each pair, the perpendiculars on 
the directrices being drawn in opposite directions. The ex- 
istence of the four foci arises from the algebraical symmetry 
of the conic when referred to its principal axes. 

The combination of (10) and (11) would however give six 
points; the reason of this is that from the method of in- 
vestigation the equations would be satisfied if the angles 
ASU^ B8G corresponding to one point were equal, and the 
angles A8'Cy B8'C corresponding to another supplemental; 
this cannot be true for the foci of a conic section. 

Since the above mentioned symmetry does not exist in 
the case of the parabola, all trace of the unaginary foci ought 
to disappear, and the equations ought to give two points only, 
one at an infinite distance. 

Thus since P=0 is the condition that (1) represents 
a parabola, the equations (8) ^ve only a single point 
besides the point at an infinite distance given by the equa- 
tion fl=0. 

If V('a) ± V(w/8) ± V(w7) = represent a parabola, Q = 0, 
and equations (9) reduce to the simple form 

la _ m/3 _ ny 

The equations giving the focus of the parabola represented 
by l!a* + w/ff' + ti7* = 0, are 

aa _ ^yS __ cy 
m + n ni-l l + m^ 

and eliminating /, m^ n by the condition 

a*mn + b'nl + c'Zw = 0, 
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Expressed hy Tnlinear Coordinates. 181 

we have a' (07 + oa - 6)8) (aa -^-bfi — cy) 

Hence the following theorem : The locus of the focus of 
a parabola, such that with respect to it each angular point of 
a given triangle is the pole of the opposite side, is the circle 
circumscribing the triangle whose angular points are the 
middle points of the given trianele. 

From equations (8) may be deauced an equation to deter- 
mine the magnitudes of the semiaxes ; for, since the eauation 
connecting the axis major with the imaginary perpendiculars 
on any tangent from the two imaginary foci is the same as 
that connecting the axis minor with the perpendiculars from 
the real foci, each member of (8) will be equal to iV, where 
r is one of the semiaxes ; thus 

and eliminating a, )3, 7 by means of the relation 

aa + i/8H-C7 = jff, 
we obtain the equation giving the squares of the semiaxes 

aN/(r' + X)±JV<r'+r)±cV(r' + ^ = 0, 
where 

Or, in terms of /, wi, «... 

X y z 

mc*-2rbc + nb* na' - 2m'ca + Ic* ft'-2n'aA+ma» 



(12). 



/*, n, m 

m, 7, fi 

The above equation when rationalized is a quadratic in r* 
£'/H-2Fr*+G = (13), 
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182 Determination of the Foci of the Conic SecHon^ Ac. 

if E^aU i*4 c*-26V«2cV- 2a*h* 

= -(a-hft4c)(a+ft-c)(i + c-a)(c + a-J), 
i?'=a«X(a»-i«-c'') + yF(S«-c'-a«)+c*Z(c«-a«-i») 

= - 2aftc (aX C08-4 + ft F cos J54 cZ cosC?), 
fl^ = a*Jf* + J* r* + c*Z* ~ 2iV FZ- ^cWZX-^ 2a^VXY. 
Hence F'-EG^ ia'b^c' {a« (X- F) (Jf- Z) 

+ i''(F-.Z)(F-X) + c-(Z-X)(Z-F)), 
the factor of this within the brackets by assuming 

X-F=/>, X-Z^q^ and Z^Y^p-^q 
becomes i*p* + cV + (a* — i' — c*) j?j, 

and since a">(6-o)*, or a* - 6* - c*" > - 2ic, 

this is greater than jy + c*^*— 2Jcpj, which is always positive. 

Thus the equation (13) has always real roots in A 

Now if the equation (1) represent an ellipse both values 

of / must be positive, if an hyperbola one must be positive 

and the other negative ; the two values of r* will have the 

O . . . 
same or contrary signs according as -t^ is positive or negative, 

or since E is a negative quantity according as 6^ is negative 
or positive. 

Making use of the equations (12) the factor of O which 
may vary in sign will be of the eighth degree in a, 6, c ; 
involving a*6*, rr6V, a%\ aVc^^ &c. and the coefficients of 
a*b*ja*b*Cy ... vanish. 

That of a*6V is 4(r-fnn), and of a*AV, 8(H'-fnV). 
Hence the factor of O^ which is of variable sign, is 

+ 2 (Zf - m'n') Jc + 2 {mm' - nt) ca + 2 {nn' - Fm') ah. 

That is (-P). 

Thus we arrive at the conclusion that the curve repre- 
sented by (1) is an ellipse, parabola, or hyperbola, accoroing 
as the determinant P is > = < 0. 

If the curve be a circle, then equation (13) must £^ve 
equal roots for r*; that is, we must have 
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PascaTa Theorem. 183 

This equation is satisfied if jr=F=Z, or 

If the curve be a rectangular hyperbola, the two values of r* 
must be equal but of contrary signs; the condition for this 
is F^ 0, or 

aX COB A + i F cos J5 + cZ cos (7= 0, 

bc{e cosB+b cos 0) l-^ca{a cos 0+ c cos-4)m-faJ(i coa4-fa coBB)m 

— 2f o&c cos^ — 2mabc cosjB— 2nabc cos (7= 0, 

hence i + wi + n — 2? cos-4 — 2wi' cosJB— 2n' co80=0. 

July, 1861. 



PASCAL'S THEOREM. 
By H. W. Challis. 



rriiE intersections of opposite sides of a hexagon inscribed 
in a conic lie on one straight line. 
Ijet P, Q (fig. 16) be intersections of two pairs of opposite 
sides. Suppose F to move along the conic, the sides CDj 
CB are cut each in a system of homographic points: such 
that C is the coincidence of two of the points, one in each 
system. Hence PQ^ joining correspondmj^ pairs of these, 
passes through a fixed point. But when Jr is at 2), By PQ 
respectively assumes the positions DEy AB] hence this fixed 
point must be the intersection of the last mentioned two 
straight lines. Whence the truth of the theorem. 

Novembtr, 1861. 
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NOTE ON CERTAIN REMARKABLE PROPERTIES 
OF NUMBERS. 

By John Blibsabd, MA. 

'THE following Properties of Numbers appear to be suffi- 
ciently remarkable, and I have arrived at them by a 
method which I think is new. I shall be greatly obliged 
if any reader of the Journal would kindly inform me whether 
they have ever been exhibited, or can be readily obtained 
by any known method. 

Let i>„i>aj />8 •••?!• ^® ^^ sums of the products of the n 
successive numoers 1^ 2, 3 ... 92, taken respectively 1, 2, 3 ... n 
together; then [6 bemg perfectly arbitrary) 

( 1) sin e (cos ey p^-'l sin 20 (cos ^)*"*i>^., 

+ g)'8in3^(co8dr^^-...- g)" 8m(n + ])d = 0, 
(n odd). 

(2) (cos^)->.-| cos2^(cos^)"-^^, 

+ g)' C0S3^ {0080)"^ p^, - ... + g)" cos(w + 1) ^-0, 
(n even). 

Again, let y,, J^ 5^3 ••• ?• ^® ^^^ sums of the products of 
the n successive odd numbers 1, 3, 5 ... 2n— 1 ; taken re- 
spectively 1, 2, 3 ... n together; then {0 being arbitrary) 

(3) (cos 0f q^-n (cos 0Y y,., 4 n" cos 2^ (cos ^)""* q^^ 

- n' cos3^ (cos ^)""' j'^ + . . . - n" cosn^ = 0, 
(n odd). 

(4) sin (cos 0Y'^ j^, - n sin 2^ (cos 0)"^ q^^ 
+ 71* sin3^(cos^)**'' j^_,+ ... -n"** sinn^ = 0, 

[n even). 

Vicarage, Hampstead Norria, 
Newbury, Berks. 
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THEORY OF GENERIC EQUATIONS. 

By Jomi Blissard, M.A. 

(Continued from p. 75.) 

Chapter III. 

On Transcendents and Representative Notation, 

iis the subject of Transcendents, the method and notation 
here used will, it is believed, furnish easy and elegant 
proof of various known formulas, and also lead to the dis- 
covery of important new ones. I wish, however, before 
pui*8uing the subject further, in justification of mj notation, 
to which I consider these novel results are especially due, 
to offer some remarks on Representative Notation. 

§ (1) On Representative Notation. 

The notation used in this theory, and which may not 
unaptly be termed * Representative Notation,' consists in the 
adoption of a single conventionalism as follows : 

Let ?Z, Dj^.C; ... CT be any class or series either of quan- 
tities or tunctions, which are connected by any general law 
of relation, then 27" is held to be equivalent to, and may in 
development be replaced by Z7„. 

The above conventionalism appears to include the funda- 
mental notation of all algebra, whether actual or synabolic, 
and although closely analogous to the received notation of 
the Calculus of Operations, is not identical with it, and may 
be advantageously distinguished from it principally in three 
respects. 

(1) From avoiding the separation of symbols it possesses 
much greater simplicity ana consequently in many cases 
much greater penetrating and generalizing power. 

(2) It is of wholly unrestricted application and may not 
only be employed, usually with extensive generalization, in 
every case where the operative notation is admissible, but it 
also subjects to symbolic action numerous classes of quan- 
tities or functions which are properly beyond the reach of 
that notation. 

(8) All the processes in which it is used ai;c in strict 
accordance with the principles and ideas of common algebra. 
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186 Theory of Oeneric Egvuxtions. 

from which the operative notation is in some respects a 
manifest departure. 

These aayantafi^es are very considerable^ and, if they can 
be established, wiU render the representative notation, I hope, 
not unworthy of consideration, as regards its alleged con- 
venience ana utility. 

In confirmation of the above assertions, I venture to make 
the following observations : 

1. I have employed the representative notation and the 
method grafted upon it in four different branches of analysis, 
viz. (1) in the development of functions, (2) in the evaluation 
of transcendents, (3) m the generalization of functions and of 
their expression by the introduction into their value of one 
or more arbitrary quantities, and (4) in the summation of 
series, and in all tnese branches I find that my notation 
enters with great ease into hiefaly complicated processes, and 
produces novel results of a higa ae^e of generality, in cases 
where the use of a divided notation, if not, as I believe, 
actually inadmissible, would at least prove intolerably cum- 
bersome and embarrassing. Thus as regards developments, 
I obtain the general term in the expansion of numerous 
functions, such as 

WT\) ' W-i/' (cos^r^ toj '^''**'' (^3^' 

f -.— g J sinwi^, cosm^(co8^)**, cosw^f—s— j , &c., 

'-»)■. [^' {^'< (si?)" '■'. ••".*«■. 

Of course the general term in some of these developments 
is a complicated formula and requires a large amount of 
calculation, but still, as being the general term, not before 
exhibited, but now expressed either in terms ot Bernoulli's 
numbers or the class of quantities called the ^differences of 
nothing,' or in some other finite and calculable form, it 
must be regarded, I conceive, as some advance in analytical 
science. 

I have appended a large list of apparently new and highly 
general theorems and formulsB. in which the general term of 
some of these developments will be given. 
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Thefyry of Oeneric Equations. 187 

2. The prominent idea of the operative notation, as its 
name imports, is that of the performance of successive known 
operations, and hence arose the desirableness of separating 

the symbol of operation from that of quantity. Thus -^ 

(J \* 
^ j b used to represent n successive 

operations performed on fisj and may as a symbol of opera* 
tion be separated from the frmction on which it operates. 
But in the use of representative notation this restrictive 
idea of known operation need not be prominent nor even 
present to the mmd at all. Thus I am able to use with 
great effect -4", 5", S", ZT, r^ &c for ^,, B, /S,, />,, T (n), &c. 
where B represents Bemoulh's numbers, A represents a class 
of numbers derived from them, 

«;= P + ^•■*-&<^-» ^n^^n-^^^n + gi,&c., r(n)=cl.2...(n-l). 

In most of these cases and in manj others, the idea of succes- 
sive known operation does not exist. B" is not derived from 

B^ in at all the same way as -^^r is derived by successive 

operation from fa. The difference between the two nota- 
tions somewhat resembles that between differentiation and 
integration. It is always possible to differentiate, but we 
cannot always integrate. And so it is always possible to 
derive f^ from Z7 , as the representative notation maj require, 
but we cannot always derive U from £^, which is what is 
required by the operative notation. 

Some theorems will be given which shew the effective 
manner in which T and D may be used as representative 
quantities. 

3. In the list of theorems already referred to some will 
be found which satisfactorily shew that the representative 
notation can be very advantageously employed wnerever the 
operative notation is now used, and it will appear, I think, 
that the former has a much wider scone than the latter, and is 
in fact inclusive of it, being applicable to classes of frinctions 
as well as to classes of quantities. When applied to frinc- 
tions, the two notations may have in some cases a close 
agreement, but still are not identical. Thus by operative 

notation f(x 4 A) is expressed by s *» (/r), fx requiring to 
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188 Tlieory of Oeneric JSquations. 

be appended to every term in the development of e <**. Now 
lei X^ = -^ ; therefore X^ =^, then by representative no- 
tation f{x + A] = Xh^^. Here X^ may seem to perform the 
same office wnich fa does in the former expression, but in 
reality X^ is strictly a factor, affecting as such, all tne terms 
of 6^. Thus 

= X, + X,A4-^,&c. 

Here it will be seen that the ideas of common algebra are 
preserved in the one notation and lost in the other, X^ being a 
factor in the one case and^ a mere appendage m the other. 

4. The following list of general theorems and formulae 
is selected out of nimierous results ob&ined by the use of 
my method and notation. The demonstrations are for the 
most part omitted for the sake of brevity, but I may remark 
that, with the exception of a few which are somewhat diffi- 
cult and elaborate, the rest are all obtained with remarkable 
conciseness and facility. 

List of Selected Theorems. 

1. Let B be the representative of Bernoulli's numbers, 
and let 

then 

/ g \"_. g.g , g.^ £Z__. 

Ve'-l/ m-\ ^ {m-\){m-2) (»»-l)(w-2)(»»-3) 

+ (_!)— '|^«+...+ ?^ (^'•^ +0 _^m±s=i_^ 

ty I) |C7 +--'-r(^)^r(«+l) U+n^*'«»4n-l^ 

Ex. Let ?»=:4; therefore J, = 6, g,= ll, J, = 6, and hj 
the above formula 

which is verified by actual evolution. 
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The proof of this formula in given in Chap. II. The 
coefficients of the above expansion are applicable in many 
wajs. The following is an instance: 

II. Let 

A^^=^(a;+wi)-~ ^(a?+m-l) + ^^7r ^(a?-<-m~2)-&c., 
then 



+(-ir'{^(^.^)4...+ i;(;^ (^-HJ.^ 



+ .. 






Ex, Let »» = 3 ; therefore ?, = 3, j, = 2 ; therefore 

Let 4> (^) = ^^ I therefore 

Ag^^ = 210ir* + 1260ir' + 3150a^ + 3780ir + 1806, 
and the formula, on verification, is found to hold. 

lU. Let 

(a;+l)(a? + 2)...(a; + n-l)=a?"-*+i?,a?'^4i>^*^+...+i?..„ 

^^^^* {log(r+x) r^^-^^'^"^^^"^'""^^-^"^^^'^ 

• 1.2. ..w ((n+l)(n+2)...(«+fn) ^*w(n+l)...(n+t/«-l) 
A"0*"^ o f ,x»., A'O"^^ ) 

-^A(n-l)n...(fj + m«2)"'^'"^^"^ ^-' 2.3...(m + l)}' 
Ex. Let m = 1, then sbce A'O* = 1, if 

.— ^^-— .= li.P.a:+...+ P,x-,&c., 
log(l + x) ' 

" 1.2.. .n \n+ 1 n n-1 ^ ' 2 /' 

which is easily verified. 
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190 Theory cf Omerio Equations. 

IV. Let 

(?!|f)'=l_P^^ + P^(?.-&c.+ (- lYPjr &c., 

•" 1.2.3. ..(mH-2n) { 1 2 

^ (m-h2n).(m4-2n-l) ^ /mX" ^-q"^^ - &c.l . 

Ex. Let m = 3, n = 2, thenif 

i'*^ l|^{A'0'-7 (I) A'0' + 2l(|)«.AW 

-35(|)*.A*0* + 35(f)*AV} 
=5i,{1806-7(})540+21{J)150-35(V)36+35(H)6l=T^ftf, 

1 — -T- + yrr: — &C J , is found 

to be the case. 

Cognate with the above formula is the following : 



^ (mH-n).(« + «-l) (jyA.o'-^_&o. = 0,(«odd). 

Ex. (»i = 3, « = 3), 

A'O* - 6 (f ) AV + 15 (D* A'O* - 20 (f)' AW = 0, 

t.c., 640 - 6 (I) 160 + 15 (f) 36 - 20 (V) 6 = 0, 

which is the case. 

Note. The demonstrations of (IV.) and (V.) will not take 
np much room, and may therefore here be given. 
From the formation of A"0", 

^® ^^ ~ 1.2.. .m ■^1.2...(m+l)'*"l.2...(m + 2)'^*^*' 
assume U^ — A'O*, then by representative notation, 

therefore e"'^-""*-*' - 1 = (s*"'-" - e"'"'-'')" = 2" (- 1)*" (sin^)" 
= 2" (- 1)»" fl" {I - P,^ + P^e" - &c. + (- 1)' Pjg^ ike.] ; 
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Theory of Oeneric Equations. 191 

therefore equating coefficients of 5'***", 

1.2.3. .. (to +2n) •"' 

*'^'' ^»"~1.2...(m + 2n) ^^^"2; ' 

which being expanded gives (IV.). Also, (n being odd), 

1.2...(wi + w) ^ 

therefore (^""f) "^^^ 

which being expanded ffives (V.). 



It may be observed here that the application of repre- 
sentative notation to the A'O" numbers yields a large supply 
of general formulas, some of which are remarkable. 

VI. The following is an instance. 

I^* ^ij Ky ^1 •••^m-i ^ *^® sums of the products of the 
(m- I) quantities l',2',y, ...(w- 1)', taken 1,2,3, ...(m- 1) 
together, then 

A-(r* - 6, A"*(y^"^*^ + J.A-O^^*-*) - &c. 

+ (- 1)—* J^^A-O'^ w' («|P- 1') {ne-^)...{n^- (m- 1)'}. 

Ex. Let tn = 8, p = 3 ; therefore 

J,=«l» + 2' = 9, J,= l\2' = 8, 
and AW - 9 AW + 8 AW = 3' (3» - 1') (3^* - 2') = 27.26.19, 
f.6., 18150 - 9.540 + 8.6 = 13338, 

which is the case. 

VII. The following results appear useful and worthy of 
mention : 



when a,, a,, ... < 
(l)A-0-« = «. ^ , 

(2) A"0***=»(3m''4m) ^^y^^ 



when o„ o„ ... o, are found by developmg (e* — 1)". Thus 
r(m + 2) 
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(3) A^'O-^' = 15 (m» 4 m*) ^^ ^ , 

(4) A"0-^=(1057w* + 210w'H-35m«-l4m)^^^^Y^, 

(5) A-'O"^ = 3157II* [m + 1) (3m« + 7m - 2) ^^^^^ *^"- *"*• 

The formula holds for any value of m. 

2nd. A-"0--— t-p!^ fj^ + 3^-^^^ 
1.2. ..(m—1) \n + m ^*n + m — 1 

+ ^. -^*^+-+?..i ^) (see T.). 
3rd. q^ = (- 1)" (a,m--aX"*+«.^"""-&c.) ^^ 



r(m-n).r{2n+l)' 

„ m.(w-l) , ,. m.(?w-l).(m-2) 
Hence S.=-\j-^, g, = (3m-l) ^^^^^J^ ^, 

, « V w.(m- l).(m-2).(w-3) ^ ^ 
VIII. The following formula has been proved (Chap. II.). 

then U^ has two expressions : 

_^ >«.(wH-l) f( m-h2)'-2.(m + l)* + OT" | _ ^^ "1 

• These results ought to have been given as Corollaries to 
Theorem (I.). 
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IX. The following formula is analogous to the preced- 
bg one. 

I*t <^.= r- ~ 2- + 3= ~ **^ ^^^^ " " 2^') ^-("^ ^^» 
therefore <r, = - - -+&c = log2, <r,= l-l + l-&c = - , 

<r., = l-2 + 3-&c. = ^^-i^- J, &c, 

. mjm + l) (1 2 1 "> 1 

■^ 1.2 K"(m + l)""*"(m + 2)"r2«"^- 
2" 
°° ^~ ^ ^"^ 1.2...(m-l) ^'— *' ~ 2'«'«H« 

wnere, as before, 

.(« + l)(a! + 2)...(aj+m-l)=x"-' + jjx"-* + j^-»+...+ j^,. 
£z. 1. Let tn ss 3, n s 1, then 

Ex. 2. Let m ss r, then 

* + §(^-2--)-^?0-2- + F-)+*«"=2'-=(^-2^)^-' 
if „ = 2, l+| + l-J + l+&c-^. = ^. 

X. The following theorem may be regarded as a gene- 
ralization of the multinomial expansioni since the latter is 
derived from it as a particular case. 

Let ^ be a developable function and 

and let fa be such that -^ {fx) can be expressed as a fimc- 

tion of Xy then f{4>x) is also a developable function whose 
general term is given bj the following formula: 

Let £-ca)(^=d;)=f., 

and let f{4>x) = C;, + C^x +. . .+ C,«" + &c., 

VOL. V. 
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then c sf Up'^U^Ur' ,,r] 

then ^.-^\r^a-^i).r{fi-^l).r{y-^l)...''^V 
where + ^8 + 7, &c. = A:, 

and pa + ji8 + ry^ &c. = n. 

Hence C7 = — ^^^ .7+-^^^— ^.F 

^(ri3jr(n-3)^r{n-2)j --•^ (rtn-s)"^ r(n-4) j -•■^••* • 

Here the formation of terras Is easy, observing that every 
term in the factor of V^ is to consist of k factors, the snm 
of whose subindices — n. 

Ex. 1. Let/u? = x*, then 
Fi = ^(^"*)(*=D;) = m(m-l)...(m-A+l)Z7.'^ 

''rCm-A+l) • • 
Hence if (D;+Z7jX+...+ Z7^ar', ftcf^ C.+Cj^+.-.+ O^j:*, &c, 

•■"^ ^ ^ lr(a+i).r(iS+ii).r(7+i)... "^ r(m-A+i)r 

which is the multinomial expansion. 

Ex. 2. Let ^x = sin x^ /r == e' ; therefore 

i7.=o, cr, = i, d;=o, d;=- j^, &c., 

and ^*=^(0^=1- 

Hence if e*^* = 1 + C,x + C7,a?' +...+ C^o?", &c., 

let n a 3 ; therefore 

OL = — ^ + — '— s= - — - = which b the case. 
• r (4) r (1) 6 6 * 

n = 5; therefore 

n^EL E!5 5 L-.l4._La i 

The two following theorems illustrate the use made of T 
and D as representative quantities 



Digitized by 



Google 



Theory of Oenerio Equations. 195 

1 \ ff \ 

XL Let r*= j^ ; therefore e«=: - + p + p+-=pr;g • 

Operating on this equation^ we obtain 

- .TO + n g . («i + n)(m + n + l) P - 

971 I HI (m -f 1) L2 ' 

where m and n are perfectly arbitrary. 
If we pat - n forn and express 

n(n+l) y n...(n + 3) 6" a^ 
"m(m + l)* 1.2"*"»i...(m + 3) * 1.2.3.4" » 
which follows a cosine analogy by O{n^0)^ and 
n e . n(n+l).(n4 2) ^ - 
m • 1 fw (m + l).(m + 2) * 1.2.3 ' ' 

which foUows a sine analogy by 8[nj 0)y we easily derive from 
the above the following remarkably symmetrical formnls 
^„z.- C(n, 6) g{(m-«), e]-8{n, 6) 8{{m-n\e\ 
'^"^ 8''{n,0)+O'{n,0) ' 

.:. ^_ S{n, 0)C[{m- n), e\ + S{{m + n),0]C{n, 6) I 

S\n,0) + C'{n,e) 

Hence S* (n, 6) + C (n, g) = S' {(m - n), 0} + C* [[m - n), ^j, 
from which is derived the following property of numbersi 
that if 8* (», 0) -I- C* (n, 0) be expanded according to the 
powers of d, each coefficient must be a symmetrical function 
of n and (nt — nj, which is fonnd to be the case. Thus let 

0* (n, 0) + >S' (n, g) = 1 + P,^ + P«e*, &c., 
p _ (JL'\ _ "(" + _ n{n-m) 

p^l f nCn + l) )* 1 n(n + l).(« + 2).(n + 8) 
* i Im (m + 1)1 ■•" 12 OT (m + l).(m + 2).(»» + 3) 

_^1 n*(n+ !).(« + 2) 
3«i'(»»+l).(m + 2)» 
p _ 1 n(n + l).(n-«n).(n-wi+l) . 
♦ ~ 2 m' (w» + l)'.lm + 2).(m + 3) ' 



t.e. 
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The above formuIiB are Instances of the generalization of the 
expression of a fanction bj the Introduction into its value 
of the arbitrary quantities m and n, and in the production 
of these results, to have employed a symbol of operation, 
as distinct from that of quantity, would have been worse 
than useless and altogether unmeaning. 

Xn. Let i?"=2?.=i + i,&c. = 5,-l, 
then from the well known equation 

which| expressed by representative notation, becomes 

may be derived as a first generaUzatiop, °n being perfectly 
arbitrary, 

I«(n+I)-n(«-l)}^» ^ 

+{n(n+l).(n+2).(n+3)-n(n-l).(n-2).(n-8)}j^,&c.=?^ 

{n (n + l).(n + 2) - n (n - !).(« - 2)} jf^g 

+ {n(n+l)...(n+4)-n(n-l)...(n-4)y^^5L_,&c=i?^] 



(1), 

n = gives V + "o* + "q*> &c. = log2 (a well known formula) 

M 2 „ . 1.3.5.7 4 3 

2.4 • 3 » "^ 2.4,6.8 • 5 ^" "*^' ~ §7(2) " » 
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n = VC- 1) gives sin (log 2) = D, - -^ - -^ - &c., 

1 - coB(log2) = 2),+ ?^» + ^» + &c 
By a higher generalization, we obtain 

•^ r 

»«^-+.+l('»+'«)('n+"+0.(»»+«+2)-«(n-l).(n-2)} ^ , &c 



{(m + «).(m + n+l)-«(n-l)}^ 

+ ((w+n) ... (m+n+3)-n...(n-3)} y^^ , &c.=2"^-ps= 

(2). 

Very remarkable results may be obtained from these formnls 
(by the substitution of negative integral values for m) which 
cannot here conveniently be specified. 

The proof of the above theorems is short and is as follows : 

Since ir-(^)"=l; 

therefore /(A + 2)^-/(a+ J^)=/(a+D -/(A), 

let A = l, ^ = -1, and/i = A-; 

therefore (l-i))--(l+2))"=:2*- 1; 

therefore, putting — n for n, 

(l-Z))"-(l+2))- = 2--l. 

Then, by subtracting and adding these equations, we obtain, 
on expansion, the equations (1). 
Similarly 

^/(«^^»)-(r|B)"/(«*T|i)-?/(»+5)">»- 

hence (A=l, e=-l,y%=A")2r(l-2>)--ir(l4 2))-(^>=^., 

putting - (m + n) for n, 

IT (1 - i))-<^>- iT (I + 2?)" = 2", 

whence by adding, subtracting, and ei^panding, we get 
equations (2). 
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Xin. The operative notation has been used with great 
effect in the solution of differential equations. The following 
theorem will shew that the representative notation can here 
also be advantageously employed. 

rf"y d"^ dr\ 



Let 



ThiS| by operative notation, becomes 
and the solution obtained is 

1a. 



y= 



1^[ 



By use of representative notation the foUowmg extension is 
made with great facility, viz. 



*(^)}^- 



liilll 



dx 



fx. 



Ex. Let 

and let 



then 

Lety = a?*; therefore 



*{i)-Hi)' 

h(s)}*-h(l)}A- 



/»= jcos r^jl X* = »* - 6»' + 1, 
Hence jt^n (^ U (o^ - 4^^ + 1) ought to =4a^-4r, which 



is the case. 
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XIV. In. Gregory's Examples, Differential and Integral 
Calculus^ p. 247, the following theorem, obtained by means 
of the operative notation, is ^ven as an extension of one 
discovered by Mr. Morphy, viz. 

/r=/(»-nA)+nA/{«-(n+l)A}+n(n+2)^/"{a:-(n+2)A} 

Of this theorem I obtain, by use of representative notation, 
a bighlj elaborate and extensive generalization, which does 
not seem capable of being arrived at in any other way. 

Let /"„ /„ /^ &c. be used instead of /', /", /'", &c., and 
let Pf Q he any functions of A, each containing a as a foctor j 

also let i*.=^ and ^.=-^j then 
^'-^^^-^ + /^. {/x-/(x- Q)]dh^hf, [x- (P+ Q)} 

+ (2P.+(2.)y.{«-(3P+(2)}]+j^[(4P,+0;/.{x-{4P+C)} 
-3(4P.+ (2.)(4P.+ <2,)/,{;r-(4P+C)}+(4P.+ C.)y>-(4P+«)}] 

+ olxs [- (pp. + ««)/. {^ - (5^+ m 

+ {3 {6P, + (?.)• + 4 {5P, + Q,) (5P, + (?,)}/. [x - (6P+ g)} 

-6(5P.+C.)'(5P.+ «?,)/,{«-(5P+g))+(5P.+ (2.)y.{;r-(5P+(2)}) 

4 &c, &0. 

The law of formation of terms in the above general formula 
» as follows : The general term in the series is expressed by 

i-;^2[(-i)»(«p,+<?,r.{«i'.+e.)^.(«p,+ar... 

x^.{^-(«P+(2)} 

rw 1 

^r{i>+ir.r(2+i)^.r(r+i)\..ria+i).ri/s+i).r(7+i)J' 
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where a + i8 + 7+...= 4, pa + jiS + ry +.••«= n-1. 

Ex. 1. Let P=A, G = wA; 

therefore P, = l, P, = 0, &c, Q, = n, ^, = 0,&c., 
(2P,+ GJ = n + 2, 3P,+ g, = n+3,&c; 
therefore 

which is the formula given by Gregory. 

Ex. 2. Let • P=A, = *'; 

therefore P, = l, P, = 0,&c., Gi = 2A, C,«2, 
also let /r = ;c' ; therefore 

+ |'(2+2A)6{x-(2A+A')l + |[-12{x-(3A+A')}4(3+2A)'6] 

+ ^{-8(4 + 2A)l2} + 3^.(3.2».6), 

which on expansion is found to be the case. 

XV. With regard to the summations of infinite seriesi 
a lar^ number of results can be obtained| of which the 
followmg are instances: 

wp • 2irp 






tn 3b — 1 tn 

2 . irp ?" ' . 2wp 

sm-*- am — *- 

m m 



3"-»-2.2'^*+l ^^~^ . 4-^-3.3-»+3.2"-*-l "^ m , 

5i • — — + S4 • l &C 

sm -^ sm -^ 

HI m 

(« odd) (1), 



1 
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1 , 2->-l *^'' m 



2'rrp 

m 
wp 

m 



• oirp 



• t ^ 



m 
Airp 

Bin -^ 
m 

Ex. 1 . Id (1), let m = 3, p = 1, then 



>(n 



+ &c f* (n even) . . ..(2). 



^-(3:^Tif"(r''^i-'^r'*^)"(§'-^ 

TT • 2ir 

I am - Bin x J 



2ir 

(-JIT 

3 3 

* If the A**!** notation be used, the aboTe may be more briefly 
expressed as follows : n being odd, 

?^ 



1- 



. 2irw Zvp 

AM- "" m An;::' ""^.o- 

m m 



n being eTen, 

A'l"-' A'l-' *'°* m 
m 



AM--^ m 



m 
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Hence (« = 3) p + ^ + -„ &c. = -2^» + ^^^, 

135. 2w» 



1 . 1 jf 

2i + 5i.&«- = ^ 



81 Vl3) ' 



('• = 5)p + r» + f"*^'243^»+729V(3)» 
1 1 „ 1215, 2ff» 
p4-,,&c.= g^g -729V13)' 

Ex. 2. la (2), let ns2), then 

27rp 
...J — t 

Hence (ms6),^sl), 

1 . I . 1 . 1.1. t' 
1' ■*" 5» ■*■ 7' ■*■ IP ■*■ 13" T' 

(m= 12,^.1), 




18 



36 



XVL The following general infinite series, vis. 



^■fH 



1.3.5 



TU + &C., 



2 • m* ^ 2.4 • (m+ 1)* "^ 2.4.6 ' (m + 2)* 

can^ be sammed in finite terms for successive integral and 
positive values of m and 7t. 

(1) («=i,«=i), 

1 1 .1.3 1 1.3.5 1 . „, „ 
2-i + 2:i-2 + 2X6-3'*'- = 2'"S^- 

(2) (m = l,n = 2), 

1 I . 1.3 1 . 1.3.5 1 , o o/i oM 
2-? + 2:4-2-' + 2X6-3-"*'''"^'-*^'"6^^- 

(3) {m=l,n-8), 

I'l'-^ll'h-^ui' ^. + &c.-25.-25.1og2 + ^ (log2)«. 
&c. &c. &c. 
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(4) (m = 2, n=2), 

1 1 . 1.3 1 . 1.3.5 I , • ,, „ 
2-? + r4-3' + 2Z6-i?''^ = ^-*^*»8^- 

(5)(« = 2,n = 3), 

&C. &c &c 

. (6) («=3, n = 3), 

11 1.3 1 . 1.3.5 1 . 869 40, _^ 8^ _^.. 4 ^ 
2-3* + r4-4» + 2X6-5-"**-'"2-l6-T'"'6^+3(**»6^>-3^«» 

&c. &c. &c. 

The remaming theorems at present exhibited are instances 
of the evaluation of transcendents, and to these results, in 
conjunction with some of the preceding ones, I think I may 
confidently appeal, as exemplitjing the great and peculiar 
power of my method and notation. 

XVII. Let ^ be the representative of the Bernoulli 
numbers, and, as before, let 

^- = p + if ■*■ 3"» *^- ^»^/t 

and 2),= ^*- 1 = 2"* "^ g"-) &<^-i 

then l'*.2\3'...x'* (x infinite) = C^'^^i 

where, Ist, logC. can always be expressed in finite terms 
when n is even, and by means of a converging series when 
n is odd. 



2nd. Fx^ 



+ 1^2^ 2 «* 

t»(n-l).(n-2) 

2.3.4 * "r*..+ -o, 



the last term B^^ only holding good when n > ; if n » 0, 
the last term is i. 
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8rd. Ax=:--^|-C^+- + -5aj-' 

the law of formation of terms bein? evident, observing how- 
ever that <f>x contains no term which does not involve x, 

Ex.1. (n = 0), log(7j,= ilog2ir, Fa;«a; + i, ^ = -x, 
hence 1.2.3 . . .a; (x infinite) = V(2ir) x'^bT'. 

Ex.2. (n = l), 

-, a" o; 1 . «' 

^'"=2+2 + r2»** = -4' 

*248754— — — 4- - + — - 

hence l«.2«.3\..a:'(xinf.) = e ^a* « "• 

Ex. 3. (n = 2), log 0, « j-^ , and 

l''.2V...x"*(a:inf.)-8"^''r2-^i7..^8-^«-^6. 

Ex. 4. (n = 4), 

l^\2^.3^\..a:^ (x inf.) = e" 26 + 12 8go 4^\x^ "^ 2 "^ 8 " bo. 

XVIII. An indefinite number of relations majr be estab- 
lished among the D numbers, of which the foUowmg appear 
to have a special importance. 

* It is Batisfactory to me to find that so able an analyst as Mr. 
Jeffery has calculated this constant by other methods, since not only 
is the accuracy of the above formula thus tested, but the correctness 
(about which, it is true, I had no doubt) of my method and its results 
is also so far independently established. See No. IS, pp. 91, 98. 
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Let 0.=-^ + -^ + —\ , &c., 

" n + 1 n + 3 n + 5' ' 

then the yalaes of a^, a,, 03, &c. can be successively de- 
termined. 

(l)«.(=f + 7' + |»,&c.)=-Jlog2, 

(a well-known fonnnla). 

(2) a,(=|> + ^ + 5.,4c)=?-log2-?log». 



49 

30 



-log2--Iog^-— ; + ^ 






21 g, 105/8, 815)8; 
Att 47r Stt 



&c« &c. &c. 

« 

gimUarly, let i. = - + ^ + ^ + &c., 
■" " n n+2 n + 4 ' 

then »,(-? + f' + ^,4e.)-l-5log!, 

^(-^^-?'.*«•)-^«s'. 
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^/7 i>, A p ^) 25 5, ^ 



In the same manner, relations between each pair of quan- 
tities \j \; b^y b^; &c., are determined, but the quantities 
b^y b.y &^, &c. cannot be separately obtained. 

The importance of these a and b numbers appears from 
the fact that the values of log 0^ in the precedmg theorem 
depend upon them. 

XIX. A large number of non-converging series can be 
evaluated, which possess the property, common to such serieS| 
of approximating to the true value as long as the terms 
converge. 

1.2...2n ^ 3.4...{(2n + 2)} ^ 5.6...(2n + 4) * 
can be evaluated. 
Ex. 1. (n = l), 

SimUarly, ^ ^ "^g;-^ ^^ + 3 ^^^^-^'^ 3^ -h ^ ^ "^ff ^ ^^ , &c 

2'**'— 1 
can also be evaluated, where A^^^ = -— 5„^. 

. £z. 2 (n = 0), 

^ + ^ + ^,&c{=log(l+^)}-log?. 
Ex. 3. log (1 + 5) = - 7, where 7 = •5772157 • 

hence _» + _< + _», &c. = 7--. 

Ex. 4. 

logr{l + 5)(=-7A + f5.+ |5„&c.) = ^log(2,r)-^. 
Ex.5. 

logr(i+^)(=-7A-fA-fA-&c.)=-2iogg), 

&C &C. &C. 

• See De Morgan's Differential and Integral Calculus, p. 678. 
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XX. Lastly, the gamma function with all its properties 
is capable of a very elegant (as it seems to me) and ex- 
tensive generalization! as an instance of whicby Legendre's 
Theorem, viz., 

may be generalized as follows : 

Let r^ (1 + oj) = li"*.2^.«*~ ; 

therefore (m = 0) TJl + a;) = 1 .2.. .a; = T (1 + a?), 

so that when m^O the zero sub-index may be withdrawn. 
Then 

{r.(«).r.(«.i).r.(,.?)...r.(..^)}- 

=fl-^«-K«-).r,(fi«), 

where, Ist. log JET depends for its value on log (7^ of Theorem 
XVII.f and can oe expressed in finite terms when m b even, 
and by means of a converging series when m is odd. 

2nd. 1^ (no.) = ^ {(«»r + ^ ^. M" 

Let m = 0, then H=C^^ = (2ir)l<*-*>, f (nx) = n« - i, and 
we hare Legendre's 1 beorem, 

Tx.T (x + ^)...r (x + ^) = (2T)*<"-".n*^. r«x. 
In the above generalized theorem, for x put x + - > then 

{r.(a.+i).r.(x+|)...rjx+i)}""=fl.n-'^e«^').rinx+i); 

therefore dividing, we have 

r„ (x + !) ]»■ _ -.f,(»N-i)+^(m:) r,(«x+i) 
r«(*) I " • r„(«x) ' 



I 
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Now ^ [nx) (by representative notation) = — —r (wx + 5)***, 

and i^(na?+l)=— ^(na; + 5+in': 

therefore -^ (wa: + 1) — -^ (nx) = (nx)"' ; 

therefore x^'^^''^n'^'^^^.[nxf^^'', 

which is the case, and thus a test has been applied which 
shews the correctness of the theorem. 

It is evident that by giving different positive integral 
values to n in the above generalization of Legendre^B 
Theorem, the transcendents 

can be evaluated, and it is thus highly probable that aU 
the properties of the ordinary gamma function can be 
analogously exhibited in a generalized form. 

Note. The demonstration of the last four theorems 
and classes of formulas will appear in the remaining part 
of the present chapter. 

5. The preceding list of theorems and formulas, most 
of which I suppose to be perfectly new, has been given 
for the purpose of exhibiting, in brief compass^ a body of 
results which may serve to recommend the notation through 
which they have been obtained, — a notation which, I con- 
fidently believe must, in course of time, from its perfect 
simplicity and unrivalled power, come into general use. It 
may certainly, I think, be regarded as tending to give to 
analysis the eminently desirable qualities of unity. com« 
pactness, and simplicity ; and since it is of wholly unlimited 
application, it is perhaps in the perfecting of this notation, 
as a proper tool to work with, that a large extension of 
modern analysis may not unreasonably be expected. If 
One like myself can obtain by its use, in whatever direction 
it may be applied, novel results of great generality and 
symmetry, what may it not prove in the hands of the able 
and accomplished analysts who adorn our age and country ? 

Vicarage, Hampstead Norria, 
Newbury, Berks. 
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ON OSTROGRADSKY'S HYDROSTATICAL SHELL. 

By WiLLUM Walton, MJL, Trinity College. 

pROM a Memoir b^ Ostrogradsky, entitled 8ur un cos sin-' 
gulier de VSqutlibre des Jlutdes incompreasiblea^ pubiished| 
in tfce year 1838, in the MSmotrea de FAcadimie ImpSriale 
des Sciences de Saint^Pitershourg^ I extract the following 
passage, in which a condition of fluid equilibrium is described 
which tends to shew that the ordinary theory of hydrostatics 
is not universally true. 

^^Supposons que le liquide forme nne coucfae sph^rique 
d'une ^paisseur quelconque et dont chaque molecule soit 
attir^e vers le centre par une force proportionnee k une fonction 
de la distance de la molecule au centre: T^quilibre aura 
n^cessairement lieu. Car les molecules, situ^es k une mSme 
distance du centre d' attraction, ne pen vent se mouvoir que 
toutes de la m6me mani^re: si rune d'elles s'approche 
du centre, toutes les autres doivent s'en approcher, et de 
la mdme distance, et elles ne peuvent pas s'en approcher 
de mani^re que toutes celles, situ^es sur une mdme surface 
sph^rique d^crite du centre d' attraction, conserveut le mSme 
mouvementj car il en r^sulterait une aiminution du volume 
liquide. Amsi le liquide restera en ^uilibre: mais il est 
Evident que la force, qui attire chaque molecule situ^ k la 
surface int^rieure de la couche, est dirigee en dehors de 
la masse liquide. Appelons/(r) P attraction, a le rayon de 
la surface inf^rieure, o le rayon de la surface sup^rieurei 
nous aureus 

e^ = -/(r)rfr: 

done i> = - 1 f(r)dr= I f(r)dri 

done la pression sur la surface inf^rieure sera I f(r)dr^ 

et cette pression est certainement diffi^rente de z^ro, ce qui 
est encore contraire k ce qu'on avait g^n^ralement admis. 

Voici done un cas singulier de T'c^quilibre qui ^chappe 
k la throne connue des llquides, et qui autorise k penser que 
cette theorie n*a pas une ^tendue convenable.*' 

VOL. V. P 
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210 On Ostrogradsky^a Hydroaiatical Shell. 

I propose to offer a few remarks on this singular case 
of fluid equilibrium, not only because it is in itself curious 
as a speculative question, but also because a right Interpre- 
tation of such equilibrium, although, as being unstable, only 
theoretically possible, may tend to awaken criticism on the 
fundamental principles of practical hydrostatics. 

Instead of taking into consideration at once a thick fluid 
shell, as Ostrogradsky has done, let us commence with the 
consideration of an*^indefinitel^ thin one. Let i denote the 
tangential pressure of this thin spherical shell. Then, by 
reasoning substantially coincident with that which presents 
itself in the investigation of the tension of flexible surfaces 
exposed to the action of fluid, we shall see that 

^ = ir/(r). . 

Moreover, the pressure on the outer surface of the shell is 
sero, while that on the inner cannot exceed the infinitesimal 
quantity f(r)dr, where dr is the thickness of the shell. 

Next conceive a number of such thin shells to be aggre- 
gated around the same centre of force so as to form a thick 
spherical shell, like the one considered by Ostrogadsky, 
the aggregation being so effected that, as is evidently possible, 
the contact of the successive infinitesimal shells may take 
place without mutual pressure. The method of structure 
of Ostrogradsky's shell, which 1 have suggested, and which 
is manifestly possible in a theoretical sense, involves results 
not in accordance with those obtained by Ostrogradsky as 
consequences of the ordinary equations of hydrostatics : while, 
by the application of these equations, he obtains, for the 
pressure at the surface infirieure of his shell, the expression 



*lf(r)dr, 



I have shewn that It need not exceed an Infinitesimal quantity. 
It may easily be seen also that the normal pressure at 
the lower surface of the shell may be finite, while the 
tangential pressure is infinite. Suppose in fact the infini- 
tesimal shell of longest diameter to be so related to the 
next in magnitude that their relative contact may involve 
mutual pressure of such magnitude as to destroy the tan- 
gential pressure of the larger shell: the normal pressure 
will then be transmitted to the second shell; and the same 
arrangement may be perpetuated till we arrive at the shell of 
least diameter. Under this arrangement the normal pressure 
at the surface infirieure of Ostrogradsky's shell will be in 
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On OafTogradaky's ^lfdro8tatical Shell 211 

accordance with bis result; while the tangential pressure 
will be infinite. 

The aggregate shell may be constructed in an infinite 
number of other ways, mechanically different in regard to 
internal pressures, although geometrically the same. The 

!>roblem of interaal pressures in Ostrogradsky^s shell is in 
KcX indeterminate. 

It is now time to consider why results such as these 
do not follow from the ordinary hydrostatical equations, 
and are in fact at variance with the fundamental principle 
of hydrostatics. I proceed to shew why these ordinanr 
equations are not applicable to a case such as Ostrogradsky^ 
shell. The fundamental principle of .hydrostatics, viz., the 
equality of fluid pressure at any point of a fluid in all direO' 
tionSf IS either proved theoretically or confirmed experi- 
mentally. Since experiment is inapplicable in a case of 
unstable equilibrium, we may confine our attention to theo- 
retical demonstrations. In all these demonstrations two 
assumptions are made, (1) that the fluid pressure at any point 
is normal to any plane element of the fluid at that point, 
and (2) that the nressure on the element varies as the area 
of the element. Now, in the aggregation of the infinitesimal 
sheik, as I have conceived them to be put together, neither 
of these assumptions is necessarily true, the former because 
to an infinitesimal fluid area, taken at random, the pressure 
(as is evident from my mode of aggregation) is generally 
oblique, the latter because the pressure is generally discon- 
tinuous in passing from shell to shell. 

We may therefore conclude that the theoretic demon- 
stration of the equality of fluid pressure in all directions 
at any point is unsound in regard to unstable equilibrium. 
Why it should be sound in relation to stable equilibrium 
is not, I think, h priori^ obvious. The confirmation of the 
truth of results, obtained on the principle of the equality 
of fluid pressure, by an appeal to experiment, no doubt 
confirms the truth of the two assumptions on which the 
demonstration of the principle is founded. I do not think 
however that these assumptions ought to be regarded, as 
they evidently are by writers of hydrostatical treatises, as 
evident truths, but rather as hypotneses not {>erhaps more 
evident than the proposition to the demonstration of which 
they are applied. At any rate, if they be more evident, 
it would be necessary to give a logical reason why, not 
necessarily true in regard to unstable equilibrium, they should 
be evidently true always in regard to stable. 
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212 Forms of the Roots of Solvible Quintic Equations 

By a continued agg^gation of the infinitesimal fluid shells 
of decreasing diameters around the centre of force, we shall 
eventually construct a spherical volume of fluid, endowed 
with all the mechanical properties of Ostro^adsky's thick shell. 
Thus we have a complete sphere of fluid in equilibrium in 
which "the principle of the equality of fluid pressure at 
any point in all directions " is not true. Shall we call the 
equilibrium stable or unstable? The proper answer I con- 
ceive to be, that the fluid is stable in regard to the geometry 
of the fluid, and unstable in regard to the relative mechanical 
action of its elements. A slight jar to the system would, 
I conceive, without disturbing the geometry of the fluid, 
transform the internal forces from a system of instability 
to one of stability, and place the internal pressure at each 
point in its orthodox state. 

July 2, 1861. 



DETERMINATION OP THE FORMS OP THE ROOTS 

OF SOLVIBLE QUINTIO EQUATIONS WHOSE 

COEFFICIENTS ARE FUNCTIONS OF 

A VARIABLE. 

By the Rev. George Paxton Younq, M.A., Professor of Logic and 
Metaphysics in Knox Collegei Toronto, Canada, West. 

tn a paper on the ^^ Exact Resolution of Algebraical Equa- 
'■' tions of every Degree in all the Solvible Cases," which 
appeared in a recent number of this Journal^'^ it is proved 
that a solvible irreducible equation of the m^ degree, which 
wants the second term, and has its coefficients rational, 
m being a prime number, has all its roots contained in the 
expression 

a>.=^.r-+Ar-+...+^^.r^ (1), 

where A^^ ^,, &c. are expressions involving onlj such surds 
as are subordinates of the surd F* ; the quantities 

j.-y, Ky\ -, ^«.."5^-' (2) 

• See VoL iv., p. 341,— Ed. 
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being the roots of an equation of the (m — 1)*** degree, whose 
coefficients are rational. Take then the solvible irreducible 
quintic 

a;*+ftx» + ;>3a^+;?,a; + ;?, = (3), 

whose coefficients are rational functions of a variable p. In 
this case, equation (1) becomes 

a;, = ^jr* + &c.; 

or, since the factor -4^, in the first term, may be thrown 
under the main radical, and maj thus be considered equal 
to unity, 

«,= r* + j,rf + ^3r*+j,r* (4). 

The expressions (2) become 

r, ^/F', a;y^, a;y' (5). 

What follows will best be arranged in Propositions, which 
(to prevent confusion) may be numbered in continuation of 
those in the paper above referred to, so that the first 
Proposition here will be Prop, iv, 

Pboposition IV. 

The quintic (3) has its roots of one or other of the 
following classes : 

Class First, x,=^ Y* + A^Y^ -\- A^Y^ + A,Y^ (6); 

Class Second, a?, = 2 V(i) cos- + 2J V(/9) cos (^j + ^V..(7) ; 

Class Third, «, = 2 Vle+/V(^)} cos- + 2 V{«-/V(£0} co^r 

(8). 

We announce these forms, not for the purpose of establishing 
them in the present proposition, but as the results finally 
to be arrived at ; and we will now merely explain the quan- 
tities which appear in the values of the roots. In Class Firsty 
the terms F, ^„ ^„ A^ are rational. In Class Second^ the 
quantities 

i, iS, J-^, V(i)co8<?, V(/9)coB^ (9) 
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In Class Thirdf «, /, U, together with the ex- 



are rational, 
pressions 



i*C085 + /8*C08^, 



J-'iScos- 



.(10) 



__ + ^.6co8-5-S, 

J.^C08^+/3'6C08^, 
5 5 ' 

(3i8»6» + 2i8*J) COS ^:i?^ + (Si'iS' + 26*i8) COS ^^ 



Are rational : 6' being put for e-\-f*J{U\ and /S* for e—f»J{U). 
It will appear, by actual trial, that, whatever be the value 
(subject to the conditions mentioned) of the unknown quan- 
tities on the right-hand side of equations (6), (7;, and (8). 
these equations exhibit the roots of quintics with rational 
coefficients; the five roots being found, in Class First, by 
taking the five values of the surd F^, and in Classes Second 
and Third, by writing 

e + 2ir g-h47r O + etr O + Stt 

6» 6 ' 5 '~5~'~5~ ^^^^ 

n 

successively instead of ~ • It will be proved that the quintic 

(3) does not admit of algebraical solution, unless it belongs 
to one of the Classes specified ; and it will also be seen, as 
we proceed, how the roots of the Second and Third Classes 
can be expressed in algebraical functions. As the reader 
may wish to see definite instances of these two last kinds 
of roots, we give the following numerical examples : 

Class Second, a?, = {2 + V(3)}* + {2 + V(3;2 

+ {2 - V(3)} [{2 + V(3)}* + {2 + V(3)}*]...(12) ; 

Class Third, «.= F*- [8+6 V(2)+ {3+2 V(2)} V{10- V(2)}] r« * 

+ {20 + 1 4 V(2)} [8 + 6 V(2) - {3 + 2 V(2)} V{10 - V(2)}] T* F. 

+ 4{17 + 12V(2)} YX' (13), 

where Y and Y^ have the values 

r=3+v(2)-i±^Vlio-V(2)}, 

r. = 3 + V(2) + i±^^V{10-V(2)}. 
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Before proceeding to the next Proposition, we would 
observe that an irreducible biquadratic has its roots of two 
forms : 

First Form, y,^B+^/(0) + ^(0)-^- E^/(0)^(D) (14); 

Second Form, y, = ^+V(Q) (15). 

In the first form, B is rational; and ^/(C) and ^/(D) are 
durds neither of which is subordinate (Def. 3j*' to the other; 
C and D not being necessarily rational; and JE involving 
only surds subordinate to »/{C) and V(-D)« In the second 
form, V(0 ifl the only surd in the root which is not sub- 
ordinate to anv other; E involving only surds which are 
subordinates ot ^{Q). In (14) and (15), we understand the 
root yj to be in a simple (Def. 7) form, and to have no two 
surds similarly (Def. 6) involved in it. 

Pboposition V. 

The biquadratic, whose roots are the expressions forming 
the series (5), has not its roots of the form (14). 

Suppose, if possible, that the biquadratic has a root of 
the form (14). The four roots of the biquadratic are found 
(compare Cor. 2, Def. 10) by taking the two values of V(C) 
in connection with the two values of V(^)« But one of 
these roots [see (5)] is Y. We may therefore put 

r=5+v(C)+v(^)+-E^V(c^)V(^).i 

Put also Y,^B+^(C)-^/(D)~E^(C)^{D),\ (16). 

and r, = 5-V(<?) + V(^)--E?V(C)V(^)J 

It is plain that the terms 

r„ a^Y:, a^Y:, a/F/ (17) 

are [a^, a„ a^ being what u4,, -4„ A^ in (5) become, when 
we pass from Y to F, bv changing the sign of V(2?;] the 
roots of the same biquadratic which has the terms in (5) 
for its roots; and therefore the terms in (17) are equal to 
those in (5), in a certain order, each to each. Suppose, if 
possible, that Y^^ Y. Then, from (16), 

2 V(i>) + 2E^/(C) V(/>) = (18), 

• Our references to Definitions and to Propositions I., II., Ill, are to 
the paper of this Journal above referred to. 
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which is impossible, since (Corollaries 2 and 3, Def. 7) such 
an equation would require the coefficients of sl{D) and 
V(C7) V(^) to vanish separately. Therefore Y b not equal 
to the first term in (17). Suppose next that 

r=V3".' (19)- 

Then, if a, = A + * V(^)i where h and k are clear of the 
surd V(-O), we have 

5+V(C) + V(^) + ^V(C)V(^) 

= {A + A V(0)r [B + V(6') - ^/(D)-E^(C) V(i?)}"...(20). 

When this equation is arranged according to the roots 
V(C7), V(-O), V(C^) V("0), the coefficients of these roots must, 
as in (18), vanish separately. Hence equation (20) implies 
that 

-B + V(C)-V(i>)-^V(0)V(Z>) 

=A-AV(i>)r{^+v(C)+v(i>)+-EV(C)v(i>)r; 

therefore F,«-4/F*. 

Hence, from (19), we have 

where t^? is a fifth root of unity. But this is impossible, 
since (Corollaries 2 and 3, Def. 7) such an equation would 
require the coefficients of F* and Y^ to vanish separately. 
Therefore Y is not equal to the second term in (17). In 
the same manner it can be proved that Y is not equal to 
the third term in (17). Therefore it must be equal to the 
last term in (17). But in the same way it can be proved 
that F, is equal to the last term in (17). Therefore Y= F,: 
which involves the same impossibility already proved to 
attach to the hypothesis that F= F^. Hence it cannot be 
true that the biquadratic whose roots form the series (5) 
has its roots of the form (U). 

Proposition VI. 

If the biquadratic, whose roots form the series (5), can 
be broken into two equations, the one a cubic with rational 
coefficients, and the other a rational simple equation, the 
quintic (3) belongs to what, in Prop, iv., we termed Class 
First. 
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For, by bypothesis, one of the terms in (5\ which we 
may take as the first, is rational. That is, F is rational ; 

and Y^ is a surd of the first (Def. 2) order. But -4,, -4,, -4^, 
in (4) and (5), involve no surds which are not subordinates 

of y% Hence, since Y^ has no subordinates: A^^ A^j A^ 
are rational ; so that, in (4), all the quantities, Yj A , A^^ A^^ 
being rational, the quintic (3) belongs to what we called Class 
First. It is hardly necessary to remark, that, whatever be 
the values of F, -4^, -4,, -4^, the expression x in (4) is the 
root of a quintic with rational coefficients. Tnis is, in fact, 
a particular case of the wide general truth established in 
Cor. 1, Def. 8. 

Pboposition VII. 

If the biquadratic whose roots form the series (5) have 
no rational factor of the first degree, but can be broken into 
two rational quadratic factors, the quintic (3) belongs to what 
we have termed Class Second. 

For^ in this case, each of the terms in (5) is the root of an 
irreducible quadratic, so that we may put 

Y^B + ^{C) (21), 

'where B and C are rational. . Also, if 

Y, = B-^{C) (22); 

and if a„ a^ a^ be what -4,, -4„ A^ become when we pass 
from Fto F, by changing the sign of >J{C)\ the terms 

r„ a/y/, a;r/, a/r/ (23) 

are (as in Prop, v.) equal to those forming the series (5), 
each to each, in a certain order. Still further, it can be 
proved, exactly as in Prop, v., that Y is not equal to any 
of the first three terms in (23); so that 

r = o;r.«; therefore rF, = Vr.».) 
In Uke manner, Y^^A^Y*; therefore YY.^A^Y*]"^'*^ 

Therefore, if A^ = D + E>J{C\ D and E bebg rational, 
we have 

{D + E^iOY [B+ V(C)r = [D-E^{C)]' {B- VCC)}*: 
an equation which implies that 

and a, = i)- £V(C7) = P{5+V(C)}=Prj "'^ ^ 

VOL. V. P* 
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where P is clear of the sard ij{0\ and u therefore (Def. 1) 
rational Bj comparing (25) and (24), we get 

So that (rr.)*, or (B» - C)* is rational. Put 
(£«- (7)*= J. 



r =^+ V(-B*- &•)= V(i») {cos^+ V(- 1) Bin $]) , 
r,-£- V(B'- J^)= V(fc*) (cos «>- V(- 1) Bind}) ••"• -^ 



Then 
and 

Therefore T * + J, F* = F* + 7* = 2 V(ft) cos? . 

In like manner it can be proved that 

ua.rUA^*=A5'*+«,y;*=2&v(/8)co8(y+*), 

fi being, like &, rational, Henoe 

», - 2 y/(b) COS I + 2i V(/9) cos |y + ^1 (2T). 

This is the eqaation given in (7). Also, from (26), 

*J'sh) con O^jji] 80 that »J(b)coB0 is rational. Agab, if 

^,=(? + iIV((7), we have VOS)co80=:(7; so that V08)oo8^ 

18 rational. Once more, ^ — ^ = -77- ; 80 that ; — J w rational 

' tan^ ^ . . **"*^ 
Thns all the expressions in (9) are rationial, and hence the 
qnintic (8) belongs to Class Second. 

Cor. It is easily seen that the form of the root x^^ 10 
algebraical fanctionS| is 

where, as above, C^^'-J'; and r-5 + V(<7). Any 
values whatsoever of the unknown quantities in (28) render 
a;, the root of a quintie with rational coefficients, so that 
equation (27) or equation (28) is the solution in the most 
general case of quintics belonging to Class iSecond, 



Digitized by 



Google 



whose Coefficients are Functions of a Variable. 219 

Proposition VIII. 

If the biquadratic whose roots form the series (5) be 
irreducible, the quintic (3) belongs to what we termed Class 
Thirdy 

Since (Prop, v.) the roots of the biquadratic are not 
of the form (14), they must be of the form (15). This form, 
more fuUj exhibited, Is 

where F^ Qy H^ K^ U^ are rational. Put 

Y^F^O^/{U)+^{H+K^|{U)]^M[col^0+»J('-l)Ane]^ 
Y^^F^G V( V) + ^/[H^ K^{ U)] = N {cos0 + V(- 1) sin^}, 
r,= F+(?V(£7)-V{^+-BrV(Z7)} = if{cosff-V(-l)8in^}, 
r,=^-(? ^(D')- Vl^- J2'V(I7')} = -^{cos^--V(-l)Bin0}. 



•••••••••..••••••• 



Now, if a^, a,, a^, be what -4„ -4,, -4^, become when we 

f>ass from z to F„ hj changing the siffn of 'J[H+KfJ{U)]^ 
eaving the sign of V(^) unchanged, the terms 

r., a^Y:, a:Y:, a:Y* (30) 

will be equal to those in (5), in a certain order, each to 
each, because either series gives us the roots of the same 
biquadratic But, exactly as it was proved in Prop. V. that 
Y could not be equal to any of the three first terms of (17), 
and in Prop. vii. that Y could not be equal to any of the 
three first terms of (23), it can be proved here that Y ia 
not equal to any of the three first terms of (30). Therefore 

Y=a:Y,\ 

And this again \hy the same reasoning by which it was 
inferred from equations (24), in Prop, vii., that the expression 
B^'-Cj or FYj was the fifth power of a rational (juantityl 
leads to the conclusion that (in the present Proposition) Yx 
is the fifth power of a quantity which is clear of the surd 
V{fi+^V(i7)}, and which only involves the surd ^/{V). 
'We may put then 

rr,=if»={«+/v(i7)}', 

and N* = {e-f>J{JJ)]% 

where e and/ are ratioaal. Therefore 



Digitized by 



Google 



220 Forms of the Boots of Solotble Quintic Equations 
and sim'ilarly, u4,r^ + ^,r* = 2 V{«-/V(J7)} cos^. 

Therefore «, = 2 ^/{e +/ V( t/')} cos ^ + 2 V{e -/ V( U)] cos ^ . 

This is the expression for a!^ in (8). Also, putting 

V^e+f^{U), and )9« = 6-/V(J7), 

we have, by adding all the equations (29) together^ 

i*cosff + /8'co8<^ = 2i^. 

Therefore tte first expression in (10) is rational. Again, 
just as y, is equal to a term in (5), which was proved to 
be the last, each of the terms F, and F, must be equal 
to a term in (5). The terms in (5) to which F, and Y^ 
are severally equal, are of necessity the second and third^ 
because Y^ ana Y can neither be equal to one another, 
nor to the terms Y, F,. As the root tJ[n-K t^(V)] may 
be supposed to have either sign involved in it, we may 
understand Y^ to be equal to whichever of the terms -4,*F , 
A^Y* we please. Let us put 

y^=a:y', r;=^/y (31), 

and y, = a.T.', r. = o;i7 (32), 

the two latter eqaations being the consequence of assnmine 
the former. From the first of equations (si), and the second 
of (32), we get 

r'y.=j/r», and r,r,'=o,»r.»; 

or J/W{co3(2^ + ^) + V(- 1) sin(2^+ ^)} = A^Y*, 
and if'iV^{co8(25 + ^) - V(- 1) Bm{2^ + ^)} "a/r/. 

Therefore (Jf 'iV)* cos^^J-^ =-- \ (J, Y-\- aj;t = P+R V( U) ; 

where P and R are rational expressions. But in like manner 
it can be proved that 

[N^M)^ cos^^ ^P^R^/[ U). 

And {M'N)^ = b% and {N'M)^ = fi'b. 

Therefore 5'/3coB^^ + y9'Aco8^^ = 2i'; 
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so that the second expression in (10) is rational. Still 
further, from the secona of equations (31), and the first of 
(32), we get Y^Y'^A.'Y^ and r,y,'=:a/r/; which lead 
to the result 

y^ cos^l^ = i {P- + -B- V(J7)} ; 
R and JP' being rational. But in like manner, 
^j cos ^^ = i {P- - ir V(?7)}. 

o 

Therefore b'ff cos?^ + ^b cos^^ = i" ; 
o o 

80 that the third expression in (10) is rational. Finally, 
the fourth expression in (10> is the sum of the two expressions 

2 (J- + ff) \b'i3 cos ?^ + /3'b cos ^^*' 

Tian {a 25 + <fr , 6^ 24>) ' ]-(33). 

V^ <I3 cos — — ^ + b cos — — ^t . 

In the former of these, the factor 2 (J* + /S^ is the rational 
quantity 46. The remaining factor is likewise rational, being 
the second of the expressions in (10). In the latter of the 
expressions (33) the factor 6*/8' is rational. In order therefore 
that the fourth expression in (10) may be rational, it is 
only necessary that the expression 

P cos r— ^ + 6 COS r— ^ 

o o 

be rational. Now, as was proved above, 

and {e-/V(I7)}Jco8^^^ = P-i?V(C0; 

therefore 

where the expression on the right-hand side of the equation 
is plainly rational. Hence, on the supposition of the pro- 
position, the quintic (3) belongs to what we have termed 
Class Third. 
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Cor. As the biquadratic whose roots are the terms in 
^5) must fall under one or other of the cases considered in 
the present and preceding propositions, the forms of the roots 
of tne quintic (3) in all the solvible cases have been de- 
termined. 

In a subsequent number of the Journal a brief list will 
be given of qumtic equations belonging to Class Third. 

Note. — A few slight errata having crept into the Article YoL iv., 
pp. 341-361, on " The Exact Resolution of Algebraical Equations in all 
the Solvible Cases.** On page 351, in the second line of Cor. 1, the word 
JhuU should be inserted after irreducible. On the same page, in first 
line of Cor. 3, the words and in a eimple form, should be aaded after 

in Cor. 2. And on page 352, line second, F^2^» should be written, 

as in line 14, for X^x\ It may also be explained, to prevent mistake, 
that on page 351, second line of Cor. 2, the phrase the lowest possiblef 
which is perhaps ambiguous, means the lotveet which can pomhly occur 
in ajinai irreducible factor, G. P. Y. 



ON THE CONSTRUCTION OF THE NINTH POINT OP 

INTERSECTION OF THE CUBICS WHICH PASS 

THROUGH EIGHT GIVEN POINTS. 

By A. Catley. 

T REPRODUCE with additional developments the solation 
which has been given of this interesting problem. 
The equation of a given cubic maj be wntten 

where E7'=0, F=0 are any two conies meeting the cubic 
in the same four points | ^ = is the line joimng the re-* 
maining two points of mtersection of the cubic with the 
conic C^=0; and { = is the line joining the remaining 
two points of intersection of the cubic with the conic F= ; 
the relation between the arbitrary constant factors implicitly 
contained in the functions g^U^aApV b assumed to be pro- 
perly determined. 

The form is employed by Pllicker, "Theorie der alge- 
braischen Curven," p. 56 (1839), and in connexion therewith 
he gives some geometrical considerations which, he remarks, 
contain implicitly the solution of the above mentioned 
problem. 
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The form is also^he analjtical basis of the investigations 
of M. Cbasles, '^Construction de la courbe da troisieme 
ordre par neuf points," Comptes Bendus^ t. xxxvi. (1863), 
pp. 942-952. In fact calling to mind the theorem that in 
the pencil of conies i7-aK=0 (where a is an arbitrary 
moltiplier) the anharmonic ratio of the mnltipliers a is equal 
to the anharmonic ratio of the tangents at any one of the 
points of intersection, or (what is the same thing) to the 
anharmonic ratio of the polars of any point whatever in 
regard to the conies, and recollecting that the anharmonic 
ratio in question is said to be the anharmonic ratio of the 
conic themselves; then since the equation qU-pV^(} is 
satLsfied by the system 

(where a is arbitrary) we have at once the theorem, p. 949, 
viz. that if there be a pencil of lines through a pointy and 
corresponding anharmonically thereto, a pencil of conies 
through the same four points ; the locus of the intersections 
of a Ime by the corresponding conic is a cubic through the 
five points; and, conversely, that a given cubic may be so 
generated, the point of the pencil of lines, and the four 
pomts of the pencil of conies bemg any five points what- 
ever of the cubic. 

This gives at once the construction (M. Chasles first 
construction) for the cubic through nine given points. In 
fact if the points are called 1, 2, 3, 4, 5, 6, 7, 8, 9; then 
grouping the points in any manner, it is only necessary to 
find a point x such that 

a? (1, 2, 3, 4, 5) = 6789 (1, 2, 3, 4, 5), 

that is, such that the pencil of lines xl, x2^ a;3, a;4, ar5 shall 
correspond anharmonically to the pencil of conies 67891, 
67892, 67893, 67894, 67895. The foregoing notation is that 
employed in M. de Jonqui^res ' '' Essai sur la generation des 
Courbes ^eometriques, &c." Mem. 8av. Strang,^ t. xvi. 
(1858), which I take the opportunity of referring to. In 
fact, if X satisfies the foregoing condition, then taking 
through the point x any other line, and corresponding an- 
harmonically thereto a conic through the points 6, 7, 8, 9 
the locus of the intersections of the line and conic will be 
a cubic through the nine points. But the condition in ques- 
tion gives 

aj(l,2,3,4) = 6789(l, 2, 3,4), 
»(1,2, 3, 5) = 6789(1,2,3, 5). 
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which (by the anharmonic property of the points of a conic) 
show, the first that x is in a certain conic passing through 
1, 2, 3, 4, and the second that x is in a certain conic passing 
through 1, 2, 3, 5; the two conies intersect in the points 
1, 2, 3, and in a fourth point which is the reauired point r. 
Or we may say that x is given by the conaition that the 
pencils x(l, 2, 3, 4} and ar(l, 2, 3, 5) shall have given 
anharmonic ratios. It will presently be seen how x can 
be determined by the ruler alone. 

Suppose now that the points 1, 2, 3, 4, 5, 6, 7, 8, 9 are 
the points of intersection of two cubics, the conatruction 
should become indeterminate; this is only the case when 
the two conies which by their intersection should determine 
a become one and the same conic. This implies that the 
conic a (I J 2, 3, 4) passes through 5, or that x, 1, 2, 3, 4, 5 
are points of the same conic. And then since by the 
anharmonic property of the points of a conic x (1, 2, 3^ 4} 
= 5(1, 2, 3, 4), we have 

5(1,2,3, 4) = 6789 (1,2, 3,4). 

The grouping of the nine points is altogether arbitrary, 
hence there are in all (9 x 70 =) 630 such equations, which 
Are really equivalent to onl^ two equations, and which when 
eight of the points are given, determine the ninth point. 
Supposing that the given points are 1, 2, 3, 4, 5, 6, 7, 8, the 
equations for the determination of the remaining point 9 may 
be taken to be 

9 (5, 6, 7, 8) = 1234 (5, 6, 7, 8), 

9 (4, 6, 7, 8) = 1235 (4, 6, 7, 8), 

which (it is to be remarked] determine 9 in a similar way to 
that in which x is given in the construction of the cubic 
through nine points ; viz. 9 is the fourth intersection of two 
conies which pass through the points 5, 6, 7, 8, and the points 
4, 6, 7, 8 respectively. Or we may say that 9 is given by 
the conditions that the pencils 9 (5, 6, 7, 8) and 9 (4, 6, 7, 8) 
shall have given anharmonic ratios. 
The foregoing equations 

9 (5, 6, 7, 8) = 1234 (5, 6, 7, 8), 

9 (4, 6, 7, 8J = 1235 (4, 6, 7, 8), 

are equivalent to and constitute the geometrical Interpre- 
tation of the equations obtained (previous to M. Chasles' 
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Memoir) by Weddle in the paper " Oa the construction of 
the ninth point of intersection of two curves of the third 
degree when the other eight points are given,'* Cambridge 
and Dublin and Mathematical Journal, t. VI., pp. 83-86 (185i), 
In fact, reproducing his analysis with only a slight change 
of notation, let 012 denote the determinant 

a?, y, z 

^«, y„ «, 

so that 012 = is the equation of the line through the points 
1 and 2; and in like manner let 012345 denote the de« 
terminant 

^j y*) «*> y^) ^^i ^ 

OJj', &c, 

so that 012345 = is the equation of the conic through the 
points 1, 2, 3, 4, 5. Of course 123, 123456, &c. will denote 
given functions of the coordinates of the points 1, 2, 3, the 
pomts 1, 2, 3, 4, 5, 6, &c. This being so 

012345.078 = \ . 012347 . 058 

is the equation of a particular cubic passing through the 
points 1, 2, 3, 4, 5, 7, 8, and which if we properly determine \ 
viz. if we write 

612345.678 
""612347.658 

will also pass through the point 6. 
And similarly 

012345.076 = /A. 01 2347. 056 

is the equation of a particular cubic curve passing through 
the points 1, 2, 3, 4, 5, 6, 7, and which if we properly deter- 
mine /A, viz. if we write 

812345.876 
^"812347.856 

will also pass through the point 8. Hence the two curves, 
each of them passing through the points 1, 2, 3, 4, 5, 6, 7, 8 
will intersect in the remaining point 9 ; and writing 9 for 0, 
and combining the two equations, we have 

978.956 X 612345 812347 



958.976 



X 



612347 812345* 



VOL. V. 



Q 
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or, what U the same thing, 

956.978 ^ 123456.123478 
958.967 " 123458.123467 » 

which is Weddle's equation, and b equivalent to the above 
mentioned equation 

9(5, 6, 7, 8) = 1234 (5, 6,7, 8). 

To prove this I remark that we have identically 

012.034.514.523- 014. 023. 512. 534 =c012345. 

In fact the left-hand side equated to zero is the equation of 
the conic through 1, 2, 3, 4, 5, and such left-hand side must 
therefore, save to a mere numerical factor, be equal to 
012345. And to determine this factor it is to be observed 
that 012345 contains the term 

but that there is no such term in 012.034.514.523, and that 
there is in -014.023.512.534 the equivalent term 

- ^oyA-- a?oyA-«ayA-ya«.aj4i 

80 that the numerical factor is rightly determined. 
The foregoing identity written under the form 

012.034 512.534 012345 



014.023 514.523 014.023.514.523 

shows that when 012345 = 0, i.e. if be a point of the conic 
through 1, 2, 3, 4, 5, then that we have 

0(1,2,3,4) = 5(1,2,3,4), 

which is in fact the anharmonic property of the points of a 
conic. And observing that 012345 = 051234, and substituting 
5« 6, for 0, 5 respectively, the identity becomes 

512.534 612.634 _ 561234 

514.523 614.623 " 514.523.614.623 * 
The equation 

012345 = 
may be written 
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aad heace the anharmomc ratio of the conica 
012345 = 0, 
0] 2346 = 0, 

012347 = 0, 

012348 = 
b eqaal to that of the quantities 

512.534 612.634 712.734 812.834 

514.523' 614.623' 714.723' 814.823* 
or calliog these qaantities for a moment 

«! fiy % «> 

(a-i8)(7-8) 



it IS 

inrhere 
wUch is 



a-y8 = 



(flP-8;()8-7)' 

512.534 612.634 
514.523 614.62a' 

561234 



514.523.614.623* 

and forming in this manner the expressions of each of the 
four factors a — /8, 7- S, a- 8, yS — 7, we have 

(g- i8)(7- 8) _ 561234.781234 
(a- 8)(i8 - 7j "" 581234.671234 ' ' 

BO that in the equation 

956.^78 ^ 561234.781234 

958.967 ""581234.671234' 
the right-hand side is 

= 1234(5,6,7,8), 

and since by what precedes the left-hand side Is = 9 (9, 6, 7, 8)^ 
the equation fs 

9(5, 6,7, 8) =1234 (5, 6, 7, 8), 

which is the transformation in question. 
Now resuming the two equations 

9(5, 6, 7, 8) = 1234 (5, 6, 7, 8), 

9 (4, 6, 7, 8) = 1235 (4, 6, 7, 8), 



Digitized by 



Google 



228 Construction of the Ninth Point of Intersection of the 

^he right-hand sides are given anharmonic ratios, and as we 
have seen the question is to find 9 so that the anharmonic 
ratios 9 (5, 6, 7, 8), 9 (4, 6, 7, 8) shall have given values. 
But for the geometrical solution by the ruler alone, we have 
the preliminary question, from the given eight points, with- 
out the assistance of the before mentioned conies, to con- 
struct the given anharmonic ratios 1234 (5, 6, 7, 8) and 
1235(4, 6, 7, 8). The solution of both questions is given in 
Dr. Hart's paper, " Construction by the ruler alone to deter- 
mine the ninth point of intersection of two curves of the 
third degree," Cambridge and Dublin Mathematical Journal^ 
t. VI., pp. 181, 182(1851). 

The Preliminary Question. The anharmonic ratio 
1234(5, 6, 7, 8) is equal to that of the polars of an arbi- 
trary point X in regard to the conies 12345, 12846, 12347. 
12348 respectively (these polars all pass through one and 
the same point). Now to construct the polars of X in 
regard to tnese conies, and first in regard to the conic 12345. 
The fourth harmonics of X in regard to the lines 12, 34, 
in regard to 13, 42, and in regard to 14, 23, meet in a point ; 
and considering the several combinations 1234, 1235, 1245| 
1345, 2345 we have thus five points; these lie on a line 
which is the required polar of X in regard to the conic 
12345. The polars in regard to the other conies are obtained 
in the same manner ; and it is clear that the first above men- 
tioned point (vis;, that deduced from the points 1, 2, 3, 4) 
is in fact the point of intersection of the four polars, or point 
of the pencil fprmed by the polars. 

The Principal Question then is, given the points 4, 5, 6, 7, 8 
to find the point 9, such that 

9(5,6, 7, 8) =; 1234 (5, 6, 7, 8), 
9(4, 6,7, 8) =1235 (4, 6, 7,8), 

where the right-hand sides represent given anharmonic ratios* 
For this, let 65, 74 (fig. 17) meet in M^ and on 74 find 
a point Q such that the anharmonic ratio of the points (4, M, 
7, Q) may be equal to the given ratio 1235 (4, 6y 7, 8;, say 

(4, JJf, 7, g)=1235(4,6,7,8), 

and let 64, 85 meet in N and on 85 find a point Bj such 
that the anharhonic ratio of the points 5, N, i2, 8 is equal 
to the given anharmonic ratio 1234 (5, 6, 7, 8), say 

(5,iV^, -B, 8)==1234(5, 6, 7, 8). 
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Join QB meeting 65 in K and 64 in L ; then IK and SL 
will meet in the required point 9. 

In fact taking Y as the. intersection of the lines Q5KM 
and 8Zr, and Z as the intersection of the lines MNL and IK; 
then, as is clear from the fignre, iirst, the anharmonic ratio 
9 (4, 6, 7, 8) is equal to that of the point (4, 6, Z, L) on 
the line 46ZL, that is 

9(4,6,7,8) = (4,6,Z,Z), 
which is = (4, Jf, 7, (?), 

since the lines 6Jlf, -2Y, LQ meet in the point IT; but by 
the construction (4, if, 7, Q) = 1235 (4, 6, 7, 8), that is, 
we have 

9 (4, 6, 7, 8) = 1235 (4, 6, 7, 8) ; 

and, secondly, the anharmonic ratio 9 (5, 6, 7, 8) is equal to 
that of the points (5, 6, -ff, Y) on the line 56^7, that is 

9(5,6,7,8) = (5,6,ir, r), 

which is =(5,iV, 5, 8), 

since the lines 6^, KB^ YS meet in the same point L ; but 
by the construction (6, N^ B^ 8j = 1234 (5, 6, 7, 8), that b, 
we have 

9 (5, 6, 7, 8) = 1234 (5, 6, 7, 8), 

80 that the point 9 satisfies the required conditions. 

It has been already remarked that the point x in 
M. Chasles' theorem for the construction of the cubic through 
nine points is determined by precisely similar conditions to 
those which determine the ninth intersection of the two cubics ; 
that is, the foregoing construction by the ruler alone is appli- 
cable to the determination of the point x] and when this is 
once obtained, the remainder of the construction, giving the 
point of the cubic through the nine given points, can ob- 
viously be performed by the ruler alone. Tbe construction 
' for the cubic through nine points gives implicitly the relation 
between ten points of the cubic and such relation is accord- 
ingly expressed by the equation 

X (I, 2, 3, 4, 5, 10) = 6789 (1, 2, 3, 4, 5, 10), 

which is one out of 210 similar forms. But it is possible 
that some more convenient form of the relation between the 
ten points may yet be found. 

I proceed to further develope the analytical theory. 
Writing for convenience co in the place of 10, we have 

a; (1, 2, 3, 4, 5, 6) = 789w (1 , 2, 3, 4, 5, 6), 
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or, what is the same tiling, 

aj(l, 2, 3,4) = 789tt)(l, 2, 3, 4), 

aj(l, 2, 3, 5) = 789a>(l, 2, 3, 5), 

a;(l,2, 3, 6) = 789a)(l,2, 3, 6), 

which belong to three conies each of them passing through 
1, 2, 3, and which most have a remaining fourth point of 
Inte]*section. 

The equation of the first conic is 

012.034 = -014.023, 

where X = 789a>12 . 789a>34, 

^ = 789a>14.789a>23, 

and thence, in virtue of an identical equation abreadj re- 
ferred to, 

-\-^ = 789(013. 7890)24. 

But we have identlcallj 

123.()p2 = lp2. 023 + 2;?2,031 + 3pj'.012, 
and thence in particular 

123.034 = 134.023 + 234.031, 
123.014 = 214.031 + 314.012, 
and the equation of the conic may therefore be written 

012 (134. 023 + 234. 031) /i -023 (214. 031 + 314. 012) \ = 0, 
that is 

031.012.234./i+012.023.314(-X-/i) + 023.031.124.\=0, 
or, substituting for /i, — \ — /a, X, their values, this is 
031. 012. 234. 789(014. 789(023 
+ 01 2. 023. 3 14. 789(013. 789(042 
+ 023.031. 124. 789(012. 789(034 = 0, 
or, what b the same thing, 
234. 789(014. 789(023 314.789(ol3.789(o24 



023 031 

124. 789(012. 789(034 
012 



= 0, 
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or, making a slight change of form, the equation of the 
conic is 

423 . 789a>4 1 . 789a)23 43 1 . 789a>42 . 7896d3 1 



023 031 



412. 7890)43. 789o)12 ^ 
+ 0l2 <>• 

The equations of the other two conies are deduced by writing 
successively 5 and 6 in the place of 4 ; and the condition in 
order that the conies may have a remaining fourth point of 
intersection is 

423.7890)41, 431 .789a)42, 412.789a)43 =0. 
523.7890)51, 531.789a)52, 512.789(»53 
623.7890)61, 631.789q)62, 612.789o)63 

This equation, say o = 0, expresses the relation between the 
coordinates of the ten points 1, 2, 3, 4, 5, 6, 7, 8, 9, o), of the 
cubic Hence if 123456789o) denote the determinant 

^i% Vxi «i') yi\^ «>i) <yi) yiV) ^i^iS ^,yi") ^d y^ «i 

X,', &c. 

1234567890) must be a factor of 0, and a little consideration 
shows that the other factor which is of the order one ad 
regards the coordinates of each of the points 1, 2, 3, and of 
the order three as regards the coordmates of each of the 
points 7, 8, 9, o), must be of the form 123.789.78o).79o).89o). 
We must therefore have 

a =r s . 123 . 789 . 78o) . 79o) . 89o) . 123456789o), 

where the merely numerical factor e is, I believe, equal to 
+ 1 or else to — 1. 

In order to verify the factor 123.789.78o).79o).89o), ob- 
serving that the points 7, 8, 9, o) enter symmetrically, it 
will be sufficient to shew that 123, 789 are each of them 
factors of □, or, what is the same thing, that if 123 = 0, 
or if 789 = 0, then in either case a = 0. 

First, if 123 = 0, we may write 

y,=^yi+/*y,) 
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equations which give 

423 = \.421, 431 = X.421, &c., 

and the equation a = 0, thus becomes 

789a>41, 7890)42, 789a)43 =0, 

789o)51, 789a>52, 789a>53 

789q>61, 789a>62, 789ai63 

or, what is the same thing, 

7890)14, 789eo24, 789(»34 =0. 

7890)15, 789o)25, 789o)35 

789o)16, 789o)27, 789o)36 

Now if the terms in the same column are multiplied by 
7890)56, 789o)64, 789o)45 respectively and added, then for 
the first column the sum is 

789o)14 . 789o)56 + 789o)15 . 789o)64 -f 789o)16 . 789o)45, 

which is = 0, and the sums for the second and third columns 
are each s in the same manner : wherefore the determinant 
vanishes as it should do. 

Next, if 789 = 0, we have identically 

789o)4] =789.741.0)81.0)94 + 781.794.0)89.0)41, 

which when 789 = gives 

7890)41 = 781.794.0)89.0)41, 

and in like manner, 

789o)42 = 782 . 794 . o)89 . q)42, 

789o)43 = 783 . 794 . 0)89 . o)43, 

in which three equations 4 may be changed into 5 and 6 
successively. The equation a = thus becomes 
423.0)41, 431.0)42, 412.o)43 =0, 
523.0)51, 531. (»52, 512.0)53 
623.0)61, 631.0)62, 612.0)63 
or, what is the same thing, 

423.410), 421.4o)3, 42o).431 sQ, 
523.510), 521.5o)3, 52o).531 
623.610), 621.6o)3, 69o).631 

and since the sum of the terms in each line of the deter- 
minant b = 0, the determinant is as it should be =■ 0. 
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The foregoing equation 

412.789<»43, 423.789a>41, 431.789a>42 

512.789a>53, 523.789<»51, 531.789(ki52 

612.789a>63, 623.789o>61, 631.789a>62 

»8.123.789.78a>.79a)89a>.123456789ft», 

(since 412, 789a>43, &c, are interpretable fanctions of the coor- 
dinates) affords a geometrical interpretation of the equation 

123456789a> = 

between the coordinates of the ten points of the cubic ; but 
it would be more satisfactory if a similar identical equation 
could be found, havine on the right-hand side the function 
1234567890) without the irrelevant factor 

123.789.78a>.79a>.89a>. 

2, Stone Buildings, W.C, 
March 6th, 1862. 



ON M'CULLAGH'S PROPERTY OF A SELF-CONJUGATE 

TRIANGLE, AND SIR W. HAMILTON'S LAW OF 

FORCE FOR A BODY DESCRIBING 

A CONIC SECTION. 

Bj John Casst, Scholar of Trinity Collef^e, Dublin, and Scienee-Master, 
Kingstown Schools, Kingstown. 

T EMMA L I^t KEj DI be the polara of the points -4, J5, 
"^ (the reader can easily construct the figur^ with respect 
to any conic^ C its centre^ draw A Oj BH parallel to CB^ 
CAj respectively^ and intersecting 2)7, KH in the points (?, H. 
Then the rectangle AO.CB : AO.BHi: square of the semi^ 
diameter through B : square of the semi-diameter through A. 

Demonstration. Draw BL parallel to KH to meet AO 
in Lj aod produce KH to meet CB in M^ and AC to meet 
JDG. 

Now CL.CI=CA,CK^ each rectangle being equal to the 
square of the semi-diameter through A. 

Hence CI: CA :: CK: CL :: CM: CB\ 

therefore CI: AI: : CM : BM^ 

TOL. Y. Q* 
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and hence by similar triangles, 

CD I AG i: CK:£H; 

therefore AO. CB : BE. AC :: CD. CB : CK.AC^ 

that 18 :: square of the semi-diaraeter through B: square of 
semi-diameter through A. Q. e. d. 

Cor. This theorem becomes simplified in the case of 
the parabola. For the semi-diameters through the points 
B and A are equal and parallel since the centre is at infinitji 
and so also are CA and CB, hence AO = BH. 

Lemma II. In any conic section X {see fig. 18). If MN 
he the polar of a given point -4, and P any point on the curve^ 
AF a perpendicular on the tangent at P, PG the portion of 
the normal at P intercepted bettoeen the curve ana its axis^ 
and PM a perpendicular from P on MN. Then PM varies 
as the rectangle PG.AF. 

Demonstration. Draw PR parallel to AC^ and AE to 
CP, and CZr perpendicular to the tangent, and CQ on MN. 
Then since P is the polar of the tangent at P, and A of 
MNy we have from the demonstration of Lemma I.| 

PR I CNiiAE: CP. 

Hence from the similar triangles PRM^ CNQj and AFE^ 
CLP^ 

PM: CQ :: AFi CL :: AF.PG : CL.PG, 

but CQ is given, and so is CL.PG, being equal to the square 
of the semi-conjugate diameter, hence the proposition is 
evident. Q. E. d. 

The foregoing proof must be modified a little for the 
parabola. Thus (fig. 19), by similar triangles, 

AE:AF::PG: GN, 

{PN being perpendicular to the axis) but AE^ PR^ and 
GN=z half the latus rectum, and is given; therefore PR 
varies as PG.AF^ and PM evidently varies as PR^ hence 
PM varies as PG .AF. q. e. d. 

1. M'CuLLAaH's Theorem. If P^, P„ P, he the per^ 
pendiculars from the angles of a given seJf-conjugate triangle 
with respect to any given conic on any tangent to the conic^ 
and /?j, pg, Pj the perpendiculars from the point of contact on 
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the opposite »ides of the triangle, then the ratio ^ : ^^ 

is constant. " ^'^' 

This 18 evident from Lemma II. 

The foregoing theorem was discovered by the late lamented 
Professor M'CuTlagh of Trinity College, Dublin. He ar- 
nved at it from the known equation of a conic referred 
to the three sides of a self-conjugate triangle in a system 
of trilinear coordinates. 

^ 2. Sir W. Hamilton's Law of Force. If X be any 
given conic^ any point in its plane^ F a central force at 
which causes a material particle to describe X, then F varies 

as -J , where r is the radius vector from to the particle, 

anap the perpendicular from the particle to the polar of 0. 

Demonstration. Let P be the perpendicular from O 

on the tangent to the conic through the particle, and R 

the radius of curvature. Then by De Moivre's law of force. 
If jp ip •' ' 

-^=p5 -r ) and j-= p (Todhunter^s Differential Calculus, 

Art. 323); therefore ^=p5^* Now in any conic R varies 

as the cube of the normal, hence by Lemma II. the pro- 
position is evident. Q.e.d. 

The following are particular cases of the foregomg pro- 
position : 

1*. When the point is at the centre F varies directly 
as the radius vector. 

2\ When coincides with a focus, F varies inversely as 
the square of the radius vector. 

3'. When is at infinity, F varies inversely as the cube 
of the ordinate from the particle to the diameter conjugate to 
the line from the centre. 

Hence also the path of a particle attracted towards an 
infinite plane according to the inverse cube of its distance 
from the plane is a conic section. 

Model School, Kilkenny, 
July, 16, 1861. 
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ON A PROPERTY OF THE FUNDAMENTAL TRIANGLE 
IN TRILINEAR COORDINATES. 

By J. CoRBETT TuRNBULL, M.A., Trinity College, Cambridge, and 
Head Mathematical Maater of Cheltenham College. 

AD is the perpendicular from A on BG (fig. 20). DE^ 
DF perpendicular to -4(7, AB. Join FE^ and produce it 
to meet BG'm O. 

Let FE=a\ and let b\ c' be corresponding lines for the 
other perpendiculars of the triangle. 

Then if H, K be their intersections with J, c respectively, 
(?, H^ K will lie in the line whose equation is 

a cosec-4 + /8 cosec-B+ 7 cosec (7= ^-T^ . 

From similar triangles AFE^ ABO^ 
a' AF_AD^nB 
a" b ^ b * 

therefore a' = 2A. . 

a 

nt ■»/ ** A sin 5 

So y = 2A.-^, 

, _. sin (7 

c' = 2A. : 

c ' 

therefore a^sz^zsci 



therefore 



"* {abcf 



therefore a'=^". 

Now ^8 cosec-B + 7 cosec C= a' is the equation to EF^ 

aco8ec-4 + 7C08ec(7=ft' b\ 

acosec-4+/9co8ec5=c' c'; 

therefore the points of intersection of a\ b\ c' with a, J, c 
respectively, will lie in the line 

acosec-4+^cosec^+7COsec (7= , "^ . 

4;)rl/, 1862. 
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ON ABELIAN CUBICS AND ON SYMMETRICAL 
EQUATIONS. 

Bj James Cocklb. 

A PABT from Mr. Jerrard*s criticism of Legendre, there has 
been a conflict of authority on the subject of cubic 
and other abelians to which I have elsewhere* referred. 
And a passage of my concluding ^^ Notes on the Higher 
Algebra leaves the point touched on by Mr. Jerrard still 
undecided, for I have improperly assigned as a unique form 
that which is merely a variety of a particular species. The 
equation (Journal for October, 1861, p. 3) 

is susceptible of transformations of which the following is 
one. Multiply it into z* : the result, after easy substitutions 
and a change of its sign, may be made to take the form 

(ooTj" + Jx, + c) x/ + (ia;,* + ex,) «?, + ca?/ = 0, 

whence, after proper reductions, 

Now, in order that the. radical may become rational, we have 
the condition 

-12c'(y-4ac) = 46V, 

or 16c'(6'-3ac) = a, 

or, rejectmg c" =» 0, 

6'-3ac = 0. 

If this condition be satisfied the cubic is an abelian, and 
we have, moreover, 

_ c 4- fta?, 3c 4- 63?| 
^'" 2x; ^2a;/V(-3) 

oH-jr, 8(a + x,) h 

2 *2V(-3) *x,V(-3)' 

* Philoiophieal Magatin§ for December, 1849, pp. 437» 438; for 
June 1852, pp. 457 — 160; and see Art (90) pp. 327, 8, and Arts. (302) 
and (303) pp. 381, 3A2 of Mr. De Morgan's *" Calculus of Functions" 
in the Encyciopttdia MutropolUana, VoL II. of the Pure Sciences. 
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Let us for convenience put 

2^2* 2 2 ' 

0) and o)* being the unreal cube roots of unity. Also let 
us write 

and apply Abel's process. We have 

=-(«4)-^ 

= f3aj + 2a + -J = (3a; + a-'^a;)'; 
and following AbePs track, we should next find 

the three roots a;., a;,, and a;, being successively inserted in 
the expressions which follow 2. But there is a shorter route 
in the present case. Putting the given cubic under the 
reciprocal form 

1 ft 1 a 1 1 ^ 

X C X C X c ' 

multiplying it into V^ and introducing the relation 

6'-3ac = 0, 
we can reduce it to 



(| + «) + 3«J-«' = 0, 
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which determines y^x thus ; — 

•fa; = a* -3a J. 
Farther, 

/3a;' + 2ax* + bx\^ 

*-=( — ^ — ) 

and * = - g {a - V(:kx) - V(*x)} 

= - ^a + V(a'- 3ah) + 1 V{(o' - SoJ/}] . 

This second variety of what we may call the first species 
of abelian cubic is identical with the solvible form which 
I gave in the Cambridge Mathematical Journal^ for May, 
1841. For the first variety (in which a' - 36 = 0) we have 

^j: = ai(a + ^) + -^^, «'^ = «"(« + a^) - ^^jpg) i 
t4? = |(<» + tt)0a + (»-«0;^^^^ =0, 

*a: = |3a; + 2a - (« - o)*) ;^^(^}" 

= (3x+a)' = a"-27c. 

On referring to the reciprocal equation we see that the 
condition of its being an abelian of the first variety is 



(!)■-(")■ 



or J' = 3ac. 



Hence the cubic whose roots are the reciprocals of an abelian 
of the first variety is an abelian of the second variety ; and 
the cubic whose roots are the reciprocals of an abelian of 
the second variety is an abelian of the first variety. In the 
cases in which the first or the last coefficient of the Hessian 
vanishes we have abelian cubics of the first or the second 
variety respectively. 

A second species of abelian cubic is that considered by 
M. Serret in Note vil. of his Cours^ 2'°*. ed. M. Serret^s 

• See my third and concluding series of Notes on the Theory of 
Algebraic Equations in Vols. UI. — LV. of the Mechanic^ Magazine, 
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researches are based upon those of M. Lobatto, which are 
given in the Seizi^me ijegon of the Cours. The researches 
of M. Lobatto were, in their turn, founded upon, or suggested 
by,* those of James Lockhart and Professor J. R. Young. 
Ihe property which gave rise to the discussion is, that two 
roots of a cubic can always be expressed rationally in terms 
of the third root. Every cubic is therefore^ in one sense, 
an abelian ; but the difficulty is, that the obtamiug the actual 
value of the rational function, and indeed the demonstration 
that such a function exists, involves the solution of the given 
cubic. And the investigations of Weddle and of Heamf 
are, in strictness, only demonstrations of Lockhart'sJ theorem. 
The discussion which follows shows a priori^ and without 
any assumption as to the solution of the given cubic, that 
any root ot any cubic is a rational function of another root, 
and it moreover furnishes the means of ascertaining the 
precise form of the function. 

I shall first show that the square root of any linear 
function whatever of a root of a quadratic or a cubic can be 
expressed as a rational function of that root. This theorem 
is a branch of the more general inquiry, as to when it b 
possible to express a function 

'^x be a rational function of a root of an equation of 
any degree, as a rational function of that root. 

Let /r = jr*+aa? + J = 

be the quadratic, and m (a; + a) a linear function of a;, m 
and a being constants. Then 

V{w(a? + a)} = VW(aJ + a) + >/^} 

= V{^' + (Xa + m) a; + XJ + ma}, 

and the expressions under the radical sign will be a square, 
provided that 

4\ (Xi + ma) = (Xa + m)\ 

or (a* - 46) X" + 2m (a - 2a) X + m' = 0. 

* See the Note mr uns propriete relative aux raeines tPune cla$9» 
particuli^re d^eqtMiioni du troui^me degree par M. Lobatto, ProfcMeur 
de Math^matiques k TAcad^mie royale de Delft, printed in Liouvilie, 
for May, 1844; t. IX. pp. 177—190. 

t See Mathematician^ for November, 1845, Vol. TI., pp. 43, 44. 

X See Mathematician, for July, 1845, Vol. I., p. 334 ; for NoTember» 
1845, Vol II. p. 42. 
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Determlnnig X from this quadratic, we have 

V{m (x + a)} = X*i» + i (\*a + X"*wi), 

the dexter of which is a rational function of x. It may 
be noticed that anj rational function of x and its powersi 
X being the root of a quadratic, may be put under the form 
«i (a: + a). 

Perhaps the more general inauiry might not be unprofit* 
able, but I have as yet confinea myself to the case of the 
cubic, which yields the following result. 

From /j;=0 we readily find 

aa? + ix + c 
-a>= ^ 

^ X a!' Ac 



Vc\' 



or patting 



V2Vc x) 



^''-i^' 



Consequently 



4c 

V(^-')=a/(^+-S'+«-Q- 
Let 

and the preceding equation becomes 

^^A* + 2m-a+^-ar)=±(JEr+A) {A). 

Now ^ is a rational function of x^ and the arbitrary quantity 
A is to be a rational function of a; so determined that the 
expression under the radical shall be a linear function of x. 
But this last equation may be put under the form 

^|AV-2HrAi;-(a-^)jB»-a:^} = ±(fl+A)a? (B), 



VOL. V. 
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where the expression under the radical becomes, on re* 
ductioni 



Assume 



A = /8x + 7, hx=a*h + '^, 



then the last preceding quantity becomes, when developed 
and divided by x', 

(/3» - ?^) «• + Vc"* {2^7 Vc - 2a7 + /86 - V(c)} « + 7* - « 

it becomes 

V(0{2/97V(c)-27a+/3i-V(c)}^+7-a+^+2/9Vc-;^7, 
which we may write Fx + Q. 

Hence if we make 

^ 7Vc-aVc + j^ + 2i8c-57 

F ^ '2tiy Vc - 2a7 -Ybfi-^^c "^ 

where a is arbitrary, and determine 7 from this biqaadratiC| 
we arrive finally at the relation 

in other words we have expressed the radical V(^ + ot) ^ 
a rational fnnction of a?, ana of course the square root of 
any other linear function of a?, ex. gr.^ ^/{m(x•{'a)]^ where 
m and a are arbitrary constants, can be so expressed. 

In developing the expression under the radical sign in 
the sinister of (5), the operation is not lengthy. For, re- 
membering that the result is to be divided by a^, it will 

be found that - is the only power of x that will have to 
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be eliminated ; and this will onl^ happen once, if the operation 
be properly conducted. Thus in the substitutions given by 
the relations 

the sf is to remain untouched, and ultimately to be divided 
out. The final a? of the surd expression must also remain 
untouched : for if a substitution be made for it in terms 
of x^j Xj a, &c., we shall be led to a result of the form 

This illusory result arises from the substitution in question 
bringing back the quantity under the radical to a perfect 
square. On the other hand, if (which is the most direct, 
and probably the simplest, process) we substitute )3x + 7 
for A, in the expression under the radical sign in the sinister 
of (A)j then x* may be eliminated without giving rise to 
an illusory result. In either case we are lea to the same 
expression for a, viz. that given abovoi which, substitution 
bemg made for 7 in terms of /S*, becomes 

^^ c'/y4 8c*ff-2ici8'4-y-4flc ^ 
-P" 4(c*/8' + ic*i8-ac^-c) 

The value of a thus arrived at is not in general illusory, 
but 13 is determined as the root of a biquadratic Tno 
solution of the problem before us does not however require 
that of any subsidiary equation higher than a qaadratiC| 
for if we assume 

*-3*»+i8ap + 7, 

and substitute this value for h in the sinister of (A)^ the 
surd expresssion may be put under the form 

in which Jlf, P and Q are, in general, quadratic, though not 
homogeneous, functions of 3, ff and 7. Hence, by that 
general process which I have termed the ^' Method of Vanish- 
ing Groups," we may, without iiavmg recourse to Mr. 
Jerrard's Method of Decomposition, so determine 7 that 

if»0 
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shall be satisfied bj means of a linear relation (In which 
A and B are known quantities) 

»-A/3-B^0 

between $ and fi. Hence, eliminating 3, we shall be led to 

in which P and Q are quadratic functions of )3; and fi 
will be determined by a quadratic equation. 

It follows that the square root of anj rational function 
whatever, yjrx^ of a root, ^9 ^^ ^ cubic, can be expressed as 
a rational function of x. For let -^x^x'^ and form the 
transformee in x\ Then, by what precedes, V(^' + «Of 
a[ being arbitrary, can be expressed as a rational function 
of x\ and, consequently, of x. Let ol vanish and we have 
V(^0 or V(V^^) expressed as a rational function of x. 

It is not, however, in the case before us, necessary to 
have recourse to this transformation. For the sake of brevityi 
let a vanish, or 

/x = a?' + Jx + c = 0. 

Then from {/r, -/rj -r (x, - x) = 0, 

we deduce 

X W{(3x' + 4&)(x + a)} 
""2*2 V{-(^+a)} • 

But the numerator of the last term becomes on reduction 

V(3ax" + Jx + (4Ja - 3c)}, 

which is a rational function of x, provided that 

4. 3a (45a- 3c) + i', 

or 48Ja'-36ca = J\ 

Solve this*quadratic, and we have 

(h 9c'\ 



3c 1 //J ^ 9c'\ 
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and the well known quadratic radical makes its appearance. 
We have, moreover, 

=.? V(:±) ^"^"^^ 

^« 2* 3a • VC*+a)' 

But we know that »J(x + a) can be expressed as a rational 
function of x. Therefore x^ can be expressed as a rational 
function of x. In other words we have a theorem which 
seems to dispose of the point to which Mr. De Morgan has 
called attention, and on which Mr. Jerrard has made 
observations. The theorem is: — that one of the roots of 
a general cubic can, without assuming its solution known 
and without having to solve any equation higher than a 
quadratic, be expressed as a rational function of another 
root ; and consequently that a general cubic may be solved 
as an abelian equation. And this result is in accordance 
with the conclusion of M. Kronecker (see Serret's Cours^ 
2°**ed., Note xili., p. 564), that every equation of a prime 
degree>AA soluble algebraically is an abelian equation, when 
we regard as known a Quantity p, which itself is a root of 
an abelian* equation of the degree fi- 1. 

I subjoin in a footnotef another illustration of a process 
which I have here used, and which may possibly serve an 



* It has been noticed by Mr. De Morgan (Calculus of Functiofu^ 
Art (803), p. 382, col. 2), and it may be readily pro?ed, that every 
quadratic is an abelian. Let 

a^-tox + 6 = 

be a quadratic, and x and x, its roots. Then 

a rational function of x. And 

^x o - {a - (a + x)] B x, 

Abel's process applied to the above quadratic, and modified as in 
the text, gives 

V^j; = (« - exy= (a + 2x^y = a* - 46, 

whence « = - ^ ± - — ^ — - . 

So, if we take ar, « - = Ox, we have G^x = x, and we might thence 

X 

deduce the solution. 

t Given one of the trinomial forms of Mr. Jerrard 

«* + c** + a X 0, 
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ulterior ase in the theory of the surd transoendents of the 
integral calcalus. It has a certain connection with an 
apphcation of Mr. Gompertz's system of porismatization 
which I made to the theory of equations* (to the theory of 
absolutely impossible surd equations), and to the (attempted) 
geometrical representation of absolutely impossible quantity .f 
Another and most successful application of Mr. Gompertz's 
system was subsequently made oy Professor J. B. loun^:^ 
to the determination of the nature (real or unreal) of the 
roots of equations. 

ON SYMMETRICAL EQUATIONS. 

Let ^(a?„a:) = 

be a symmetrical relation connecting x^ and x. Then as we 
have seen {Journal for October, 1861, pp. 10, 11, footnote t) 
we may have, in such a case as 

i^(a^„aj) = a:.»4a:'-l=0 (1), 

the result a:, = ^a:, -^^x = x^ 

which follows from the symmetry of the equation F{x^^ «)=0, 

wehaTe 

yj{h* + 2m + ^ - *) - ± (J+ h) (a). 

Hence \/{(^)* + 2Jiy^ ^ iT " 4 ° * (-H-+ *)«• (ft), 

and if in this case we assume 

we may seek to proceed as in the instance given in the text, but 
expressing the square root of a certain function of a root as a rational 
function of that root. 

• Hora Alffebraica. See Mechanics* MagazxM for October 23, 1847 
(Vol. XLVII.. pp. 409, 410), and for February 19, 1848 (VoL XLVin., 
pp. 181— 183). 

t PhUoMophieal Magasine for February, 1849, Ser. 3, VoL XXXIT., 
pp. 132-135. 

X In the ** Analysis of Numerical Equations," which is the only one 
of his Tracts "On the General Principles of Analysis'* that has yet 
appeared. 
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and which, if it held generally, would be fatal not only to 
a theory of the (in general) transcendental functions which 
I have denoted by ^, but also to that of abelian equations. 
We know, however, that, n being prime and greater than 2| 
no two terms of the series of rational functions 

Xj TO, uXj ,,,6' X 

are equaL And yet we have the symmetrical relation 

F(0x^x) = O 

connecting Ox and x. The question is how to reconcile the 
apparently conflicting results. 

It is to be observed that when from 

F(x^^ x) = (/iu, -/r) -5- (a?, - ») = (2), 

we have found 

the equation 

F(i|r^, a?) = F (ay ^a) = 0, 

is satisfied identically, so that any process by which we 
should seek to deduce, universaUy, the equation 

xs^y^^xssy^^x 

would conduct us to a relation of the form 



^ = 0- 

It is trae that 

F(x,,x) = (3), 

may be supposed to be satisfied by either of the two systems 

but we cannot by combining the two (thus : 

conclude that, universally, ^ is a periodic function of the 
second order. When once we have made the substitution 
of ylrx for ^„ or of ^x, for x in (3), ^, or ^„ alike disappear 
from a result, which vanishes identically. And there are 
no grounds for establishing any such further connection be* 
tween x, and x^^ as the above combination implies. In the 
cases in which -^'4? = a?, such property can only be known 
a posteriori^ and by examining tne form of '^ or by reference 
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to the equation fx = 0, which, when its degree is even, admits 
of such a result as y^*x = x. 

Unless then the degree of the given equation /r=0 is 
even, we cannot in general have ^*a? = x. I have dwelt 
upon this point because we have seen {Journal for October, 
1861, pp. 5, 6) what a tendency there is in the equation 
^*x = ar (and in another inadmissible equation ^'4? = ^'x) to 
obtrude itself improperly into the processes. 

4, Pump Court, Temple, London, 
lifovember 28, 1861. 



ON THE THEORY OF QUINTICS. 

Pabt II. 

By the Rey. Robebt Haklet. 

[Part I. wiU be found at pp. 343^859 of Vol. iii.] 

T^ROM the last three equations in Art. 5, I inferred that ff 
can be expressed as a rational function of L and the 
coefficients of the trinomial eauation. The inference is 
erroneous; for Ms a 12-yaluea function, whereas is a 
120-valued function, and even /8^ is a 24-yalued function. 
It hence appears that fi cannot be expressed as a rational 
function of t^ and that, consequently, the sextic in t is not, 
as I was tempted to suppose, an Abelian. Misgivings on 
this point occurred to me in writing my paper, as will be 
seen on referring to the last paragraph of Art. 8. 

Mr. Cockle had previously committed a similar oversight : 
see Arts. 58, 59 of his "Observations on the Theory of 
Equations of the Fifth Degree," published in the Philosophical 
Magazine for July, 1859. Subsequently, however, m the 
same Journal (March, 1866) he corrected the oversight, 
and abandoned the idea of the algebraic solvibility of the 
quintic. 
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Some Remarks* by Mr. G. B. Jerrard on mv former 
Paper and on Mn Cockle's '^Observations" will be found 
in the Philoeophical Magazine for April, I860, and for January, 
1861. Some Notesf in reply by Mr. Cockle appeared in the 
same JournaL (See Numbers for May, 1860, and February, 
1861.) Into the discussion between these two mathematicians, 
so far as it relates to the validity of the processes emplovea 
by Mr. Jerrard, I do not wish at present to enter : I shall 
confine my attention here to those remarks which bear im* 
mediately upon my own Paper. 

Assuming that the sextia in t is capable of being solved 
by Abel's method, Mr. Jerrard notices that since, according 
to Art. 9 of my Paper, 

it follows that the roots of the trinomial equation must admit 
of being expressed by means of quadratic and cubic radicals 
only* He hence infers the existence of some error in my 
processes, for it is manifest that the general solution of the 
quintic (if such solution exists) must contain quintic radicals. 
But the error is not in the processes: these appear to be 
perfectly valid: the error is in the assumption that the 
sextic in f is an Abelian. That assumption is now proved 
to be false; and of course every conclusion which involves 
it must be fallacious. 

In Part I., I have dealt with one of the trinomial form 

to which the complete quintic can be reduced. That form 
enables us to deduce in a comparatively simple manner results 
which are perfectlv general. Such results would no doubt 
be more valuable if calculated for the complete quintic, and 
Mr. Cayley's process of seminvariancy affords, as I have 
elsewbere:^ shown, substantial aid in such calculations. But 
there are many results which, with all the help of that process, 
it would be difficult if not impracticable to obtain for the 
perfect form. 

I propose, therefore, again to make the above trinomial 

* <* Remarks on Mr. Harley't Paper on Quintics." By G. B. 
Jerrard, Esq. 

t '* Note on the Remarks of Mr. Jerrard." By James Cockle, Esq. 

I In a Paper entitled *< On the Method of Symmetric Products and 
on Certain Circular Functions connected with that Method," to be 
published shortly in the TramactionB of the Royal Society. 

VOL. v. R* 
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quintio the bams of calculation. And to this end the 
notation of Part I. and the numbering of its articles are 
here resumed. 

28. Since (Arts. 9, 10) 

we know that x can be expressed as a rational and intejB^l 
function of T^ and since T is the root of a quintic equatioui 
we are permitted to assume 

where a, J^, c, rf, 6 are functions of Q^ E. In Art. 1 1, 1 have 
given two expressions for x which are rational but not in- 
tegral with respect to T. Either of them might be rendered 
integral; for equating with 

01^ + 61" + 02^ + ^7+ 6, 

clearing of fractions^ and reducing by means of the quintio 
in Ty we are led to a quartic in T^ the coeflScients of which 
being equated to zero, furnish us with five simultaneous 
equations, linear in a, b^ c, d^ e^ and from which the several 
values, in terms of Q, E^ of these symbols might be obtained. 
But the same results may be arrived at more rapidly^ without 
the aid of the calculated value of x or the quintic m T, by 
the following method. 

24. We have 

= - Ooj* + 2J?, 
x'^a(Txy + bx(Txy'\'Cx\Txy^dx'iTa)^ex\ 

and thence we immediately deduce 

5Qj^^E^a(Q2f''2Ey 
^IxiQaf'-^Ey 
+ cx\Qx^-2Ey 
^dx\Qx^--2E) 
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Developing, redacioff by means of the trinomial eqnatioDi 
&C., we are condacted to 



-5 <yb ^nQBPb ^32QE'a +8 E'b +16 E^a 

-AQEc + 5 ^c +31^jE& - ^Ec ^ SQ^Ph 
+ «+2JEa+4^o +^JSi 

- 5 0*^ + -B 

-5 Q 

an equation which most be satisfied identicallj. Equating, 
therefore, the coefficients of the several powers of x to aserO| 
we find 

vhere, for shortness, 2> is written in place of 
so that 

+ (g' + 2».7l£0^2' 

- 2* (7' ^ + 2». 8'^ (J^E^. 

25. If we represent the roots of the sextic in <, vis., 
or «,, -<„ -«rt «4i ^» -*«> 
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hj the numerab I9 2, 3, 4, 5, 6 respeotivelj, and write 

- r= mn +pq + r5, 

wherOi for the moment, m, n, j), q, r, s represent the six 
roots 1, 2, 3, 4, 5, 6 taken in an undetermined or arbitrary 
order of succession, then — jT, or T^ may be regarded as the 
root of a 154c eouation (reducible to a auintic and a 10-ic), 
and its several yalues expressed as functions of the roots of 
the sextic in ^ are 

-7; = 13 + 25 + 46^ 

- 2; = 12 + 34 + 56 

- 7;= 14 + 26 + 35 ) (a), 

-7;=16 + 23 + 45 
-7;=15+24 + 86 

-r. =13 + 24 + 56 -2;, = l3 + 26 + 45 

- 7; =12 + 35 + 46 -r,, = 12 + 36 + 46 

-2; =14 + 23 + 66 - r„«14 + 25 + 36)—. (i8). 

-2; «16 + 25 + 34 -i;^«16 + 24 + 35 

-2;,= 16 + 26 + 34 -2;.=15 + 23 + 46^ 

The functions marked (a) are the several roots of the quintic 
in T, calculated in Art. 10. The several values of these 
functions in terms of the roots of the trinomial eouation 
are given in Art. 9. The corresponding values of the ten 
functions marked (/3) I now proceed to determine, 

26. By Art. 9, 

'■i^+'"i^4+ ^^•"fC^S, 34, l) + f(12, 34, 5) + f(15, 34, 2) 

= ijpjV + 3a?/x/ + ^1 v.ix 

+ xjffix^ - Zx^^^x^ - 2**, 

where 2 is the usual symmetric symbol applied to three 
roots x„ X., x^ only. But, since the second, third| and fifth 
terms of the quintio are wanting, we have 

x,x^fix ^ X* + «; + 2x^, (x; + X,') + 2x,'x; - 6 ^ («, + * J, 
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Hence, by sabstitution, we find 

and, since the sinister member of this equation 

therefore T^ = x^.^ (pt^ ^x^-^Q (a;, + a?J. 
So that, writing for shortness 

(fnn)^xjt^ (xJ^^rx^^^Q (x^ + xj, 

and deducing, bj the theory of interchanges, the other values 
of T, we have 

2; =(34), 2;. = (25), 
■ 3; =(45), T., = (13), 

7; =(35), r„ = (12), 
3'„=(14), r„*(23). 

27. It will be convenient now to calculate the equations 
for the sum and product (say s and p) of two roots of the 
quintic, and to express each of these quantities as a rational 
and integral function of the other. 

Let uie quintic be decomposed into a quadratic and a 
cubic; so that 

x*-5gx^+JS:=0 = (x*-«x+;>){x«+«x«+(*'.p)x+£^?^ 

^ - ^ + f 

and therefore 

a' ^Bs'p-dQs+p^^ (1), 

,y - J& -p» « (2). 

Then multiplying (I) into pj addbg (3) to the product, and 
dividing the result oy «, we find 

<p - 2«p* - 5^ - -B= (3). 

Next, combinbg (2) and (3) so as to express « as a rational 
function of p^ we are conducted to 

5Qp^ E'^p^'{'bQEp 
and the equation in j7 is, therefore. 
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Moreover, expressing « as a rational and integral function 
of ^, we have 

Again, combining (1) and (2) so as to express p as a rational 
function of 9, we find 

consequently the equation in s is 

and expressing j^ bs a rational and integral function of $f 
we have 

-^«'-2".3V^*-2*.8'C*«^ 
-2.3'.7CJS?V-2\3.151^-Ey 
+ (2*. 3\ 5 Q* + 18£«) «^ - 269 Q'JB'* 
-2*.3V^. 

28. 67 means of the relations just established we can 
express the roots of the 10-ic in T as rational and integ^ 
functions ots or p onlj. 

For, those roots (as we have shewn In Art. 26) are all 
Included in the formula 

(mn) -or^j?, {(x^ + x J' - 2^^4?J - 2C(x^ + Oi 
or, what Is the same thing, 

p(s^-2p)-2<2«, 
which| since 

-p'-/-3«>-5C«, 
is equal to 

2«*-6*>-120tf; 

and if In this expression we substitute for p^ and reduce bj 
means of the tO-ic in s^ there results the formula 

- 2». 3 V^* - (11^ + 2». SV) »* 
-151^^V-2'.3.15ig'iy 

-2^3C(JE' + 2.3.19^)«-2^3V-S^| 
which indades all the roots of the 10-Ic in T. 
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The corresponding formula In p is easily obtained ; for, 
since 

therefore T^Ezl^Es^p^ 

Employing Mr. Jerrard's ® process, or proceeding by elimi- 
nation, either of the above expressions for 7, combined 'with 
the equation in a or />, would enable us to calculate the 10-ic 
in 71 The labor however threatens to be very great, even 
with all the help which Mr. Cayley's tables would afford. 
I pass on therefore to discuss the properties in d and 7 (a, ^9 
hereafter defined) corresponding to those in i and T just 
recorded. 

29. In seeking to express the root of the trinomial 
equation as a rational and integral function of 7, it will be 
convenient first to find the corresponding expression in ^ 
(Art. 18). In order to this let us write 

"where a, by c, d^ e are functions of the parameters Q^ E. 



Then since 








/=-2^x'+3^ar*, 


we have, by substitution and reduction, as in Art 24, 

A . 


2*.3M3^£'a 


x*-3*J.i9(^Ea 


«•+ 3*.5»G"a 


- ^.5QE*a 


+ 2*.6.37 0'£*a 


-2*.3.6.59^^a 


- i.'S,\b(^Eb 


+ Z\5(3'b 


+ 2*£*a 


+ ^E*b 


- 2'. 59 Q'E'b 


+ %%\hzqtE^b 


+ 3'^c 


+ '^.hQE'c 


2*Xb(^Ec 


2Ed 


+ i<rd 


+ 2\3*.5 Q'E'a 


X- Z\h(iEa 


- S^.SlQ'E'a 


+ 2».3.109Q'£*a 


Z'C^M 


- 2*.3V5C^*6 


+ 2\5QE*b 


+ 2'3(2'-E'c 


rE'c 


+ « 


.» 


1 
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Whence, equating with zero the coefficients of the several 
powers of x in the dexter and resolving with respect to 
Oi &, 0, dy e^ we find 

c =-^ (3'.6.7*^- 2'.3M3.]81 (^'1!*+ 2».3.5.29 ^^ + 2*JE;0» 

rf=- -^ (3*.5'^- 2.3*.4673^»£' + 2*.3'.5.17.18l^'£* 

+ 2'.3M91 ^^ - 2*.6i:»'), 
e « i^(3».5'^ - 2'.3*.6.108^*-S* 

+ 2*.3*.667 (^*E* + 2\B\5'Q'E* - 2"jE:"), 
where for shortnesa D is written to place of 

(3*.47 Q" - 2*.3*.5.53 Q^E' + 2'.3*.371 ^'^ 
+ 2».3*.5 Q^E* - 2"JE") E\ 

80. Now, Binoe 
we have by an easy transformatioo, 

+ 6* (2*.3 (^E'a - 2».3 C^ + c) </ 

- 6" (2" g^^a - 2«.3 ^^i + 2«Cfij - rf) y 

+ 6" (2'V-E'a - a'C*^* + 2«^^c - 2*gfii+ «)}. 

And if we replace a, by &c bj their several ralaes found 
ii) the last article, we get 

I 

' 6"-eX3'.47 Q"-2*.3'.5.63 g"J?'+2».3'.37 1 g"JE«+2'.3'.5 (^E'~%^*E") 

X {3^(3*0'» -2'.3'.6g'^+ 2»£*)7* 

- 8.5'^^(3'.7 C" - 2«.3'.5'Q»^' + 2*.3\7£*) 7» 

- 3.6'-E' (3'.47 Q" - 2'.3M49 «'•-£' + 2».3.59 (j^E* - 2'^) •/ 
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- 3.5"g(3'.5*^- 2.3*.827C**J?' + 2\3M063^'JE* 

- 2*.3.433 ^^ + 2'JS;") 7 

+ 5"^^(3».5'.42 (?"• - 2«.3\3727 C"^" 

+ 2*.3*.2999 Q***^* - 2\3.139 ^"^ - 2^7iJ")}j 

an equation which corresponds to that In T given In Art. 24. 

31. If we represent the roots of the sextic In d by the 
numerals 1^ 2, 3, 4, 5, 6, and write (see Art. 25) 

aj = 13 + 24 + 56, ^8^ = 13 + 26 + 45, 

0,= 12 + 35 + 46, i8,= 12 + 36 + 45, 

a,= 14 + 23 + 56, i8, = 14 + 25+ 36, 

a,= 16 + 25 + 34, i8,= 16 + 24+ 35, 

0^=15 + 26 + 34, /8.= 15 + 23 + 46, 

we may regard a and fi as the roots of a 10-ic, and the 
coefficients of this 10-ic may be calculated In terms of the 
parameters Q^ E. We have already (Art. 15^ expressed 
7 as a function of x. Following the method mdicated in 
Art. 26, we are conducted to corresponding expressions for 
a and p. In effect, we have 

a. = 6'(r.'T,»4T,V + T.'T;)" 
= 5'{f(25, 34, l)}'+5»{f(12, 34, 5)}' + 5'{f(15, 34, 2)}» 
= b*[lQE-Z Qx,\' (*, + X,) - Ex^, (.r, + x,) - 12 (^x^z,]. " 

So that if we write 

[mn] =5n2 «^-3 (2x„V(*„4xJ-&„a;.(x^+ar J- 12 (^xjrjt, 

and deduce the other values of a and those of /3 by the 
doctrine of interchanges, we have 

a,= {34j, /3, = {251, 

«. = {«}, ^. = {13}, 

«,= U5}, /S.= {24}, 

«.= {14}, /S.= {23}. 

I may mention that these results are severally true for 
Mr. Cockle^s a and ^ functions, the patterns given at the 
head of the article being derived from his by the 6 Inter- 
VOL. V. s 
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cbanees indicated in the footnote under Art. 15. (See Mr. 
CSocIde's *' Obserrations," &c., Philosophical Magazine^ Supple- 
menty December, 1859.) 

32. The roots (a, ff) 6f the 10-ic are included in the 
formula 

5* (2 CJS?- 3 Qp'« - -^ - 2*.S (>"p), 
which since (Art. 27) 

-y=**-Sp«'-50*, 
b equivalent to 

5*{3C«*-3.5^tf'+2CJS: 

-(3'C«'+-2i+2".3eO/>); 
and if in this expression we substitute for p its value as a 
rational and integral function of $^ and reduce by means of 
the equation in »^ there results 

^^^3*^ {- 2».3'.5<2'&'+ (^-. 2*.3V) «• + 3.5^^V 

-Z(13^-2».3M81 (>'V-6<2'(5.7£'-2*.3Ml ^>» 
+ 8.6.269 (JtE's + QE(1^ + 2'.3Ml C*)}. 
The eqaivalent expression in p is 

-^tQiQp'-^Ep'- Z.S'Q'p'-^.SQ'Ep* 

- 2* QE*p* - E*p* - 2'.3.5 C^E'p + 2.5 (^E*). 

These formulas correspond to those given in Art 28 for 
the 10-ic in T. 

33. Comparing T* with y, we are conducted to some 
very interesting results. For, if we write T_^ in place of 

I4JL + I 

and refer to the formula for T, and 7, (Arts. 9, 15), we 
see at once that 

= ^4 2.5^71, 

« - 2£ar,» 4 3 ^ir,» 4 2* ^^4 2.5 ^ 7*., ; 
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imd ezpandiDg the BinUter memberi we findi after making 
the neceasaiy reductionS| 

In like maimer we have 

By the aid of the general formala in g^ g^ven in Art. 17, 
the e(]^aation in T^ may be caicolated without much labor ; 
for if m that formula we make 

as32*, 6=3-1, c=a-l, 
there results a quintic whose root is 

and the passage from this equation to the ouintic in T^ 
is effected by simply writing bQ^T^ for g. Making these 
substitutions, we find in fact, 

&'(^TJ - 5'Qt'ETJ+5'Q^TJ 

+ 6VJS;(ll^-2,19C')r^ 
--^^(^•-41C'^-19«G**)=0. 
The function T^ has ten other values corresponding to those 
of T^j T„ ••• 7^ . These values might be determined by a 
comparison of 2 with a and ; and any one of them being 
expressed as a rational and integral function of the sum («), 
or the product (p) only, of two roots of the trinomial, the 
10-ic might be calculated by processes employed in preceding 
articles. 

34. The results recorded in this paper, most of which 
were deduced shortly after the publication of Part. I., have 
been carefully verified by means of numerical examples; 
the particular equation 
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of which twe roots are unity and the others are given by 
the cubic 

was found in general to afford a good test. 

Mr. Cayley has calculated the reducing sextic in t^ or 
rather that in (t - t')*, for the complete quintic 

(a,J,c, d,€,/) (a:, 1) = 0, 

This sextic is found to take a remarkably simple form; it 
may in fact be regarded as a canonical in the theory of equa- 
tions of the fifth degree. Mr. Cayley has also calculated 
the valueS| in terms of x^ of the five combinations of the form 

where t^rsr — t'; and he has extended his researches on 
the subject to the corresponding properties of the quintic 
function 

(a,J,c,c?, e,/)(ar,yy. 

It now appears that for the determination of results for 
the complete quintic, the first of the two methods pointed 
out in the last article of Part I. is the more expeditious 
and effective; and that, in dealing with this form, Mr. 
Cayley 's seminvariant process, alluded to in the introduction 
to the present paper, affords immense assistance. 

Castle Hill House* Brighouse, Yorkshire, 
JtUyt 29, 1861. 



ON THE DISCONTINUITY OF THE INTRINSIC 
EQUATIONS TO CURVES. 

By William Walton, M.A., Trinity College. 

TN Dr. Whewell's second Memoirt on the Intrinsic Equation 

to a Curve, he says: 

" Scruples have been entertained by some of my readers 
as to whether we rightly suppose the portion of curve, added 
after reaching a cusp, to be negative. It has been said that 



* It is proper to notice that 
t = — — (t - t' 
t Camhridye Philosophical Tramactiom, Vol. IX., p. 150. 



' = 27(6) ("-''> = 27r5)^*' ('•-•«>• 
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every cusp may be conceived to be the remnant left by a 
loop when the breadth of the loop vanishes; and as in a 
looped curve the increment of the length of the arc coald 
nowhere become negative, it ought not to do so in the 
ultimate form of the looped curve. 

The views which I am disposed to entertain on this subject 
may be best exhibited by the discussion of one or two sugges- 
tive instances. 

I will commence with the consideration of the Cardioid| 
the polar equation to which is 

r=»a(l — cos^, 

and of which the form is exhibited in fig. 21. 

We have dscoBy^^dr=i^adcoB0 (1). 

Agam, tan^ = -^ = tan-, 

whence '^^nv + ^O (2). 

Also, by the geometryi 

4>^e^f (3). 

From (2) and (3), we have 

^ = J(* + 2nir) (4). 

From (1) and (2) we see that 

c&cos^ = -a</cos(2^- 2nTr) 

= -cKfcos2^ 

8 2aB\n2^d^j 

whence ds=iia sin ^(7^| 

tfsc- 4acos^ 

6 + 2fnr , ,.,. 
= c-4acosi--^ — , by (4), 

c being an arbitrary constant. 

When increases from +0 to 27r-0, nw-^^O increases 
from nw + to (n+l)w — 0: but -^ cannot lie without the 
limits + and 7r - 0, as is evident from the geometry : hence, 
by the equation (2), it appears that n=sO: thus the Intrinsic 
Equation to the Cardioid is 

<^ 
6 = c -4a cos- , 
o 
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while ranges from +0 to 27r — 0, and ^ accordingly, in 
virtue of the equations (2) and (3), ranges from + to Stt - 0. 
Putting 5 = when ^ « + 0, we see that c = 4a : hence, within 
the limits ^ = + and 4>^Zir — 0^yrt have, for the Intrinsic 
Equation to the Cardioid, 

»-4a(l-co.|). 

Next conceive to range from 27r + to 4ir - : th^, by 
the equation (2), '^ ranges from (n + 1) ir + to (n + 2) tt — : 
but, by the geometry, -^ is confined between the limits + 
and 7r - ; hence n s^ — 1 : consequently, while ranges from 
2ir + to 47r - 0, and accordingly ^ ranges from 2ir + to 
5ir - 0, the Intrinsic Equation to the curve is 

5 = c — 4acos-^— r — : 
o 

when 9:=2ir-0 and <^=:37r — 0. «=8a: this must also be 
the value of 5 whend = 27r + and ^ = 2Tr + 0: hencec=12a, 
and therefore, within the limits ^ = 2Tr + and ^ = 6Tr — 0, 
the Intrinsic Equation becomes 

« = 4a Ts - cos ^"Y" ) . 

When ranges from 4ir + to 6Tr — 0, n is e(][ual to —2, 
and <^ ranges from 47r -f to Tir - 0, and the Intnnsic Equa-* 
tion is 

. /. <^-4Tr\ 

5=B4a (5 — cos-^-— — J . 

Proceeding in the same way, we see that, when 4> ranges con- 
tinuously from 2 (n - 1) w + to (2n + 1) or - 0, the Intrinsic 
Equation will be 

M L * co8<&-2(n-l)7r) 
« = 4aj2n-l ^ ^—\. 

It is important to observe that, at the end of the first 
complete revolution of OP. ^ = 87r — 0; and that at the 
commencement of the second revolution of OP, ^ = 27r + 0. 
This shews that ^ is diminished by tt as P passes through 
the cusp. Owing to this discontinuity in the value of ^, the 
Intrinsic Equation to the curve, as might have been antici- 
pated by the nature of the case, is discontinuous. In other 
words, there is no such a thing as ^' an Intrinsic Equation *' 
to the curve : we ought in fact, with reference to the cusp, to 
speak of '^ the Intrinsic Equations " to the curve. In order 



Digitized by 



Google 



Intrinsic Equations to Curves. 263 

to render the geometrical conception of the loss of ir^ incarred 
by if> at the cusp, the more satisfactory, I have drawn in the 
figure a pectinated tangent to the curve, the arrow indicating 
the direction in which it is travelling round the curve, fi 
will be observed that the taugency takes place on the side 
of the tangent opposite to the teeth of the comb. Conceive 
the pectinated tangent to arrive again at the cusp. Just 
before it reaches the cusp, the teeth of the comb point 
upwards ; just after it passes it. the teeth point downwards. 
Attending to the direction of the arrow, it is evident that, 
in the passage of the pectinated tangent through the cusp, 
^ has been diminished m ma^itude by the amount ir. The 
instant ^ has been thus dimmished, the pectinated tangent 
has resumed the actual position which it occupied at the 
commencement of its progress from the cusp. The remarks 
which I have made on the subject of ^*8 sudden loss of it 
in the tangent's first transit through the cusp are of course 
equally applicable to all its subsequent transits. 

From what has been said above it is manifest that the 
portion of 5, e;enerated after reaching the cusp, can in no 
sense be regarded as negative. 

I will now proceed to the consideration of the Intrinsic 
Equation to the Cycloid. 

The equations to the curve are 

a:=a(l- cos^, y = a(d + sin^. 

Hence tan^ = tan — - — , 

and therefore tf+2<^ = (2n + l)ir (1). 

The Intrinsic Equation is 

«sc+4acos^, 

where c is a constant. 

When P (fig. 22) is at JF, fl = -«jr: let ir be the corre* 
spending value of ^ : then, by (1), ir = (2n + 1) tt, and there- 
fore n = 0. Moreover, there is no discontinuity in ^ as P 
passes from E to F. Hence, throughout the arc EAF^ 
n = ; the value of ^, as P passes from E to P, ranging 
continuously from tf to + 0. 

Next, let n= 1 : then the equation (1) becomes 

5+2<^ = 37r \ (2). 

The relation + 2^s7r belongs, as we have seen, to the 
arc EAF\ the relation (2) therefore must correspond to a 
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different arc of the curve. Sincei in considering the equa- 
tion (2), we must reject the value w — of ^, as belonging 
to the arc EAF^ let us suppose ^B^r + O, or that P has 
just passed through Fi then, hy ^), 2^=s2Tr-0, ^ = w — 0. 
Thus the transit of P through F changes ^ from +0 to 
7r-0: that is, the pectinated tangent commences its move- 
ment through the arc FBO in the very altitude which it 
E>ssessed at the beginning of its movement through EAF. 
ike remarks are applicable to all successive arcs: in the 
transit through each cusp, ^ is augmented by tt, in virtue 
of an opposite rotafion of the tangent ^ through two right 
angles. Thus the relation between 6 and 0, which oorre- 
aponds to the n^ arc, is 

e + 2^ = (2n-l)^. 

Thus the Intrinric Equation for the expression of the whole 
length of the arc from A to any point in the n^ arc is 

« = 4a {2 (n - 1) + cos^}, 
the value of 4> Ij^ng between it and 0. 

The view which I have taken of the Intrinsic Equation 
to the cycloid seems to be more satisfactory than that which 
Dr. Wbewell has adopted| and which supposes a change of 
sign in the successive arcs. 

(1) I escape the objection to which Dr. Whewell's view 
is subject on the ground that a cusp is a degenerate successor 
of a loop. 

(2) I give a geometrical interpretation to the multiple 
values of IT in the equation 9 + 20 = (2n + 1) ir. 

(3) The different altitudes of the pectinated tangent are 
disoiminated by my interpretation. 

(4^ In the analogous instance of the cusp in the cardioid, 
the discontinuity of ^ in a transit through the cusp seems to 
be incontrovertible. 
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ON LINES OP CURVATURE AND GEODESIC 
LINES. 

By Matthew I. Joyce, B.A., Fellow of Gonville and Caius College. 

IF in a plane curve an equilateral polygon be inscribedi 
we may suppose the curve to be made up of the middle 
points of the sides of the polygon taken consecutively, the 
sides produced to be tangents, and lines at right angles to 
them through their middle points to be normals ; suppositions 
which, though not absolutely true, are so in the limit when 
the sides of the polygon are indefinitely diminished. The 
circle of curvature at any point will then be the limit of 
that equilateral and equiangular polygon which has two 
consecutive sides or elements common with the original 
curve, and whose centre will therefore coincide with the 

Joint of intersection of two consecutive normals as previously 
efined. 
Similar suppositions may be adopted in the case of a 
curve of double curvature. Thus a normal plane will be 
a plane drawn through the middle point of an element 
perpendicular to it, a plane which passes through two con- 
secutive tangents will be an osculating plane, and the point 
of intersection of three consecutive normal planes will be 
the centre of a sphere on which a curve can be drawn 
having three consecutive elements common with the original 
curve, f.e., it will be the centre of spherical curvature. In 
the case of a curve drawn on the surface, the tangent plane 
corresponding to any particular element will be' a plane 
passing through it ana cutting the surface in a conic of 
which that element is a diameter; and a straight line, 
through the middle point of the element and centre of the 
conic, perpendicular to the plane of section, will be the 
correspondm^ normal. 

Let the Tine of intersection of two consecutive tangent 
planes be called the conjugate line. Then, if the normals to 
the surface at two consecutive points of the curve be equally 
inclined to the osculating plane which contains the corre- 
sponding elements, it is clear from symmetry that these 
elements will be equally inclined to the conjugate line ; and 
the acute angles which they make with it will be in the 
same or opposite directions, or, in other words, the angles 
VOL. Y. S* 
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which the same part of the conjagate line makes with the 
two elements will be equal or stipplementary, according as 
the normals lie on the same or different sides of the osculating 
plane. If the normals lie on the same side they will intersect, 
and the limit of the polygon will be the line of curvature ; 
if on different sides, then, when the several elements are in- 
definitely diminished, the normal at any point will ultimately 
lie in the osculating plane, and the limit of the polygon 
will be a geodesic line. The fundamental properly^ then, 
of those polygons which become in the limit lines of curvature 
is that the angles which any two consecutive elements make 
with the same part of the corresponding conjugate line are 
equal to each other ; and in those polygons which ultimately 
become geodesic lines^ the same angles are supplementary. 

Many propositions for the proofs of which it has hitherto 
been usual to have recourse to analysis will now follow from 
simple e^eometrical considerations. 

if the tangents to a line of curvature be all parallel to a 
fixed plancy i.e., if the curve be plane j the normals to the 
surface along it will make a constant angle with a fixed 
right line, and conversely. For the several elements being 
all equal, and each perpendicular to the corresponding normal, 
every two consecutive normals intersecting each other will 
be equally inclined to the plane of the curve. 

If the normals to the surface along a geodesic line be all 
parallel to a fixed plane^ then the tangents to the curve unll 
make a constant angle with a fixed right line^ and conversely. 
For the normals to the surface being all parallel to a fixed 
plane, a normal to that plane will be parallel to all the 
tangent planes and conjugate lines, which will therefore be 
parallel to one another, so that each element will be equally 
inclined to the two conjugate lines which it meets: and 
since, by the fundamental property of a geodesic line, every 
two consecdtive elements are equally inclined to the conjugate 
line which passes through their point of intersection, the 
several elements will make a constant angle with the normal 
to the fixed plane. 

If the intersection of any two surfaces be a line of curvature 
on both^ the surfaces will intersect throughout at a constant 
angle. For let ZA/, MN (fig. 23) be consecutive elements 
of the cui-ve of intersection. With centre M and radius 
ML or MN describe a sphere and let it meet the conjugate 
lines for the two surfaces in P and Q respectively, join 
PZ, PQ, PN, QLj and QN by arcs of great circles. Then 
since LMN is a line of curvature on either surface, the 
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arc PL IS equal to the arc PAT, and tbe arc QL to the arc 
QN] therefore, the arc FQ being common to the two 
spherical triangles PLQ and PNQj the angle PL Q is eqnol 
to the angle PNQ\ that is to say, if through any element 
of the curve of intersection of the two surfaces the tangent 
planes be drawn, the angle between them is constant. 

The same is also true for a geodesic line, but in this case 
the surfaces will either touch each other, or intersect in a 
right line. For let Lify MN (fig. 24) be consecutive elements 
of the curve of intersection, AIP the conjugate line for one 
surface; then the arcs PL, PN are supplementary, as are 
also the angles between ML^ MN and the conjugate line 
for the second surface, MQ suppose. If now the lines 
J/Zf, MPy and MN be not in one plane, t.6., if LMNhe not 
a right line, it is easily seen that the two conjugate lines 
must coincide and the surfaces touch each other, or else 
upon the same base, viz., the arc PQy and upon the same 
side of it, there would be two spherical triangles having 
their sides terminated in one extremity of the base equal 
to one another and also those terminated in the other ex- 
tremity. But if the elements LMj MN be in the same 
straight line, consecutive tangent planes to either surface 
coincide, and the surfaces intersect throughout at a constant 
angle. 

If two surfaces intersect throughout at a constant angle^ 
and the curve of intersection be a line of curvature on the one^ 
it will be a line of curvature on the other aho. For if LMN 
(fig. 25) be a line of curvature on the one surface and 
therefore the arcs PZ, PN equal, and the angles PLQ^ 
PNQ be also equal, then from symmetry the arcs QLj QN 
will be equal, and LMN will be a line of curvature on the 
second surface also. 

If two surfaces touch each other ^ and the curve of contact 
he a geodesic line on the one^ it will also be a geodesic line 
on the other. For all the tangent planes and therefore the 
conjugate lines for the two surfaces coincide. The case in 
which two surfaces intersect in a right line requires no 
consideration. 

It may not, perhaps, be unnecessary to remark that as 
we have always supposed it possible to draw a tangent 
plane to the surface through ever^ element of the curve 
traced on it, the reasoning employed m some of the preceding 
pronositions may not be applicable at a singular point. 

When a curve is drawn on an ellipsoid, let the central 
radios vector parallel to the tangent at any point be denoted 
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by d, and let p be the perpendicular from the centre on 
the tangent plane to the surface : then 

For all points of either a line of curvature or a geodesic 
line on an ellipsoid the product p,d is constant. For let 
LM^ MN (figs. 23 and 24) be consecutive elements of a 
curve traced on an ellipsoid, MP the corresponding conjugate 
line, then if LMN be a line of curvature or a geodesic line, 
the angles FML, PMN will be equal or supplementary. 
Let (fig. 25) be the centre of the ellipsoid, and through »i, 
the extremity of that central radius vector which is parallel to 
the conjugate line, draw a plane parallel to the osculating 
plane LMNj and therefore cutting the surface in a polygon 
similar and similarly situated to that in which it is cut by the 
osculating plane, because the sections of an eUipsoid made 
by parallel planes are similar and similarly situated ellipses ; 
t.e., the consecutive tan&^ents mZ, mn suppose, will be re- 
spectively parallel to ML and JAV, and therefore the angles 
Umlj Omn will be equal or supplementary. In either case 
the perpendiculars from on w/, mn^ produced if necessary, 
will be equal, and therefore, if a plane be drawn through 
the centre parallel to the tangent plane at any point of the 
original curve, the perpendicular from the centre on that 
tangent to the central section which is parallel to the tangent 
to the original curve will be of constant length. Call this 
perpendicular p\ Then p'pd is the volume of the enveloping 

Earallelopiped which is constant. But p' has been shewn to 
e constant, therefore pd is constant. 
If U, V be adjacent umbilici of an ellipsoid^ P a point on 
the surface such that the sum of the geodesic arcs Pu^ PV is 
constant^ then the locus of P is a line of curvature. The 
product pd is the same for all the tangents to the ellipsoid 
at an umbilicus, because at such a point the tangent plane 
is parallel to one of the central circular sections; and d^ 
as also />, is the same for both umbilici, therefore pd^ being 
constant along either geodesic arc, is at the pomt P the 
same for both, and therefore also d is the same for both; 
that is to say, at the point P the tangents to the two curves 
are parallel to equal diameters of the central section parallel 
to the tangent plane, and coincide with equal diameters of 
the indicating conic. Consequently, the bisector of the 
external angle between the two tangents, t.6., the tangent 
to the locus of P, coincides with an axis of the indicating 
conic, and is therefore a tangent to one of the lines of 
curvature through P. 
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GEOMETRICAL NOTES. 
By J. McDowell, B.A., F.R.A.S., Pembroke CoUege. 

THE main object of this paper is to give a simple geometrical 

proof of the following theorem : 

"The circle through the middle points of the sides of 
a triangle touches the inscribed circle and the three escribed 
circles." 

This theorem has not, I believe, been hitherto proved 
geometrically. An analytical proof of it and of some of the 
properties proved below will be found in " Nouvelles Annales 
de Math(5matiques," t. I, pp. 79-84 and 196-198. 

It has already been proved geometrically that the 
circle through the middle points of the sides also passes 
through the feet of the perpendiculars from the angles to 
the opposite sides of the triangle, and through the middle 
points of the segments of these perpendiculars towards the 
vertices, that its centre is at the middle point of the line 
joining the centre of the circumscribed circle to the in- 
tersection of the perpendiculars, and its radius half that of 
the circumscribed circle. 

These properties I shall assume. I shall also assume 
some other simple theorems which ought to be found in 
any elementary collection of geometrical principles. 

Their proof, by simple geometry, can present no difficulty 
to the reaaers of this Journal. 

Let B^ r be the radii of the circumscribed and inscribed 
circles of the triangle ABGy 0, (7 their centres (figs. 26 
and 27), and Pu the diameter perpendicular to BC. 

Draw O'iT, AE perpendicular to -BC; AX perpendicular 
to Puj and u F perpendicular to AB. 

By known geometrical theorems, 5F=half difference of 
sides AB, AC] AV=z half their sum ; and ££^= (Tm = (7m ; 
A0\(ru = 2Br] and therefore 00'*= 5'- 2iZr. Also the 
triangles AEL, (/HLy BuVj and AuX are easily seen to 
be similar, and angle BuV = Aux =i LC/H =s LAE =: ^ the 
difference of the angles B and C of the triangle ABC. 
DH:^BV. 

Hence DHiDEr.BV: AX. 

But BV: AX:: BaiuA by the similar triangles BuV 
and AuX] 
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therefore DH : DE :: Bu : uA= (Xu: uA 

(since (Xu i uL :: Au : (7u, 

and therefore (Xu : O'L :: Au : AC/) 

^LEiHE; 
therefore DH.HE^DE.LE (1). 

In fig. 27 BK is perpendicular to AC^ and meets the 
perpendicular AE in O, 

N is middle point o{ AG^ so that AN=NQ= OD^ and 
DN^R is the diameter of circle through middle points of 
the sides of triangle ABG^ M its centre, OM=MG. 

Produce NE until MQ = JVZ>, then it is easy to see that 
the triangles LO'H^nd EDQ are similar; therefore 

DEiEQx:H(y{^r)iLn] 

therefore DE.LH^r.EQ\ 

therefore by (1), r.EQ = DH.HE (2), 

add the rectangle r.NE to these equals, then 

rR^r.NE^DH.HE. (3). 

Again (TN' + DW = DH* 4 HE' + {NE^ r)« 

= DE'^2Dn.HE^NE''-2r.NE+f^ 

^E^--2DH.HE^2r.NE-Vr^ 

=:£'-25.r + r*by(3) 

= (5-r)«; 

therefore (XN^ + ffD' = (5 - r)* + r", 

but (7J^+(7i>« = 2Jf(r + 23fZ)« = 2if(r + iii', 

since DM^MN^^B] 

therefore ^B" + 2i£0'' = ^ - 2Br + 2r», 

and therefore 0'Jf=iB-r (4), 

and therefore the circle on the diameter DN touches the 
inscribed circle externally j the inscribed circle being entirely 
within it. 

Suppose now 0^ to be the centre of an escribed circlei 
and Tj its radius; by changing the sign of r in (4), we have 

(?,il/=i5 + r,; 
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therefore the circle through middle points of sides and the 
inscribed circle touch one another externally. Hence the 
theorem is proved, but as this last principle, viz., the change 
of r into — r„ is not recognized by Euclid, I shall proceed 
to give a legitimate geometrical proof that the circle with 
centre M and radius ^B also touches the three escribed 
circles. 

First I may remark that only one circle can be described 
through the points D and E^ touching the scribed incircle. 

For suppose HE less than HDj produce DE through E 
to a point F, such that DY.YE^ ZH'; the tangents from 
Y to the inscribed circle give the points of contact of the 
required circle, with the inscribed, but one of these points 
is Hy and the circle through i>, E^ and H is therefore innnite ; 
thus only one finite circle can be described through the points 
D and E to touch the inscribed circle. This circle is therefore 
the one with centre M and radius ^£. 

In fig. 27 take DS^ DH^ then S is the point of contact 
of the circle escribed to BC^ and L is clearly a centre of 
similitude of this escribed circle and the inscribed circle. 

By a known geometrical property, 

ED.DL^DH*^, 

therefore taking away DU from these equals, we have 

DL.LE^SL.LH', 

therefore also by another known geometrical property, the 
circle through D and touching the inscribed circle and the 
circle escribed to BC must also pass through E^ but by 
what has been just proved, this is the circle with centre M 
and radius \B. Q.E.D. 

Fig. 26. ^7«-57* = ^w«-5a' = ^tt'-£rO'*, 

that is, i (c + J)«-i(c- jy, or hc^^Aff.au^-ACT 

= 4^r + r'(«-a)* (5); 

therefore ah-^ac-^ lc=\2Br + 3r'+ (« - a)' + (« - J)*+ («-c)' 

= 125r + ar'-«* + a' + J' + c*, 
but a"-f J' + c' + 2 (aJ + oc + he) = 4fi"; 

therefore by adding these equals and dividing by 3, we have 

ah-k-ac-^-lc- LRr + r' + «' (6). 

Also, by a known theorem in geometry, 

ab-^-ac-Vhc^^B (i? + / + p'0) 



Digitized by 



Google 






272 Oeometncal Notes. 

where p, o', p" are the perpendiculars from the angles of 
the triangle ABC on the opposite sides ; therefore 

2B(;?+/ + p"-2r) = r' + «' (7), 

hence a* + J" + c' = 4«' - 2 (aJ -f oo + Jc) 

= 28' - 85r - 2r' (8). 

Fig. 27. u4(r + 0'(?« = 20W + 2GiV'' 
= 20'iV' + 202>', 
and 2(riV« + 22?^« = 2(2?-2Br. 

therefore ^(r+0'G' = 25'-4iZr + 2r*-22?i?^'4 20i)' 
= 4i?-45r4 2r'-ia«-i(J-c)'; 

therefore (r(7' = 4i?«-45r + r»-K-i(J-<')'-(«-«)'- 
Therefore by (5), 

= 42P + 4i?r + 3r«-i{(J + c)'-a«} + a(«-2a) 

= 4i? + 4^r + 3r'^«" (9> 

Also 0(?« = 2(yO' + 2(y(?«-40'Jf» 

= 2i?-4iZr + 8jB» + 85r + 6r«-2«'-(5-2ry 
«=95'+8Br + 2r'-25' (10). 

" Four circles are described, each self-conjugate with re- 
spect to one of the triangles formed by four straight lines 
in the same plane ; prove that the four circles have a common 
chord." (Set by the Rev. N. M. Ferrers for the Math. 
Tripos, 16th January, 1862.) 

Fig. 28. Let the four straight lines form the quadrilateral 
ABCD. Let x be the middle point of BB, v o( AC^ and 
z of EF] a?, y, z are known to be in a straight line. 

Draw AK perpendicular to EDj and DN to EA ; let 
these perpendiculars meet in H. 

The circle with centre ^ and (y9,A.y^KH.EA^DE.nN 
is obviously self-conjugate to the triangle ADE. 

Similarly find U- the centre of the circle self-conjugate 
to the triangle CDF. 

Because DxN and DxM are isosceles triangles ; therefore 

Ha?-xIP=DH.HN=:^(rfid.y of circle self-conj. to triangle ADE^ 

Ox'^xiP^DO.GM=(t2id.y CDF. 

But xN= xM= xB or Dx ; therefore 

Ex' - Ox' = (rad.)' of circle (E) - (rad.)' of circle ( G) j 
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therefore a? is a point on the radical axis of the two circles 
(H) and (^G) Similarly y can be shewn to be a point on 
their radical axis; therefore the straight line xyz is the 
radical axis of each of the six pairs of circles in the questioDi 
can be shewn to be the straight line xyz. Q. E. D. 

N.B. — Since the pole and its polar with respect to a 
real circle must be on the same side of the centre, It is 
clear that when the triangle .is obtuse-angled, its self-con- 
jugate circle is real and finite; when the triangle is right- 
angled, the self-conjugate circle degenerates into a point, 
viz. the vertex of the right angle, and when the triangle is 
acute-angled, the self-conjugate circle is altogether imaginary. 

The Perse Grammar School, 
January 28, 1862. 



DETERMINATION OP THE TRILINEAR EQUATION 
OP THE AXES OP A CONIC SECTION. 

By P. J. Henslet, B.A., Fellow of Christ's College, Cambridge. 

jfoK the notation used in this paper I must refer to a 
previous paper on the ^^Determination of the foci of 
a Conic Section." 

T . .V A. • , dP dP dP d'P d'P d'P 
Let the determinants j;^ ^ ob ' d^'^ d^' ' W d^ 

of equations (8) of that paper be denoted by Z7, F, W] 

ti, v, w. 

So that those equations may be written 

Let these be put in the form 

(Pa-i[7iO' + iJr(2i\*- IP) 
= (Pff -^VHy + iW (2Po - V) 

Or making 

ao _ ^0 _ To. _ ^ (IA\ 

P(a - aj« - Pa; + i^uE' = P(/3 - /9J' - P/S; + ^vH' 
VOL. y. T 
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Taking the different combinations of these eauations thej 
represent the three different rectangular byperbolasi whose 
asymptotes are parallel to the lines 

and which are concentric, having the point (a^, 13^^ 7^ for 
their common centre. 

The intersection of any two of these hyperbolas will give 
the foci ; in considering two of these it is evident from sym- 
metry, that if two branches of the two hyperbolas intersect 
in a point, their opposite branches will intersect in another 
point in the same straight line with the centre, and equi- 
distant from it ; and the conjugate hyperbolas will intersect 
in two points lying in the same straight line with the centre, 
and at the same distance from it as the former two; also 
the straight line joining these two points will be at right 
angles to the straight line joining the other two. 

The two former points are the two real foci, and the 
points of intersection of the impossible branches corresponding 
to the two latter are the two imaginary foci. 

Moreover it will be seen from the manner in which equa- 
tions (8) were obtained, that the point (a^, )9^, 7J is also 
the centre of the original conic. 

An axis of the conic section may therefore be obtained 
by joining the point (a^, 13^^ 7J with a point of intersection 
of two of the above hyperbolas. 

Let \, /i, V be directing ratios of such a line, p the 
distance between (a, yS^, 7J, and any point (a, ^, 7) on it ; 
80 that 



a-g, _ ^-/9, _ 7-7^ 



= /> 05). 



Therefore if (a, /8, 7) be the point of intersection of two 
of the hyperbolas, p must satisfy the equations 

P\y^Pa;-^iuW=P^y^Pfi*^lvH'=^IVp*^By,''^iwH^, 

and eliminating /9, we get as the condition connecting \i/jL;r 
in order that equations (15) may represent an axis 

Eliminating X, fi^ v from this by means of equations (15), 
we shall obtain the equation representing the axes. 
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If a , )9^, 7^ be eliminated by equations (14), the equation 
obtained is 

( 7- - W) (2Pa - UHy +(^W''-U') (2P0 - VEy 

= 2P(t; - w) (2 A - UHy + 2P {w - u) (2Pi9 - VH)* 

+ 2P(u - v) (2Py - TTif)' (16). 

The equation representing the two axes. 

In this equation the coefficient of H* in the left-hand 
member vanishes, and the whole equation may be divided 
by P; if this be done, and P put = 0, we obtain (after re- 
jecting the factor i7, denoting the axis at an infinite distance) 
the e(|uation giving the transverse axis of the conic section 
when It is a parabola. 

(F>- I7>) (2Z7a- uil) + (TF*- Z7') (2Fi8- viT) 

+ (i7'-F')(2Tr7-t£;iy)=0 (17). 



ON THE CONICS WHICH PASS THROUGH THE FOUR 
FOCI OF A GIVEN CONIC. 

By A. Catlet. 

rPHE foci of a conic are the points of intersection of the 
tangents through the circular points at infinit;^; the 
pair of tangents through each of the circular points at 
infinity is a conic through the four foci ; and we have thus 
two conies P=0, Q = passing througn the four foci; the 
equation of any other conic through the four foci is of 
course P+\Q = 0; and in particular if X be suitably deter- 
mined this eauation gives the axes of the conic. 

I was led to develope the solution, in seeking to obtain 
the elegant formulas given in Mr. P. J. Hensley's paper 
"Determination of the foci of the conic section expressed 
by trilinear coordinates," Journal^ t. V., pp. 177 — 183, 
(March, 1862). 

I take the coordinates to be proportionate to the per« 
pendicular distances of the point from the sides of the funda- 
mental triangle, each distance divided by the perpendicular 
distance of the side from the opposite angle. This being so, 
the equation of the line infinity is 

a? -f y + « s= 0. 



Digitized by 



Google 



276 On the Comes whteh pass through 

And, a, )9, 7 denoting the sides of the fiindamental tri- 
angle, the equation of the circle circumscribed about the 
triangle is 

a* ff V 

X y z 

The foregoing two equations determine the circular points at 
infinity ; and if (a?„ y , z^ are the coordinateSy there is no 
difficulty in obtaining tne system of values 

*i*yi • ^1= " « :i9(cosO+tsin(7) : 7(cos5-tsin5) 

s=a(cos (7-t sin 0) : - ^ : 7(cos^ + 1 sin^) 

=a(co8 5+1 sin£) : P (cos^ - 1 sin-4) : — 7, 

where as usual t = V(- 1), and where -4, B. C denote the 
angles of the triangle, so that the cosines and sines of these 
angles denote given functions of a, ^, 7. The coordinates 
(x„ y,, z^ of the other circular point at infinity are of course 
obtained by merely writing — % for t. We* find also 

= -a' : -.)8' : - 7« : /S' + ^-a' : 7» + a«-i8' : a' + ^S'- 7*, 

which are the formula chiefly made use of in the sequel. 
Suppose now that the equation of the conic is 

£7=(a,J,c,/,<7,A)(x,y,«)'=0. 

Then putting for a moment 

U^ = (a, h, cj, g, h) (x^, y„ z;)% 

W^ = (a, b, c,/, g, h) (x, y, z) (x^, y„ «,), 

and the like as regards Z7, and W^] the tangents from the 
points (j-j, y„ z^) and (a?„ y„ «,) respectively are 

which are respectively pairs of lines intersecting in the four 
foci. And it is moreover clear that the equation of the 
axes is 

The foregoing equations may be written 

(«, », «, iF, (5, ») (y2^^ - y^z, zx, - «,a?, ay, - x^yY^O, 
(«, », e, fi^ (5, V^){yz^-y,z^ «^,-«,a?, ay,-aj^)*=0, 

where (^, 1^, ®, ;ff, G, |l?) are the inverse system of coefficients. 
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These may be written 

(a, b, c, f, g, h) (a?j, y^, «J'=i 0, 
(a, b, c, f, g, h) (a?„ y„ «J' = 0, 
where a, b, c^ f, g, h are qaadric functioos of x, y^ z^ viz. 
asl^ + ^y' -2JFyz, 
b = ex* + «l«* - 2i&zx^ 

f = - »y« - dF«' + ffiay + ?^a», 

g = - »«jj - ©y" + »y« + iFy-c, 

bsx-exy-)9^' + :^isx + ®«yi 
and this being so, I combine the two equations as follows: 
ar/ (a, ...) (x„ y„ «J«+ a:^' (a, ...) (or,, y„ «^* = 0, 
y," M +yi' II =-0, 

*f II +*i II =^i 

yA(ai -OC^pyn 0"+yA(ai -OC^tiy,, O'=o, 

«A II +«i^. II «0, 

a^.y. w -*^«iy. II -0, 

anj one of which is the equation of a conic passing through 
the four foci ; the current coordinates being always (x^ y, z). 
The first of these equations is 

a (- 2x,\^ + b (x.V + ^1 V) + c (a:.V + ^^t V) 
+2f(<yi«,+^,V.)+2g(a?;«.x.+a:>,ar,)42h(a?;a?,y,+a?>,y,^^ 

where the quantities multiplied by a, b, &c. are all of them 
easily expressible in terms of ar,a?,, y^y^^ zz^^ yA + yi^ii 
«i«,4«^,i i^^iyt + ^tyn ^l^ich are respectively proportional 
to given functions of (a, 0j 7) ; and replacing for a, b, &c* 
their values, the equation is 

(»a' + <rx'-2;^y«).2a* 

+ («*• + ay - 2«M:).(a* + /S" - 7*)' - 2a»/8'. 

+ (V + »•*• - mxyUr/ + a' - /SO* - 2ya'. 

4 2(-»«:-«y' + l9y« + ;ffya;).-a"(7' + a"-)30 
+ 2(-.exy-?^«' + 5«x + ffi«y).-a'(a' + i8*-70 = 0. 
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Now patting for shortness 

D = a* 4 /3* + 7* - 2/8*7* - 27V - 2a'/9*, 

so that — D is equal to sixteen times the sanare of the area 
of the fundamental triangle, the coefficijent of x* is 

= »(d +2a'7") + «(a +2a*/S')-2JFll □ -a''(/8'+7'-a% 

which is 

= (» + ffi + 2dF) D + 2a*{»7» + ©/8* + ^(/8' + 7*-a*)}. 

And reducing in a similar manner the other coefficients, the 
equation is 

D{(»+e+2iF)x»+«(y+«)''-2(?^+<K)a;(y+«)} + 2«'0=O, 
where for shortness 
0= a;*.B7'+®/8' + ;f (y8' + 7*-o*) 
+ y.ea' + «7' +<K (7» + a* -y30 
+ «'.«/8»+»a' + »(a'4/3'-7*) 
+ yz.- 2iFa* + a(;8'+7'-a') -?^(7'+a'-/3')-ffi(a'+/3'-7') 
+ ex.- 2<!B/8'-»(/8»+7'-a'')+»(7"'+a*-/9')-iF(«*+/3'-7') 
4xy.-2?^»-ffi(/8'+7'-a')-;f(7*+«*-/9')+«(«*+/S*-7'), 
or, what is the same thing, the equation is 
D {(« + » + e + 2;f + 2ffi + 2ft)a!'' 

-2(« + 1^ + G)a!(a!+y + ») + «(a; + y + e)'l+2a'0=O> 
or putting for shortness 

a + » + e + 2dF + 2(E + 2l^ = iP, 
»+?^ + <K =1, 

»+» + iP =iw, 

so that in fact 

the equation is 

D {iPj!» - 2llx (ar + y + «) + « (jr + y + «)'}+ 20*0 = 0. 
The equation with y,e„ y,«, is in a similar manner found to be 
D{dFx'-(a + <5)y»-(» + »)«'+(« + 2iF + <K + ??)ya 
+ (-»_|l? + iF)2X + (-<!r-<!5 + dF)a;y}-(/3'+7'-«'')0 = O. 
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or, what is the same thing, 

D [{« + » + e + 2iF + 2(K + 2») yz 
-{(ffi + iP+©)y + (» + » + JF)«}(« + y + «) 
+ iF (oj + y + «) «J - (/S* + 7* - a'j = 0, 
or, finallji 

Hence the entire system of equations is 

D {V^r' -2llar (ar+y+«) +« {x-^-jf^zY}^ 2a'0 = 0, 

D {W -2^y(ar+y+«) + W (x+y+«)*}+ 2^0 = 0, 

D {W -20Z (^+y+«) + C (^+y+«)'l+ 27*0 = 0, 

□ {%«- (*y + iWz)(ar+y+«) +iF (^+y+«)'}-(i8'+7'-a')0=O, 

D {iP«aj- (Iz + 0z) (^+y4«) + CR (x+y+«)'}-(7«+a'-i8')0=O, 

D{»^-(^ir+lly) (ar+y+«)+»(^+y+iE?ri-(a''+/8'-7«)0=O, 

which are the equations of six conies, each of them passing 
through the four loci. 

From the first three of these we have 

^.{iPx'-2ll4; (x + y + «) + a(x + y + iE?n 
= ;gi{»y'-2i»y(x + y + i5) + »(x + y+^)'} 

^^{W-2^x (aj+y+iE?) + ffi(aj + y+«)"}, 

which, allowing for the difference of notation, are Mr. Hensley's 
equations ; it appears by his investigation that their geome- 
tncai sie^nification is as follows: viz., if for shortness we 
denote the equations by 

then if we consider the tangents parallel to the x-side of the 
fundamental triangle, and the tangents parallel to the y-side 
of the fundamental triangle, the equation A=:B ia the locus 
of a point such that the feet of the nerpendiculars let fall from 
it on the four tangents lie in a circle. And similarly for the 
equations -4 = (7, -B= C 

If we multiply the six equations by 1, 1, 1, 2, 2, 2 and 
add, we obtain the identical equation = 0; if we multiply 
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them bj a, h^ o, 2/, 2^, 2h and add, then, after sorne easy 
reductions, we obtain for the equation of a new conic passing 
through the four foci 

D [T»U-\' iir(a? + y + zy] + 2S® - 0, 
where 

K is the discriminant abc -af — bg* — cV + ^fgh^ and 

iS-aaVi/y+C7'-/(^+7'-a')-i7(7'+«-/3')-A(a«+^'-7'), 
or, what is the same thing, 

It would be interesting to ascertain the geometrical significa- 
tions of the six conies and of .the last mentioned new conic 

2, Stone Buildings, W.C., 
March Idth, 1862. 



GEOMETRICAL INVESTIGATIONS. 
By J. McDowell, B.A., F.R.A.S., Pembroke College, Cambridge. 

1. TF the quadrilateral ABGD (tig. 29) be circumscribable 

by a circle and the parallelogram DFBE be com- 
pleted, prove that 

AB.BF-^CB.BE^Biy. 

Draw Fx and Ey so that the quadrilaterals AFxD and DyEG 
mav be each circumscribable by a circle, then evidently Fa 
ana Ey are parallel, and therefore Bx = Dy, Also 

AB.BF^DB.Bx and CB.BE^ DB.By ^ DB.Dx\ 

therefore AB.BF+ CB.BE^^DB.Bx-hDB.Bx^DB*. 

g.E.D. 

2. If OFAE (fig. 30) be a parallelogram, prove that 

BA.AF-^- CA.AE^Aa^BO.Oa 

Describe a circle about the triangle ABC and produce AO 
to meet it in D. Join DB^ DC^ and draw Fxy Ey so that 
the quadrilaterals BFxD and CEyd may be circumscribable 
by circles. 
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Then Fx and Ey are parallel, and therefore Ay^Ox] 
therefore 

BA. AF^DA. Ax SLXidi CA.AE=-DA.Ay^DA.Ox^ 

therefore 

BA.AF-{-CA.AE^DA.Ax-{-DA.Ox^DA.AO, 

^AO'-^AO.OD, 

=^Aa + BO.OC. 

Q.E.D. 

3. If OFAE (fig. 31) be a parallelogram, prove that 

BA.AFi- CA.AE^DA.AO = A(y + 

rectangle under segments of chord through (7, of circle 
circumscribing the triangle ABC. 

Making the same construction as in (2) we have similarlj 

BA.AF-^- CA.AE^DA.AO. 

Q.E.D. 

N.B. Theorem (1) is evidently only a particular case 
of this one. 

4. If three parallels to the sides of a triangle be drawn 
through any pomt in its plane and meeting each two sides 
of the triangle, the sum of the three rectangles under their 
segments is equal to the rectangle under tne segments of 
a chord of the circumscribing circle drawn through the 
same point. 

Let LM^ PR, QS (fig. 32) be the three parallels to the 
sides of the triangle ABCy drawn through 0» 

By (3) BA.AS-i-CA.AB==AO' + AO.OG, 

and the first side of this equality 

^{PO.OR + LA.AS)'{-{QO.OS'\-MA.AB) 
= PO.OR+ Q0.08 + LO.OM+ OA' hj {2)', 

therefore LO.OM+PO.OB^ Q0.08=A0.0a. 

Q.E.D, 

Cor. Hence, if the sum of the three rectangles be constant 
(= £^), and if o denote the distance of from the centre 
of the circumscribed circle, we have obviously 

^(?.0(?=i?-8',thatisir = i?>S*; 

VOL. V. T* 
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therefore the locus of is a circle concentric with the cir- 
cumscribiDg circle and whose (rad)* = ^ *>. S*. 

N.B. If be not within the triangle ABC (fig. 33), 
then it is proved similarly that 

LO.OM^PO.OR-QO.OS^AO.OO, 

bat the enunciation in (4) embraces this case also, hj 
considering the segments 1^0 and QO negative, and this 
remark is applicable to similar cases throughout this paper. 

5. If the quadrilateral ^^(7i) (fig. 34^ be circumscribable 
by a circle, and OH and FE be drawn through any point O 
parallel to any two adjacent sides BG and BA ; prove that 
(70. 0-£r+J?O.Oi^= rectangle under segments of chord of 
circumscribing circle through 0. 

Praw mS^ and KL parallel to the other two sides AD 
and DO oi the quadrilateral. Therefore 

FO.OE^BO.MA^^AB.BG^OB.BM, 

GO.OH^BF.CK^ CB.BF^FB.BK; 

therefore 

a O.OS-^FO. 0E= {AB.BG^ CB.BF) -( GB.BM-\^FB.BK\ 

but ^5. 5(7 + 05. £F= 5(7 + rectangle under segments of 
chord through (by 3), since GBFO is a parallelogram 
with an angle coinciding with an angle of triangle ABG^ 
and GB.BM-^FB.BK^BO" by (1), since MBKO is 
clearly circumscribable by a circle, and GBFO is a parallelo- 
gram. 

Hence 00. 05^+2^0.0^= rectangle under segments of 
chord through 0. q.e.d. 

The following theorem, due to the Rev. H. Holditch, M.A., 
President of Gonville and Caius College, is now easily proved. 

6. The locus of a point in the plane of a quadrilateral 
capable of being circumscribed by a circle, such that, if four 
parallels be drawn through it to each side of the quadrilateral 
and meeting the two sides respectively adjacent, the sum of 
the four rectangles under their segments shall be constant, 
(^K*) is a concentric circle with (radius)* sjE'-^^jK'*, where 
B is the radius of the circumscribing circle. 

Using the figure in (5) we have, by (5), the sum of the 
rectangles, viz., K\^ twice rectangle under segments of 
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chord through = 2 (i?* '^ S*), where 8= distance of from 
centre of circumscribed circle ; 

therefore 8* = ^-iJr*. 

Q.E.D. 
The Perse School, 

Majf B, 1862. 



P.S. I subjoin Mr. Holditch's proof of theorem (6), with 
bis permission : 

If a straight line be drawn through a point parallel to 
a. side of a quadrilateral which may be circumscribed by a 
circle and cutting the adjacent sides in E, F (fig. 35) ; then 
if EO. 0F-{- the three other similar quantities be constant, 
the locus of is a circle. 

Proof. Let y = a,a5 + Jj be the equation to side 2 from 
anj origin. 

Xy Y the coordinates of 0. 

a^j y^ coordinates measured from ; 

therefore » = X+ a?^ and y = ?*+ yj, 

y,+ r=a,(X+a?^) + J, or if 5, = a,Z+J,- F; 

y. = ajc + B is the equation to side 2 measured from Of 

z> 

but yj = a^x^ is equation to EF] therefore x^ = — *— is 

Oi — a^ 

coordinate of F. and so *— is that of E. and as these 

are of opposite signs when is within the quadrilateral| 

(«i-a,)-(««-«i) 
^ (a.Z + ft. - r).faZ + h- Y).{\ + a.Q.Ca. - a.).(a. - a«) . 
(«i-o.)(«.-«,)(«t-««)K-«u) ' 

and if K be the sum of the four products 

(a.X4 K-Y) (a,X + b, - r).(l + o,').(«. - a.).(a. - aj 
+ the three others = (a, - a J . (a, - o J . (<t, - o J . (a^ - a,) . ^, 
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or, if a, = tan^„ 

(X8iii-4, + J,co8-4,— FcoB-4,).(X8ln-4^ + J^co8-4^— Fco8-4^ 
X sin (-4, - ^ J . 8in {A^ — -4 J + three other terms 
= 8in(-4j — -4,). 8in(-4, — A^ . 8in(^, — A^. 8in(-4^— -4^) . K^ 
where -4, — -4^ + J^ — J , = w. 

Advancing the dashes by two steps, the sum of the first 
and third terms 

= (X8in-4,+J, C08-4, - Fees -4J.(X sin -4^4 J4 cos^^— Feos^^ 

X {8in(.4, - ^ J.8in(^, - -4 J + sin {A^ - ^,).8in(^, --4,)}, 

but 8in(^^--4^) = sin {A-A^^ and mi{A^—A^ sin {A^—A^ ; 

therefore first and third terms 

=(Xsin-4,+J, cos-4,— Fcos-4^.(Xsin-4^-f54 cos^^- Fcos-4J 

X 2 sin (-4, - A^. 8in(-4j- -4^), 

and advancing a step, the sum of the second and fourth terms 

s=(Z 8in-4 j+ \ C08-4, — Y co8-4 J {X sin -4^ + J, cos-4 j— Fcos A^ 

X 2 sin(^,--4J.8in(-4^--4^), 

and adding and dividing bj 

2 sin (-4j — -4 J . sin (A^ — -4^), 

(X sin ^,+6, cos -4,- F cos-4,) (X sin ^^-f- J^ cos J^- F co8-4 J 
+ {X sin -4g+i, cos -4,- F cos-4j) (X sin -4^+ Jj cos-4^- Fcos J 

= 8in(J, - ^,),sid(^,-. ^,). - . 
« 
The coefficient of ZF= - sin (J, + -4 J - sin {A^ + ^ J = 0. 

That of X*= sin .4, 8in-4^+ sin-4j sin J, 

= sin -4,. sin (A^ — -^i — -^J + sin A^ sin-4j 

= i cos(-4, - ^j) - i cos (24, - ^, - ^J 

= - sin (^, - ^,) . sin {A^ - ^ J, 

and the coefficient of F' is the same, and therefore the 
locus of is a circle. The coefficient of 

X= Jj co3-4j sin -43 -f J, cos 4, sin -4^+ h^ cos^, sinJ^ 

+ 1^ cos J^ sin -4 J,, 
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coefficient of 

F= - Jj cosA^ cosA^ - 5, co8-4, cob-4^ - J, co8-4, cos^^ 

— J^C08-4^C08-4,, 

and the constant on the left side 

= bjk^ cos -4 J cos -4^ + 5jJ, cos J^ cos -4,. 

If now the side 1 be made the axis of x^ and the inter- 
section of the first and fourth sides the origin, a^, b^^ b^^ A^ 
vanish, and the eqaation is 

(X* + r*) sin^,.8in(^,- ^,) + J, cos J, sin^.^X 

— (5, cos^, cosJ^ + J, C08-4J F= — sin-4,. sin (-4, — -4J . — . 

Let ^0=J, ^j5=c, (fig. 36) and angle 045=^=^ --ir, 
JB and C being the angles of the triangle ABC^ and the 
eqaation easily becomes 

a circle whose centre is that of the circumscribing circle 
and its radius ^A/i^^'^ji ^^^ ^ *^ ^^^ terms of the 

quadrilateral disappear, the locus is the same for every quad- 
rilateral inscribed in the circle. 



ON CERTAIN RELATIONS BETWEEN THE TANGENT 

PLANES AND RADII OF THE WAVE-SURFACE 

AND THE ELLIPSOID OF CONSTRUCTION. 

By William Walton, M.A., Trinity College. 

poNCEiVE two conjugate plane waves to be traversing a 
biaxal crystal : draw two tangent planes to the ellipsoid 
of construction, parallel respectively to their two planes 
of polarization. I proceed to establish the three following 
theorems : 

(1) The velocities of the two tangent planes of the 
ellipsoid are equal respectively to the velocities of the two 
waves. 
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(2) The velocities of the two radii of contact of the 
ellipsoid are equal respectively to the velocities of the two 
rays. 

^3) The radius of either point of contact is a semi-axis 
of tne centric plane section of the ellipsoid| taken at right 
angles to the direction of the corresponding ray. 

Let Oy ^1 7 be the direction- cosines of either plane of 
polarization. Then, by a known proposition, the velocity of 
the corresponding wave is equal to 

But the distance of the centre of the ellipsoid of construction 
from a tangent plane of which o^ )3, 7 are the direction-cosines 
is, by a known property of ellipsoids, also equal to 

(aV + i'/y + cV)*. 

The theorem (1) is therefore true. 

Again, the equation to the tangent plane to the ellipsoid is 

(Uj + /3y + 7« = (aV + y/8' + c"/)*; 
but its equation is also 

xx' yrf ^^ _^ 

where a/, y^, t!^ are the coordinates of the point of contact. 
Hence 

/ f 1 . vtcA . t x\\ ^'« ^^ c'7 
(aV + 6'^ + c'7^* = ^ = --^ = — ' . 

Hence, / being the distance of the point of contact from 
the centre of the ellipsoid. 

But, in an article in the Quarterly Journal^ VoL v., p. 127, 
entitled '^ On certain Analytical Belations between Conjugate 
Wave-Velocities, Ray- Velocities, and Planes of Polarization," 
I have shewn that, r being the velocity of the conresponding^ 
ray, 

"""aV + A'/e^' + cV 
Hence, in accordance with the theorem (2), r„ r„ denoting 
the velocities of the two rays, and r^', r/ of the two. radii 
of contact, 

r^ = r/ and r^ = r/. 



Digitized by 



Google 



the Wave'Surface and the ElUpsotd of Construction. 287 

Again, let X, ^, y be the direction-cosines of the radias of 
either point of contact ; then, if 

we have 

'''=m.^j>.p („. 

Moreover (see Griffin's Double Refraction^ p. 11), if ?, «i, n 
be the direction-cosines of the wave-velocity, we have, Q 
denoting a certain symmetrical expression^ 

I __ tit n _ /I fc%\ 

a(i;*-a') " /Slv*-*") "" 7(i;»- c*) " ^ ^ ^* 

Also, if Ly 3f, ^ be the direction-cosines of the ray cor- 
responding to the point of contact on the ellipsoid (see 
Onffin's Double Refraction^ p. 18), 

I •r«-a'*-7n*r"-6'" n * r'^<f^r ^^^' 

From the relations (1), (2), (3), we see that 

iX + Jlf/i + -Srv = ^{aV(r*-a«) + /3V(r»-J') + 7'c'(r"-c% 

and therefore, observing that 

, av + y^y + cv 

'■^""aV + ft^^' + cV 
it follows that 

L\ + MfL'\-Ny=0. 

Thus we see that the ellipsoidal radios is at right angles 
to the corresponding ray; but, by the well-known relation 
between the Ellipsoid of Construction and the Wave Surface, 
we know that the length of the ray is eaual to a semi-axis 
of the plane section of the ellipsoid maae by a plane at 
ri^ht angles to the ray: hence the ellipsoidal radius must 
comcide with a semi-axis of this section. 

From the expressions for the wave-velocity and corre- 
sponding ray-velocity in terms of a, iS, 7, we may prove 
also the following theorem : 

(3) If V, v\ v" be the wave-velocities in any three direc- 
tions, such that the corresponding planes of polarization form 
a rectangular system, and r, r', r" be the respective ray- 
velocities, then 

{rvY + {r'v'y + [r"v"Y = a* + 6* + c\ 
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la fact 

and thereforei by addition, 

{rv)' + (rV)' + (r V)* = a* + J* + c\ 
January, 1862. 



COLLECTED WORKS OF GAUSS. 

The Academy of Sciences of G5ttingen announce the pub- 
lication of the Collected Works of Gauss, includiug the 
manuscripts left at his decease. The Works will appear in 
seven volumes, quarto, under the titles, — 

I. Disquisitiones Arithmeticas. 
II. Hohere Arithmetik. 
III. Analysis. 

IV. Geometrie und Methode der kleinsten Quadrate. 
V. Mathematische Physik. 
VI. Astronomic. 
VII. Theoria Motus Corporum Coelestium. 

The Theoria Motus to appear when the copyright interest 
therein has expired. The contents of the several volumes are 
given in No. 1348 of the Astronomische Nachrichten. 

The Works are to be published by subscription, which 
may be either for the whole or for the separate volumes; 
the subscription price to be hereafter fixed, but to be at 
about the rate of four thalers for a volume of from fifty to 
sixty sheets. Subscriptions may be addressed, post-free, 
"An das Secretariat der Koniglichen Gesellschaft der Wissen- 
Bchaften zu Gottingen." On completion, the Works will 
be sold in the ordinary course, at the rate of six or seven 
thalers per volume. The impression has begun, and will 
be carried on so that the first six volumes may at latest 
appear within five years. 
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ON fHE KINEMATICAL SOLUTION OF CERTAIN 
PROBLEMS IN PLANE ASTRONOMY. 

By WiLUAM Walton, M.A., Trinity College. 

IN the year 1858, a solution of the Pfoblem of the Betar- 
dation of Sun Rise was communicated to me by my 
lamented friend, B. L. Ellis, of Trinity College. His solution 
was based upon the principle of the composition of axes of 
rotation. He remarked also that such a method of solving 
problems of small errors in plane astronomy, in virtue of the 
geometrical conceptions which it involves, would be generally 
preferable 'to the ordinary practice of applying the formul» 
of spherical trigonometry to small triangles. In fact the prin- 
ciple of his method is in exact accordance with the practical 
working of Astronomical Problems by the ude of the u-lobes. 
The solutions of a few ordinary problems, here subjoined, 
essentially analogous to the Problem of Retardation, will 
enable astronomical students to comprehend the method, and 
to apply it for themselves in like cases. 

1. Given a small error in the observed altitude of a 
known star, to find the corresponding error in the hour 
angle. Maady's Astronomy^ by Hvmers, p. 145. 

Xet Z (fiff. 87) be the zemth, P the pole of the equator, 
and Q the pole of the zenith distance of the star B. 

Let AA be die error of hour angle corresponding to the 
error A0 of zenith distance. 

If we impress upon the celestial sphere an un-screw rota* 
tion AA round the axis P and a screw rotation A« round the 
axis Q, it is evident that the resultant zenith distance of iS is 
the same as at first : hence these two rotations must be equi- 
valent to a rotation about an axis £, R bein^ somewhere in 
the great drcle of which'^A? is an arc. But, by a proposition 
in dynamics^ R must lie in the great drde through P and Q. 
Hence R comcides irith the intersection of 8Z^ QP^ produced. 
Hence, by a well known theorem, 

AA.sinPS » Ae. sin QR. 

But, mnce Q is the pole of 8R^ mn QR^ 1 and sinPfi^cosPQ : 

. Y Ai^ AiB 

cosPQ sina.cose' 
a being the azimuth of the star, and I the latitude of the place. 

2. To determine^ the error of latitude as consequent upon 
an error in observing the altitude of a known star. 

VOL. V. u 
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Let Z8 (fig. 88), produced, meet the horizon in T. Let 
Jf be the nole of the meridian, and Q that o{ ZT. 

Let Ac and Ae be the corresponding errors of latitude 
and zenith distance. 

If we impress upon the celestial sphere an un-screw rotar 
tion AZ about M ana a screw rotation Az about Q. the motion 
of Z is evidently at right an^es to ZT: the resultant axis of 
rotation is ther^ore in ZT: but, hj a proposition in dynamics, 
it is in ^71 Hence T is the resultant axis, and, accordingly, 

Al.mnMT^AB.mnQTj 
or, a being the star's azimuth, 

Al.coBassAe. 

3. When the latitude and time are detemuned from two 
altitudes and the time betweeiL to find the errors caused 
by given small errors in the observed altitudes. Maddy's 
Astronomy^ by Hymers. p. 150. 

By problem (1), if A oe inaccurate, 

A#« AA.sinacosZ; 
and, by problem (2), if Z be inaccurate, 

AMssAI.COSO. 

Hence, by the addition of small errors, if A and l be both 

«^»<»orate, A«=xA/.cosa + AA.sinacosZ, 

an equation on which the solution of the problem b based. 

4. To find the effect of parallax on the declination of a 
known star. Maddy's Astronomy.p. 184. 

Let Q ffi^. 39) be the pole of SZy and D that of SP. Let 
A« and Ao be corresponding errors of zenith distance and 
declination. Impress an un-screw rotation AS about D and 
a screw rotation Ar about Q. Since the motion o( B ia 
evidently perpendicular to Z8j the resultant rotation must 
take place about an axis I^ where / is somewhere in the circle 
8Z. But / must lie somewhere m the circle QD. Hence 
/ must coincide with the intersection of these two drdes. 
Accordmgly A«.sinC/= AS.sinD/. 

Since 8D and 8Q are both quadrants, 8 is the pole of QJ^ 
and therefore iSZ is a quadrant : hence 

8in2)/= smD8I^ cosP8Z^ 
and, QI being a quadrant, sinQ/= 1 : thus 

A^^AS.oosPflZ; 
a formula on which the solution of the problem is based. 

JamuHy 9f 1862. 
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OK CERTAIN PROPERTIES OF THE ROOTS OF 
ALGEBRAIC EQUATIONS. 

By Jambs Cocklb. 

h TN the foUowiiig investigation it is snpposed that 

fit — 1 is a prime, say n, and that m is tne prodnct 

of two equal or nneMtjual primes^ say p and q. By way of 

preliminary illustration I shall re&r to some former re^ 

searches* 

2. In the concluding portion of my ^^ Notes on the 
Higher Algebra^'' published in the Qvuvrterly Journal^ for 
October, 1861, I have shewn that, if {x) and ^ {x\ be two 
roots of a general equation of the prime degree i^ tnen eAch 
term c^ the aeries 

(x),*(x), *»(«), ...♦'-»{«) 

expresses a root of the equation^ and every i^t of di« 
equation is comnrised in the series. The function ^, which 
is not in general algebraic, is known whenever the solution 
of the eaoadon of ue (m — 1)*^ degree is known. Its ^nrm 
is such tnat 

^•(«)-^'(ar) 
whenever 

«=r (mod. n). 

3. Taking, as an examploi the cubic 

of wluch the roots are x^ x^j x^ write 
. /8in"*a\ 

. /2ir+8in"*a\ 

*.-n — 8 — j' 
'^-n — i — J5 



then, since 
we have 



«, = sin(sin-'a^ + -J") » ^, 



U3 
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andy consequently, by the theorem 

In other words, x^ being once known as a function of a;^, 
dj, is given a p ' ' 

»•! 4>^oi 4^\ «F 



— .. J — I ^^ — g ^«-^^ — ^ — — — — — py 

<c^ is given a t^mn as a function of x^\ and the set 
tplaces aj«, 



4. Again, I have shown in the same paper that if two 
of the roots, (x) and ^ (a;), of an equation ot prime degree, 
can be expressed by the uniform functions 

then all its roots are comprised in the series 

x(i;/, ...X), X (-';,«';, -A)! •••x(^-^i)«'L-ij--^-i)- 

Let Fbe a functional symbol, and let 

then 

I,^Vj[I,,J,,...L,), J^^Vj{I,,J,^...L,\ ..2i,=Fx(2;,j;,-.A)i 

& To take a simple case, let 

then we shall have 

/=/, = /,=...= i^^, 

and, if J»0, the series of roots will be 

X{^,0}, X\i^3\ X{^)2/}, ...x{/,(n-l)j}, 
or x{i}, x{/+A x{/+2j1, ...x{/+(n-l)jl, 
where x{^+9} = x{^+^7}i 

if «=r(mod.n). 

An the roots are contained in this series, and it follows 
that, if (ir) and ^ ^) are contained anywhere in it, then all 
the roots are oontamed in it. Let (a;) and ^ (x), respectively, 
be represented by 
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t being greater than r, and each less than n. Fat 

Then the two roots in question will be represented b^ 

consequently each term of the series 

Xm x{B+h}, x{^+2*}i ...x{fl+(n-l)A} 
will represent a different root of the given equation. This 
series is eauivalent to the former one, for each term may 
be put unaer the form 

x{Ufj+s{i-r)jl 

and, for each value of «, 

r + a(«-r) 

will give a different residue to the prime modulus n, 

6. The foregoing cubic Illustrates this. Put 
rr sin"* a , 29r 



then, from 



3 ' 3 



f sin'^g ) 

- . fsin"*a . 2ir) 

and a,, = Bm|-3- + -|, 

■ ' p that 

«,=8m|-^- + 2.-|, 

(nn~'a . 2»r) 



we are able to infer that 
and that 



a^^asm 

provided that 

a=r(mod. 8). 

7. Let fit denote the decree of the general algebraic equa- 
tion, put under the usual form, yb^O. Let ^ (a function 
which, for reasons given in my concluding ^^ Notes,'' &c, 
must not satisfy the relation 

a; — ^ssO) 
satisfy 
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Then th6 infinite series of eqoationB 

y^'aaO, y^*aj«0, ^*a:«0, &c. 

will be satisfied. 

For, the given equation being general and its roots ff^m* 
metrically involved in its m + 1 arbitrary coefficient8| tnose 
roots are. analjticalljr speakine, nndistinguishable £rom each 
other. And the coexistence of 

dependS| not npon the particular root x which we insert in 
those expressions! but upon the forms of the functions which 
enter into them. So that, if we insert ^ instead of x^ the 
equations 

coexist| and ^\c is a root of /a;=sO. 
HencCi again, we infer that 

/^"aj^O, Jif>*x^O 

coexist| and| continuing the process, we conclude that all the, 
in general transcendental| functions of the series 

x^ ^^1 <l> Xj ^ •z^i • • • ^'^x • • • 

represent roots of /e == 0. 

8. But, m bein^ finite, the number of roots oi fx^O is 
finite, and the series will recur after a certain number of 
terms. Suppose that the series ceases to give distinct values 
when, but not before, we reach the r^ term, or that 

^^X — Xm 

Then r of the roots oifx^O wiU be expressed hj 

ST, ^07, ^ ^, . . • ^ X^ 

no two terms of which series are, by supposition, equal 
in value. 

If we insert the root x^^ then r of the roots may be written 

and, if a;, be a root not contained in the last line, the senes 

will furnish r roots of ^ = 0, otherwise the root x^ would 
possess properties r^f^^ ^npoA^aed by the root «„ a supposition 
which would be "^ith the hypothesis that/c = 
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IB a general equation and its roots, oonseqn^ntly, ondis- 
tingaishable from each other by any analytical properties. 

9. None of the roots 

are identical with any one of the roots 

For, suppose that we have such a relation as 

*% = *% 
then, applying ^"^ to either side, we have also 

which, taking the exponent to the modulus r, leads to a 
result of the form 

a result inconsistent with the supposition that x^ forms no 
part of the series 

10. Hence if x^ forms no part of (is not contained in) the 
series in x^ and a^, nor a?, of those in x^^ a?, or a?., ... nor x, 
of those in a;^, a;,, ... a;^,, we may express ra of me roots of 
Jx^O as follows: 

... . 

a . • • 

11. Let 9 be chosen so that, if posnble, 

rsKtn and r(«+l)>fn, 

and let x^^ be one of the t roots not comprised in the rows 
of Art. 10. Then each term of the series 

will be a root of /c » 0, which equation will consequently have 

r(a+l), 
or more than m, roots, unless such relations as 
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subfiist But we cannot have 

*•«• = *•«?.! 
for this would require that 

u=t;(mod. r), 

a congruence which does not hold for any of the a+ 1 rows 
in which we suppose the roots to be distributed* Nor can 
we have 

*X = *•«!> 
for, supposing, as we are at liberty to do, 6 to be greater 
thim d^ we are led to 

or, talung the exponent to the modulus r, 

a relation inconsistent with the supposition that x^ forms no 
part of any of the preceding series. 

12. flence a cannot be so chosen as to render 

rs<m and r(«+l)>w, 

in other words, m is a multiple of r, and, smce fn^pq^ we 
see that one at least of the conditions 

must be satisfied. 

But which? or, how many of these conditions may be 
satisfied in dealing with the same equation? In order to 
obtain an answer to these questions form the reduced equa- 
tion (in which x^ may represent any one of the roots) 

This reduced equation is of the degree m — 1 or ft, and is 
a general equation of that degree ; for, of the m + 1 coeffi- 
cients of the original equation %; = 0, only one is wanting in 
the reduced equation, the coefficients of which, consequently, 
involve m, or n + 1 « arbitrary quantities, as well as the root 
a: . Moreover all the roots of J?r = 0, excepting x^^ are roots 
of F[x^ x^^Oj and. n being nrime and tne solution of the 

Snend equation ot the n aegree being supposed to be 
lown, all the roots of jP(a', a?^=0 may be expressed in 
terms of any one of them, say (a?), bv means of a symbol <l>, 
which fulfils the fonctions of the symbol of my concluding 
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^^Notes,^^ &C., a symbol here appropriated to a Bomewhat 
different purpose. Let the series 

[x\ <l^{x), <l>«(x), ...<!>- (x) 

represent the n roots o(F[x^ x^=^Oj then, n being mime, 
no two terms of this series are eqaal to each other. Hence 
the series 

will represent the n + 1 or m roots of Jx^O. But ^ is 
a root of the latter equation, and, since (a?) may be taken 
as any one of the n roots of ir^a^ ^^^0 at pleasure, we may 
replace the series last above wntten by 

which, in its torn, may be replaced by 

«•! ^0) ^A> ^**0l — ^.^O- 

13. In this series suffixes have replaced functional ex- 
ponents because the mode in which ^j, ^y, ... ^, are obtained, 
leaves us without other information than that each of the 
series of the form 

in other words, every one of the series 

... . 

... . 

... . 

will consist entirely of roots oifx^O. 

14. I proceed to show that, of these series, only q^l 
will recur after the y** term and only p — l after uie jp> term. 
Suppose that the roots of /a?=:0 are capable of bemg dis- 
tributed into — , say «+l} groups of r roots in the two 
following ways: 

• • • . 

• • • . 

• • . • 
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and 

• • • • 

• • • • 

then no equations sucli as 

in which X; is Afferent from 0, can subrist^ for they wonld 
in fact lead to relations between the two independent and 
arbitrary Quantities x^ and x^. Yet each of these sets com- 
prises aU me roots of ^ = 0. Hence such relations as 

must subsist, and that, too, in yirtue of the forms of the 
functions ^. and ^|, ana not of any particular yalue of x. 

15. To either side of this last relation apply the equi- 
yalent operations ^^<*"*>» and ^/*"*^^, and there results 

Now r being a prime, and a and jS each less than r, we may 
always determine c so as to satisfy the congruence 

cfi = l{moi. r), 

for jSf 2/9y 8/9, ... (r — 1) )S each ^ye a di£ferent residue with 
respect to r. And, o being so determined, we haye 

where (ca being taken to the modulus r) 7 is one of the 
numbers 

1,2,8, ...(r-1). 

16. It foUowB that the series 

does not differ essentially from 

for, from what has just been proyed, it appears that the 
latter may be written 
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which, once 

7, 27, 87, ...(r-l)7 

^ve, in some undetermined order, the residues 

1, 2, 3,.,.(r-l) 

with respect to 1, is substantially identical with the former 
series. It has however r — 1 forms or arrangements, arising 
from the r- 1 values of 7. 

17. Hence, since we may replace r hj p or q indiffe* 
rently, only y- 1 of the series of Art. 18 will recur after the 
q^ term, and only r — I after the r^ term ; the remaining 

w-l-(/?+ j-2), orm-(p + j) + l, OTpq^{p + q)'¥l 

will not recur until the m^ term, ue. the end of the series, 
is reached. And when q ^p only one of the series will recur 
after the p^ term. In other words, when 2> and q are un- 
equal, the roots of ^sO can only be resolved in one way 
ixi\jop rows of q roots, and in one way into q rows of p roots; 
and when p^q there is only one wa^ in which they can be 
resolved into p rows of p roots. Different values of 7 give 
a different arraugement only, not different systems of func- 
tions. And all the modes in which the roots can be exhibited 
in a series of m terms are substantially the same, the order 
only of the roots being different : and each of the functions 
which occur in the other two series will be found in the m 
series. 

18. We may illustrate this by the sextic 

Here m = 6, |> = 8, j = 2, 

and if we denote by o> an unreal cube root of unity, the 
roots may be written 

a, —a; o»a, — «>a; «*a, — a>*a: 

a, OKI, »*a; —a, — floo, —w*a: 

a, —OKI, »'a, — d, OKI, — w*a: 

in the first of which rows we have a periodic function of the 
second order {for — (- a) =:a}, in the second a periodic fimo# 
tion of the third order, and in the last one of the sixth order. 
Li general suppose that aU the roots of a sextic are given by 
the series 

^o> ^0) ^X) i^\y ^**oJ i^\y 
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then we may amuige them in either of the forms 

i.€. in periods of either two or three. 

19. Again, take the biquadratic 

aj*-a* = 0. 
Here m=s4| ^=:j = 2, 

and the roots are 

in which row the only possible periods of two are exhibited. 
The period of four is 

In general let the roots of a biquadratic be 

«o) ^oJ ^^a^o) *'«o) 
then we may arrange them in the form 

which contams periods of the second order. 

20. Passing down the rows of series ^ven in Art 13 
until we find one of which the characteristic, say ^^ is of 
the m^ order of periodicity, write ^ instead of ^^ And 
suppose that two of the roots of ya?=:0, say <l>*x^ and ^*x^ 
are expressed by the uniform functions 

X l^aJ ^Ml - A}> X {^ ^ki - ^}, 

which are such that, Fbeing a fimctioual symbol. 



Thenfirom 



L, = Vi.[I^J„...L,). 



we pass to 

or to ^'a. = i/^.x {/., J,, ... L,]y 

and iT.x {i., J.y ... L,} =x {/« ^ ... A}- 
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Hence {iTJ-X {^., J., • L,] = ^T.x {/« J„ ... A} 

where 1*=^! {■?« «'»>.•• A}» 

III 
• • • 

and it b to be observed that in these formulse, as Indeed in 
those of Arts. 4 and 5. the functions F/, Vj^ ...Vz may be 
of totally different kinos and a change in the suflixed fetter 
may denote a change in the form of the function. 

21. Ciontinaing this process we shall be led to a set of 
uniform functions 

as the expressions for q roots, or p roots, or for aU the m 
roots, of J^sQ; /^ &c. beine derived m)m the preceding 
/, &C. in the same way in wnich /^, i^, &c. were derived 
from I^ 7|, &c. and the m^ operation at latest reproducing 
/^, &c masmuch as 

22. K & — a be equal to |7 or to ;, we have 

^^*^X = ^o) or *^*^^a:, = aj,; 

but in other cases (t.6. when & - a is prime to m) we can find 
a number g such that 

(ft — a) ^ = 1 (mod. w), 

and, by a modification of the present argument analogous to 
that made, in Art. 5, of a former one, we may conclude that 
to the series 

there* corresponds a set of uniform functions, say 

Xo) Xi) 7U) '••X«-o 
each derived from the one preceding by the same operation. 

23. Suppose that 

0*-«^*=^, or **a?o==taJ,, 
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then, as we know fix>m the foregoing ditcomonj all the «! 
roots of ^ =: may be considered as contained in tne ; rows 

We know, moreover, that if the series 

Xoj XtJ x«> ••• 
recors after the p*^ term, its p terms mnst coincide with the 
roots contained m some of the preceding rows. For, if we 
had, by way of example, 

X, = «o and x.»^i» 
then, remembering that x^ can be put under the form ^'a;^, 
and that the congruence 

e = 0(mod.^) 

must not be satisfied (otherwise ybsO would haye equal 
roots), we see that 

But this would indicate that Xt '^^ ^ periodic function of 
some order other than the j>^, contrary to the hypothesis. 
Hence the p functions 

may be regarded as corresponding to the uniform functions 
Xo) Xii Xi) •••Xf-i* 
24. Agam, let 

then all the m roots of^ss are contained in the q rows 

• • • • 

• • • • 

for the Bupporition that two of the terms in the above rows 
were equal would lead to a relation of the form 

V^«w^-^V, or ^-r^/* = 0w**»^ 
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or aj+i8p = W + ^, 

p a-7 

which cannot be^ inasmuch as p and q are primes, and a 
and 7 less than j?, and fi and S than q. In like manner all 
the roots are comprised in the ^ rows 

• • • • 

• • • • 

<r\, '^\, T^v'^x,, ...i^'^\. 

The synibols ^ and ir are, of course, commutative. 

25. It follows that if the two roots ^V and ^x^ can be 
represented by uniform functions Xt then, if the congruence 

ft — = (mod?r) 

is not satisfied when r=p or r^^. all the roots may be 
represented by uniform functions whicn we may denote by 

Xo9 Xxy Xi) •Xm^ 

each beln^ derivable from another by the species of operation 
illustrated in Arts. 20 and 21. 

26. K the last congruence is satisfied by r«j>, or r^q^ 

the roots may be distributed into — sets, whereof each 

member b deriyable from another hj the spedes of operation 
referred to in the last article. If"^ r^p the sets may be 
denoted by 

X,» 'nCxi ^X,7 •••'^*Xii 

• • • . 

• • • • 

• • • • 

while, if r s ;, the sets may be denoted by 

... • 

Xm "hct-M i^Xt-ii '"i^'xt-v 
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In the former case we obtain the seried 

XaJ XiJ Xi) •'• X^-i? 

and in the latter 

Xo) Xi> XiJ ••'Xf-iJ 
then, finding 4>d ^ described in Art. 20, we obtain in the 
respective cases, 

and are thus enabled to complete the distribution into sets. 
We observe, too, that the functional equations 

t t 

express the relations between w and ilr, and are always 
soluble by the intervention of 0^ The functions 0, w^ 
and y^ are applied either to the roots or to the coefficients 
of the equation. But the function Xi ^7 which abridged 
notation is represented ^e function 

b alwap a function of the coefficients o(Jx b 0. 

27. The foregoing discussion includes the cases in wUch 

9iis4, m^Bj 9n = 10, 971 = 14, ms22, &c. 

Those in which 

911 = 8, m=12, m = 16, m^lS, &c. 

require further consideration. If the next step in the theory 
of equations be the discovery of the explicit forms of the 
transcendents, if any exist, by which the roots of equations 
of the sixth degree are expressed, the above investigation 
enables us to anticipate some of the properties of such tran- 
scendents. 

4, Pnmp Court, Temple, London, 
Jatmarf 24, 1862. 
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SIR WM. HAMILTON'S ICOSIAN GAME. 

By A. S. Hebschel. 

q^HE pentagonal dodecahedron Is the hemihedral form of 
the four-faced cube, so that if the six faces of a cube 
be covered by low ridges instead of by low pyramids on 
square bases, the pentagonal dodecahedron will be obtained 
when the ridges are palallel to each other in opposite pairs, 
but the three pairs themselves transverse to each other. 
Thus the pentagonal dodecahedron is formed by placing a 
pent roof upon each square face of a cube, the ends of every 
pent roof oeinje flush with the slant siaes of the adjacent 
roofs. This figure has therefore 8 + 6 x 2 = 20 an^lar 
points and 6 x 5 = 30 edges. As in^ the tetrahedron and the 
cube, the angular points are all tristigmatic, 3 edges meeting 
at every soBd anele of the figure. A traveller therefore 
arriving by one edge at an^ angle must turn either to his 
right or to his left in leavmg it by another edge, and if 
these operations be indicated respectively by the symbols 
X/it, it is required in the first problem of Sir Wm. Hamilton's 
icosian game to assien the order in which these operations 
must succeed each otner, in order that twenty of them shall 
neutralize each other, and after visitine all the andes of the 
figure the traveller shall return at kng^h to his original 
starting place* In the tetrahedron the only complete cinc- 
tures of the figure of this kind are the right-handed and 
left-handed cinctures XfiX and fikfi: in the cube WfifiKK 
and fifjkWfifi ; and in the pentagonal dodecahedron 

W\fAfAfi\fi\fiXK\fAfifi\fi\ and fifAfiXKXfAXfAXfAfAfiKXkfAXfjL* 

If these cinctures be bom in mind any ]g»ermutation of the 
symbols Xfi, 3 together being proposed, it will be easy to 
complete the cycle by starting from any place where this 
combination occurs in the cinctures* 
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GEOMETRICAL CURIOSITY. 

By A. S. Herschel. 

rrwo right-anded triangles have a common vertical side of 
4 feet, and their other two horizontal sides respectively 
2 feet and 3 feet. These are closed together until tne latter 
two sides are the hjpotenase and base of a third right- 
angled triangle. Prove that the 8 facial angles at the apex 
of the tetrahedron so formed are together eqnal to a nght 
angle. 

iWf. Let ABGy ABD (fig. 40) be the original triangles ; 
of which ABD (having sides ^5=4, 2)5=3, DA^b) is 
thrown back npon the same plane with ABG whose sides 
-45=4. BG-2y and likewise the triangle. ^CS upon the 
same plane, which take for that of the paper. Then 

Ad=AD=^5=zDC. 

Bisect Ad in E and join ED, EC^j ^ is the centre of the 
semi-circle which contains the right angle ACdj for Add 
is necessarily a right angle, 0!^ having been drawn in a 
horizontal, perpenmcnlar to BC in the vertical, plane ABG^ 
tod therefore perpendicular to A GL 
Therefore by equal triangles 

^.ADE=/.EDGj 

and AJ?E=iADGj 

therefore DAE is a right angle. Q.E.D. 

If then upon a cara-board ruled in squares, diaj^nals of 
oblongs be drawn through the points a, a, as in ng. 41, it 
will be seen that four such figures as the above will be 
formed which will fold upon the central rhombus abab. into 
a four-celled capsule that may be bound close by an elastic 
band thrown in a figure of 8 over its pointed extremities. 
Lids may be appended to the cells at c, c, c^ c, and four 
euch capsules will bind together conveniently mto an octa- 
hedron of 16 cells. 
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ON THE DETERMINATION OF THE FOCI OF A 
CONIC. 

By Rev. Qeoboe Salmon. 

TITHEN a conic is discussed by its trilinear equation, all 
problems necessarily assume their projective generality. 
Thus the problem to find the centre is identical with that of 
finding' the pole of the line x sinA+y BmB-^-z sin (7: t&at 
of finding the condition that the equation should represent 
a parabola is identical with that of finding the condition that 
the same line should touch the curve. ^ the foci being the 
points of intersection of tangents through the two circular 
points at infinity, the problen) of finding the fod in no re- 
spect differs from that of finding the intersections of tangents 
tnrough any other two points. The method of solving the 
general problem being obvious, I had not cared to apply it 
to the particular case of the foci, till I was led to do so 
by Mr. Hensley^s and Mr. Cayley's papers in the last two 
numbers. Some of the results^ I think, are interesting. 
Let the equation of the come be 

aa? + bt/^ + cx^ + ^fye + 2giBx + 2^a!y^0 or i7«0. 

Let the condition that the line ax + fiy + yz may touch the 
conic (which we may call the tangential equation of the 
conic) be 

Ao? + Bff'^O/ + 2F0y'¥2€hfa^2Ha0^O or 4^ = 0, 

where A^hc -/•, &c, F^gh - af^ &c* 

Let the discriminant be called K\ 

Now if we are given one of the three pairs of lines which 
can be drawn through any four points on the curve, and it 
be required to find the other two pairs, the well known 
method is to equate to nothing the oiscnminant of 

Cr+ \ {aix + /8'y + 7'^) (a"aj + /8"y + i'z) 5 

when we have a quadratic to determine X; either root of 
which substituted m the form just written, causes it to r^ 
present a pair of the lines required* 

X2 
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Reciprocally ; if we are given aly't\ aj'y«", two of the 
six points in which anj fonr tangents intersect, and if it be 
required to find the remaining points ; we equate to nothing 
the discriminant of 

when we have a quadratic to determine X ; either root of which 
substituted in the preceding brings it to the form 

where a:' V V', x"Y"z"" are the points required. 

To apply thb to the foci, let us observe that nnce in 
ordinary coordinates the line our + i9y + 7 passes through one 
of the circular points at infinity when a*4-i8* = 0, the perpen- 
dicular on a line through one of these points, let fail trom 
any poiiit whatever will be infinite. By^equatin^ to nothing 
therefore the denominator in the expression for the length of 
a perpendicular in trilinear coordinates, we leani that the 
condition that ax + fitf-^yz may pass through either of the 
circular points at infinity is 

a* + /8'-|-7*^2i87COS-4-27aco85~2a^cosO=0 or -^ = 0. 

We may call this the tangential equation of the two circular 
points; and it mav be noted in passm^ that the condition 
that two lines should be mutually perpendicular is 

the reason for which form is sufficiently evident. 

Let us now form the discriminant of <^ + X'^, and the 
result is 

where P— is the condition that the equation may represent 
an equilateral hyperbola : 

P=a + 6 + c- 2/cos^-25r cos5-2A cosO, 

and (}=sO is the condition that the equation may represent 
a parabola t 

Q^ A nm^A-^B sin'B+C sin^G 

+ 2J^sin5sin04-2(?sinOsin^ + 2fism^sinA 

P* = 4Q b the condition that the curve may pass through 
either of the circular points at infinity ; and will of course 
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be satisfied when the curve passes through both; that is to 
say, is a circle. This latter condition can in rarioos ways 
be resolved into the sum of two squares, both of which vanish 
separately when the curve is a circle ; for example, 

{a cos2a + b cos2/3 + c cos27 

-I- 2/cos(i8 + 7) + 25r co8(74 a) + 2A cos(a-l- iS)}* 

+ [a 8in2a -hi sin2/3 + c sin27 

+ 2/sin(/8 + 7)4-25r sin(74-a)4-2A sin(a4-i8)}", 

where a, /3, 7 are the aneles made with any axis by perpen- 
diculars on the sides of the fundamental triangle. 

flavin^ determined X from the preceding quadratic, either 
root substituted in + \y^ reduces it to the form 

(ox' + fy' + yz') (ox" + fiy" + yz"), 

where a?y«', x"y"z" are the coordinates of two of the foci. 
For one value of \ the factors of + X^ are real ; for the 
other they are imaginary. I believe this to be the easiest way 
in practice of determinmg the coordinates of the foci, when 
the conic is given by an equation in rectangular Cartesian 
coordinates, with numerical coefficients. The quadratic for 
X then is 

jr'+ir(a + J)X+(aft-A")X'' = 0. 

Thus let the equation be 

2a?*-|-4a?y-y* + 24y+6 = 0, 

we have £'= — 324; and the values of X are 108 and - 162. 
The equation ^ is 

~ 150a* 4- 12 fir - 67* - 48/97 -f 487a - 24a^ = 0. 

Giving X the value 108, ^ + X(a* + i8*) breaks up into the 
factors a+ 2)8 — 7, —7a 4- 10/8 4- 7, shewing that the co- 
ordinates of the two real foci are —1, —2; and —7, 10. 
Giving X the value —162; the factors are 

-{4 + 6V(-l)}a+{4- 3 V(- 1)1)8 + 7 
-l4-6V(-l)}a+{4 + 3V(- 1)1/3 + 7, "" 

which give the coordinates of the imaginarv foci. 

Betuming now to the general problem; we find the 
equation of all conies confocal to a given one by forming 
the reciprocal of ^ + X^, when the result is 

KU-{ X/S + X* {x sin^ +y s\nB+ z sinC)*. 
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The coefficient of X' is constant: and the coefficient of X 
equated to zero denotes the circle locus of Ihe intersec- 
tion of tangents to Uj which are at right angles to eadi 
other. 

8^{B+C+2FcoBA)a^+{ C+-4+2 GcosB)y''\-{A'\-B+2HcwC)s^ 

- 2 (-P + (7 cosO +-ffcos5- A coBA)yz 

^2{0 + HcohA'^FcobC-BcosB)zx 

-2{S + F coaB + G cosA - O cos(7) ay. 

From the fact that the function /9 is of the first degree in 
the coefficients of the reciprocal conic, immediately follows 
a theorem lately eiven by Mr. Ferrers; yiz. that if a conic 
touch four fixea Imes, the circle 8 passes through two fixed 
points. 

The reciprocal of ^ + X-^, when we give to X either value 
found by somng the precedmg quadratic, denotes the square 
of the equation of one of the axes of the curve. The axes 
may also be found by forming the determinant 

dU dU dU 
dx^ dy ' dz 
d8 d8 d8 
dx^ dy ^ dz 
sinAy sin^i sin (7 

which will give the product of the equation of the axes by 
the constant factor xsinA-^y sinB+z sin (7. 

When the curve is a parabola, Q vanishes ; the quadratic 
reduces to a simple equation; and PS — Ky^ resolves itself 
into the two factors which give the foci. 

The preceding principles may also be applied to tetra- 
hedral coordinates. The tangential equation of the circle 
at infinity is as before 

a* + /8' + 7*-l- S'-2afi cos{ab)-2oPY cos(ac)-2aS coa{ad) 

* - 2^87 cos {be) - 2/38 cos {bd) - 2y8 cos (erf), 

where {ab) denotes the angle between two of the planes of 
reference. Let U be the equation of any quadric, ^ its tan- 
gential equation, or the condition that axi-py + yz + Sw may 
touch the surface ; then we eet the equation of all surfaces 
ponfocal to the given one by forming the reciprocal of 
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j^ + X^, where ^ is the equation just given of the circle at 
infinity. 

The reciprocal is of the form jr»Cr+Xi84-X"/9' + X'e. The 
coefficient of X' is constant : 8' denotes the sphere which is 
the locus of the intersection of three tangent planes at right 
angles; and 8 denotes the locus of points whence three tan- 
eent lines are at right angles. This is a particular case of 
3ie following : If from any point three tangent planes to a 
Quadric Z7 b« a conjugate system with respect to another F, 
tnen from the same point three tangent lines to Y will be 
conjugate with respect to U. If ^ and '^ equated to nothing 
respectively be the tangential equations of the two quadricS| 
the reciprocal of ^ 4- X^ will be 

^Z7+X)S4x«)S'+x'^'«r, 

where ^ is the locus of points whence three tangent planes 
to V are conjugate with respect to U and 8* of those whence 
three tangent planes to U are conjugate with respect to V. 
I£ we form the discriminant of ^^-X-^, solve the resulting 
cubic, and substitute the resulting value in ^ + X^, we get 
the tangential equations of, the polar conies of tne given 
quadric. 

Smce 8' is of the first degree in the coefficients of the reci-> 
procal of Uj it follows that if a quadric touch eight fixed 
planes, the sphere, which is the locus of the intersection of 
three rectangular tangent planes, passes through a fixed circle ; 
or, more generally, that the covariant quadric 8\ taken 
with regara to any fixed quadric T, passes through a fixed 
curve. 



Trinity College, Dublin, 
June 25, 1862. 
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ON THE RADICAL AXIS OF TWO SIMILAR AND 
SIBflLARLY SITUATED CONICS. 

By N. M. Ferrers. 
TN the cunre 

let df,, d^^ d^ be the diameters parallel to the linea of refer*? 
ence ; then we know that 

t? -h tg — 2u* w>H-u — 2^* g -f t; — 2fjo' 
d* "^ d* * d^ • 

Let each of these fractions ^sX* Then the equation of the 
carve may be written 

wfl?4 vi8" + t<?y + (v + tt?) /87 + (to + 1*) 7a+ (« + 1?) ogS 

or (ua + vi8 + t(;7)(a + i84-7) = X(rf,'i87 + ^,V + rf,V)- 
Hence tM + vfi-^-toy-O 

is the equation of the chord of intersection of the ^iven curve 
with a smiilfldr and similarly situated one, described about the 
triangle of reference. 

Let 2?a* + ji8" + r7*4-2y/87 + 2j'7a + 2r'a^=0 

be another curve similar and similarly situated to the given 
one. Let its equation be written^ by a transformation similar 
to the above, 

(i>a + j/8 + r7)(a-l-i8 + 7) = /*(c?,")87 + e?,V + d;"a^), 

Then, the chord of intersection of these two curves will be 
^ven by the equation 

tia-^ vfi + toy _ pa + qfi + ry 
JIow, 

• '1 1 aP + q + r-p' — q' — r' 
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Hence the common chord (or radical axis) of the two ^ven 
curves is represented by the equation 

ua + vfi + toy _ J>a + qfi-^ry 
u + v + W'-u' -V* --vf ^ P'¥q'\'r''p* — ^ ^r** 

Gob. The triangular equation of the inscribed circle being 

(« - a)* a* +...- 2 (« - J) (« - c) ^87 -...= 0, 
and of the six-points circle, 

that of their radical axis will be found from above to be 

(a — J) (a — c)a-l-...= 0, 
which may eamly be shewn to be a tangent to either. 
Aug. 31, 1861. 



ON THE EQUATION OF THE SIX-POINTS CIRCLE. 

By Henry R. Gbeeb, A.B. 

THE equation of the circle circumscribing the triangle 

X 8in-4+y sin5— « sin (7=0; 

X %\xiA—y AaB+z sinO=0; 

— a: sin^+y sin5 + « sin (7=0; 

that is, of the circle passing through the middle points of the 
sides of the triangle of reference, after some reduction, the 
equation comes out 

Q? sin2^ + y* sin2.ff+«* sm2a 

- 2(y« 8in^ + ^i^8in£+^ 8in(7) = (1). 

In like manner, we can form the equation of the circle 
circumscribing the triangle 

X cos-4 +y cos-B— « cosC=0; 

xQO%A^y co%B-\'Z co8(7=0; 

- xco^A-^-y co%B+z cosO=aO; 

and its equation will be found, after some reduction, to be 
identical with (1). This is therefore the equation of the 
six-points circle, and in fact it can be easily verified that it 
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passes through the middle points of the sides and throogfa 
the feet of the perpendiculars of the triangle ABC. De- 
noting, as usual, by a, b^ c the lengths of the sides, (1) may 
be written In the form 

a?.a oos-4+y".6 cos5-f «*.ccosC7— (ay«+5«ir-|-ca?y)=aO,..(I). 

The equation of the Inscribed circle Is 

-2Jc(«-i)(«-c)y« = (2). 

The condition that (1) and (2) should touch, Is the con- 
dition that their radical axis snould touch either of them* 
The method of finding the radical axis of two circles has 
been Indicated by Mr. Slesser {Quarterly Journal^ VoL nr., 
p. 135). We must Identify the expression 8- 68* with 
(aa; + ^y + c«) (Xa? + /Ay + v«), then Xa? + /iy + v« = is the 
radical axis oi 8 and 8\ Applying this method to (I) 
and (2), we easily find the equation of their radical axis 
to be 

aw4aj + 6jB^ + cG5 = (3); 

where A denotes ab-k-o/c — af — bc^ or {c — a) (a- J), 

B bc^-ba — V — ca^ or (a- J) (J — c), 

C cb-^ca — i^ — ab^ or (J — c) (c — a). 

The condition that (3) should touch (I) Is, after some simpli- 
fication, that the determinant 

h* + ^^a\ -c", -6*, A should =0.« 

«c", c^4a«-J«, -a", B 
-y, ^a% a"+J"-c", C 

Aj 5, C, 

I must confess that 1 have not been able to discover any 
h priori method for evaluating this determinant. However 
it is not troublesome to work It out, when It will be found 
to be Identically zero, observing that 54-0= — (i — c)*, and 
similarly for the other two, and that BC+CA + AB=0 
Identically. 

Similar proofs of course hold for the tangency of the six- 
points circle with any of the escribed circles of the original 
triangle. 

• See Ferrers' Trilinear Coordinate*, p. 76.. 
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If a circle be drcomscribed to ABC^ and tangents to it 
drawn at the three vertices, these will intersect the opposite 
sides in three points lying in one right line which call X. 
If, of the circle inscribed in ABC the points of contact with 
the sides be joined each with the opposite vertex, and at 
the points where these lines meet the circle again tangents 
to it be drawn, thej will intersect the opposite sides in three 
points lyine in one right line which call Y, The equations 
of JTand x are 

icx 4- cay + abz = 0, 

and a (tf — a) a: 4- J (« - ft) y + c (« - c) « = 0, 

respectively.* Hence we see at once that the oonunon 
tangent to the six-points circle and the inscribed circle passes 
through the intersection of X and F; analogous theorems 
obtaining for each of the escribed circles also. 

In mx. Casey's paper on the six-points circle {Quarterly 
Journal^ Vol, IV., p. 246) there is given Sir Wm. Hamilton^ 
theorem, viz. if i^ be the intersection of the perpendictilars 
of the triangle ABC, the six-points circle of ABC is also 
the six-points drde of BFCj &c. This is obvious, since 
the feet of the perpendiculars of ABC are the same points as 
the feet of the perpendiculars of BPCj &c Mr. Casey's 
theorem, given in § 1 1 of his paper, may be most simply 
proved by observing that the six-points circle of ABC is the 
circle circumscribing the triangle formed by joining the feet 
of the perpendiculars of ABC. and of this tnangle the centres 
of its inscribed and escribed circles are the points P, Ay By C. 
This triangle (formed by joining the feet of tne perpendiculars) 
is, of course, quite as general a triangle as the original tri- 
angle. 1£ LyMyN be the middle points of the sides of ABC^ 
then the bisectors of the angles of the triangle LMN are the 
radical axes of the inscribed and escribed circles of ABC, 
a theorem given by Mr. Casev, § 12. To prove this theorem 
b^ trilinear coordinates; take, for example, the inscribed 
cu-cle and that escribed to the side a. The equation of the 
former has been given before, (2) ; that of the latter is 

a*^[8^aya?-^V{8^cYi8^afy'-\'(?{8^af{8-hYz* 

- ibc [8 — a)* {s — J) (« - c) yz -f 2ca {f — a)* « (« - i) zx 

4-2aJ(«-a)*«(«-c)a^ = 0. 

* See Salmon's Cbnic Sections, Chap. vui. 
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Putting aV(«-a)»-^a*(«-a)" = aX, 

&c. 
-2Jo{«-a)"(«-6)(«-c) + 2^6c(«-J)(«-c)=6>' + c/«, 

we readily find ^ = (« - a)", and consequently 

X = a*(j?-a)"(i4-c), 

and similarly for fi and y] therefore the equation of the 
required radical axis is 

a (6 + c) a? + 6 (i — c) y — c (6 - c) « = 0. 
Now the equation (reduced to the form a) of LM in 
^ = ; and of LN^ -^ = ; and the equa- 
tion of the external bisector of the angle between these two 
lines b identical with that of the radical axis given above. 
I may remark that Mr. Casey's proof of the theorem of the 
six-points circle may be somewhat simplified at two impor- 
tant points ; first^ by shewing f what can easily be done) that 
the centre of the six-points circle may be found by bisecting 
the intervals between the feet of the perpendiculars of the 
triande ABC and the middle points of its sides, and then 
dniwmg perpendiculars at these points to the sides ; whence 
it follows at once that the centre of 2 lies half-way between 
P and the centre of X] i.e. that " P is the external centre of 
mmilitude of X and 2:" secondly, by observing that the 
triangle FOSmBj be constructed m>m 2 and A {me triangle 
formed by joining the middle points of the sides of ABC) 
just as AED is constructed from X and ABC^ whence it 
follows that these triangles are similar ; and a pair of corre- 
sponding sides in each (OH and ED) being parallel, the 
remaining sides are parallel, and theretore that *^ FO is per- 
pendicular to AD J and FH to AE^ 

Royal MiliUrr CoUege, 
2S May, 1862. 
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NOTte ON THE INCLINATION OF THE OPTIC AXIS 
TO THE RAY AXIS OF A BIAXAL CllYSTAL, 

By WiLLUX Walton, M.A., Trinity College. 

^HE object of this note is to prove the following property 
respecting the angle between the two axes : 

^^The greatest and least of the optic constants being 
assigned, me angle between the optic and ray axes will be 
a maximum, when the optic constant of intermediate mag- 
nitude is a mean proportional between the greatest and least 
of the optic constants." 

The direction-cosines of the optic axis are equal to 

those of the ray-axis are equal to 



a* 






0, 


ri 




1 

I?- 


1 



hence, if 9 be the angle between them, 



cosds r» 



{ca'\-V){a-c) ca^V 

Considering a and c constant, and h variable, it is easily seen 
tiiat cos 9 IS a minimum ana therefore 9 a maximum when 
b^{ca)K The corresponding value of cos 9 is given by the 
equation 

cos9 = . I . I . 

8q4mb€r 4, 1861. 
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PROPERTIES OF THE EIGHT CIRCLES WHICH ARE 
TANGENTIAL TO THREE GIVEN CIRCLES. 

By John Casey, Scholar of Trinity College, Dublin, and Sdenoe-Master, 
Kingstown Scnools, Singstown. 

1. T ET ABC (fig. 42) he any tnanaJe and EC* aline 
drawn parallel to the base Bu. Then if 0^ O he 
the escribed drclea to the triangle ABC opposite the cmgles 
B and C respectively^ 0, the escribed circle cf the triangle 
AB'C opposite the angle Ay and^ 0/ its escrihed drdej 1 say 
hesides the lines AB^ AC^ the four circles 0, C, (?,, 0/ are 
each touched by two other circles. 

Demonstration. Bisect BO in -D, draw BH perpeor 
dicular to the line joiDiDg the centres of and ff. iob 
ABy produce it till it meets J5'(7' in -D*. produce Off to 
meet nO produced in /. Join 0^0^ whicn evidently passes 
through Ay and from B and H draw BEyBfE* perpendicular 
to O^OJy and let BE produced meet UE in G, from G 
draw GLy GL' perpendicular to BOy E0\ 

Now from similar triangles 

AI.BEy or GE XX AFi FEy. AF' I FE. 

Hence the points Gy Fy I are in a right line. Agwi^ since 
A and / are the centres of similitude of and ffy and A 
and F the centres of similitude of 0. and 0\ the circles 
described on AI and AF are respectively coaxial with 0, (7 
and with O^y 0/, and it is evident that GE is the radical 
axis of 0. O and GE of 0, : 0/; hence if 5, ^ be the 
radii of tne circles whose common centre is G and which 
cut orthogonally the coaxial systems OyOy and 0^.0* re- 
spectively, it is evident that E^IG.GK and E^ = FG.GK 
[AK being drawn perpendicular to IG] ; therefore 

ExSTixIGi FG XX GL : GEy 

E E^ 
hence GL'^'gL' 

Therefore the circle inverse to the line BO with respect to 
the circle whose radius is R coincides with the circle in- 
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verse to the Ime B'C with respect to the circle whose 
radios is R and since BC touches the circles 0, O', and 
B'C touches (7, 0/ the inverse circle evidently touches 

0, a, 0., o;. 

Again, through / draw a second common tangent to 
0^ (j and through F a second common tangent to 0., 0*^ 
and by means of these tangents, since they are eviaently 
parallel, it may be proved in exactly the same manner that 
another circle touches the four circles 0, 0*, 0^, 0/, hence 
the proposition is proved. Q.E.D. 

' Cor. Hence we derive the following construction for the 
points of contact of a circle touching the inscribed and 
escribed circles of a plane triangle. ' 

Let ABC (fig. 43) be the trianale^ draw LM a second 
common tangent to the drclea 0, u and L^M^ to j 0/, 
then if the middle point of AB be joined to the points of 
contact of these tangents^ the second points of intersection of 
the Joining lines with the circles toill determine the points 
required. (See Dublin Examination Papers, 1862, Sizarship 
Questions). 

2. By inversion from anv auxiliary point in the plane of 
the triangle, we have the Allowing proposition (Dr. Hart's 
"Extension of Terquem's Theorem," see Quarterly Journal 
€fPure and Applied Mathematics^ Vol. iv.) : 

If ABO (fig. 44) ^ a triangle whose sides are formed by 
arcs of circles^ and if ciroUs 0. 0*, 0", O" corresponding to 
the inscribed and escribed circles of a plane trianale be de^ 
scribed^ these four circles are tangential to a fourth cirde 2 
besides the sides of the triangle ABO. 

3. Since, in fig. 42, QH is the radical axis of 0, O', and 
OE* of 0,, 0/, and QK of the two circles which are proved 
in Art. 1 to touch the circles 0^ O', (X, 0/, and fig. 44 is 
derived from fig. 42 by inversion. Hence we have the 
following theorem: 

If (fig. 44) through the point A* three circles be described 
coaxial with 0. Oy 0", (/", 2, BOB' respectivdy; these 
circles so descrwed are coaxial. 

4. Since the circle described upon AI (fig. 42) is co^ 
axial wi& 0, 0^ and the circle described upon AF coaxial 
with 0^, 0/. Hence we have, as in Art. 3, the following 
theorem: 
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If (fig. 44) through the point A three circUs he described 
coaakcd %oith 0, a, 0", U'\ S, BOB' respectively; these, 
circles are coaxiah 

6. Since B*0\ in fie. 42, is parallel to BC\ hence, in 
fig. 44, we have the following theoreln : 

If through the point A' two other circles besides AB and 
AC be described touching 0, (7, and two touching 0\ O" ; 
these four circles so described form two pair of circles tan^ 
gential to each other. 

6. If (7, (7', C" be any three circles, it is easy to see 
the eight circles tangential to them ma^ be divided into 
groups of foor circles, each in the following manner: 



a, fi, 7, 8; 


«', /S', 7', 8'; 


a, /9, 7, «" 


; «', /y, 7', 8; 


a, /9, 7', «; 


«', /8', 7, 8"; 


«» /y, 7, «; 


«', /9, 7', 8"; 


«', A 7, 8; 


a, /S', y, «■; 


«, /9, 7', 8' 


; «', ^, 7, 8; 


«, yy, 7, 8' 


; «', /9, 7', 8; 


a', /3, 7, S'i 


; «, ^, 7V8; 



each group standing in the second column being drcles 
inverse to those in the corresponding group in the first 
column with respect to the circle whidi cuts C, C, C" or- 
thogonallj, and also it is evident that the circles in each 

Soup are tangential to a fourth circle besides (7, O'/C". 
ence we have the following theorem: 
The eiaht circles which are tangential to three given circles 
may be divided in eight different ways into two groups of four 
circles each^ such that the four circles of each group are tamr 
gential to a fourth circle besides the three given circles, 

7.^ Since the eight circles tangential to (7, C/', 0" may 
be divided into two groups a, ^9, 7, S; a', ^8*, 7', S** whida 
are inverse to each other with respect to the cinde which cuts 
C, C\ C" orthogonally, it is enaj to see that any two pair 
of circles inverse to each other such as a, a' ; ^S^ iS' have a 
common radical centre, hence each of the four circles a, a' ; 
i9, /S' is cut in involution by the other three, and also the 
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radical axes of the four circles form a pencil in involation. 
Hence we have the following theorem: 

The eight circles which are tangential to three given circles 
may he divided in six ways into groups of four circles in each^ 
such that the radical axes of each group form a pencil in 
involution^ and stich that each circle is cut by the other three 
circles of the group to which it belongs in involution, 

. Cor* Since each circle belongs to six groups^ the inter^ 
sections of each circle^ by the other seven circles of toe tangential 
system^ may be divided into six series of points^ each series of 
which are in involution. 

8. Properties of points of contact on (7, G\ C. 

Let the points of contact of a, a' on the circles C7, C\ 0" 
be denoted oy a, a^: a\ a/ ; a", a" respectively, and let the 
points of contact of the other circles oe denoted similarly. 
Now if jB be the radical centre of (7, C\ 0'\ it is easy to 
see that the rectangles 

Ra.Ra^, Ba\Ba;, Bci'.Ba;', Rb.Bh,, &c. 

are each equal to the square of the radius of the circle whicli 
cuts (7, G\ G" orthogonally ; hence it is easy to see that any 
two pair of points a, a^ and J, b^ are on the circumference of 
a ctrcUy and therefore that the twenty-four points of contact 
on O, G\ G'\ are four by four on jortu-^ht circles which 
may be divided into twelve aroups oj eight circles each which 
dre coaxial^ and that talcing any four circles of the forty-eight 
which are not coaxial^ it toiU be seen that any circle of the /our 
is cut in involution by the other thre^ circtes. and me radical 
axes of the four circles form a pencil in involution^ and more^ 
over,^ any circle of the forty-eight^ together with the circles 
C, G\ U'\ form a group of four circles^ such that each circle 
is cut in involution by the other three and their radical axes 
form a pencil in involution. 

9. Properties of the limiting points of the eight circles 
tangential to three given circles. 

It was proved in Art. 7 that any group of circles such as 
a, a' : fiy p have a common radical centre ; hence the twelve 
limitmg points of these circles all lie on the circumference 
of a circle cutting a, a' ; ^j ff orthogonally, and since the 
limiting points of the pairs of circles a, a' ; a, ^ ; a, )8' lie 
on lines passing through the centre of a; hence it is easy 
to see that the twelve hmiting points form systems of points 
VOL. V. T 
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in involution, and taking the eight circles into account we 
have the followin|f theorem: 

The fifty-six Umiting points of the eight circles which are 
tangential to three given circles are placed on the circumferences 
of six circles ttoelve by twelve^ these six circles are coaxial three 
by threcj their centres are the centres of similitude of the given 
circles O, 0\ C'\ and the twelve limiting points on each may 
he divided into four grouips of six points eachy each group of 
which are in involution. 

10. Properties of the centres of the eight circles. 

Since four of the eight circles are the inverse of the other 
four, it is evident that the eight points of contact on any of 
the circles (7, C\ C" are in involution ; hence the anharmonic 
ratio of four of these points is equal to the anharmonic ratio 
of the other four homologous points. Again, if we take two 
of the circles, (7, C for instance, it is easy to see that the 
centres of the eight tangential circles lie four and four on two 
confocal conies, whose foci are the centres of (7, C\ and that 
the anharmonic ratio of the four points <m one conic is equal 
to the anharmonic ratio of the four points on the other conic, 
since each ratio is equal to the anharmonic ratio of the fotir 
points of contact corresponding to them on the circles. Hence 
taking the three circles into account, we have the following 
theorem : 

The centres cf the eight circles which are tangential to three 
given circles lie in groups of four, each on six conies which are 
confocal two by two^ and the anharmonic ratio of the four 
points on any conic is equal to the anharmonic ratio cj the 
jour points on its confocal conic. 

11. By inversion from an auxiliary point in space^ we 
have the theorems proved in the previous articles from 2 
to 10 inclusive, estaoliahed for the surface of the sphere. 

Btown Schools, 

IgStOWBy 

February lit, 1862. 
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NOTE ON THE m«' DIFFERENCES OF 0. 

By Oeobos Scott, M.A., Trinity Ck>Il6ge, Dublin. 

A COMPABISON of the two expressions which I have given 

Vol. IV. of this Journal^ for ^ of ^ (y), enables u» 

to obtain the valne of A'^O" more eamlj^ in some instances, 
than by the ordinary method. 

The labour of the latter method increases as m and n get 
lai^r; the formnla, I am about to give, is comprised in 
a few terms, whether m and n be large or small, provided 
that iheir difference he small,, it therefore accommodates itself 
to those cases, precisely, in which the ordinary method 19 
most laborious. 

The two expressions referred to are the following : 

( rfy m d^y"^^ m{m-\) dy^ d^^ 
(ic- " 1 ^ Jx* ■*" 1.2 efo" j dy\ 

(1), 

..,. (2). 



dx \\.2..,m\i 



and 



-T- = 1.2.3. 
ax 






whero 
and 



y« = . 



ds^ 



1.2.3... r^ 

«i+ a, + «a +&C. = wt, 

a, -h 2a, -h 3a, -h &c. = n. 

On. examining the expanded form of the expression (2), g^ven 
in Vol. IV., p. 83, it will be seen that the formula may be 
written thus : 



dx 



n(fi -l)...m 



Vi y«-^i+ 2 2 ^' « 






.(3), 



where /8^""^' means the sum of such permutations and r^* 
tfi^iiww of the functions y^, y,, y„ y^ &c., taken t of them 
together as make the sum of the suffixes equal to n — m + u 

Y2 
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Equating the coefficients of ^ in (1) and (3), we obtain 
an identity susceptible of usefal applications 

dx' \^ dx' ^ 1.2 ^ dx" ^ 

«1.2.3...«|my.-y«., + !?ii^y.-«;8f--- + &c....(4). 

The notation in the first term of the right-hand m^nber is 
' accurate only so long as n and m are different. 

If we substitute e' for y, the left-hand member of the 
equation becomes e"*A**0* and the right-hand member will 
be divisible by e"^. Denoting by s/"^' s,"""*^, &c. what 
^1*"****) &c. become after the substitution, we get the follow- 
ing formula : 

A-0- = 1.2.3...n [r,;-^ 7 + — ^T^ S.— + i&c.l 

(1.2...n-m-hl 1.2 J 

.....(5) 

for calculating A"*0*. 

Ex. Let 

/ n-4 



w = n — 4, 



A*^0*=1.2...n 



(w-4)(n-5) f 1 1 



1.2.3.4.5 



1.2 



(n-4)(n-5)(n-6) 
1.2.3 



(n-4)...(n-7) 1 



2 ' 2.3.4 2.3.4 * 2 

"^ 2.3 * 2.3 

1 1 J^ 1 JL 1 

2 ' 2 • 2.3 "*■ 2 • 2.3 • 2 

2.3 * 2 * 2 



1.2.3.4 •2*' 

K w = 10, 

.,>"., .3...,.I0(l..(l.i). 5, i|), 

therefore AV^ = 16435440, 

the value assigned to it in the table given by Professor 
De Morgan's UalculuSj p. 253, and quoted by Dr. Boole 
(Finite Differences^ p. 20). 

Brighton Vale, Monkstown, Co. Dublin, 
Jm0 I2tk, 1862. 
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ON THE DISCOVERY AND PROPERTIES OP A 
PECULIAR CLASS OF ALGEBRAIC FORMULA. 

By John Blissard, M.A. 

q^HE power of any new analytical method may be shewn, 
not only in the production of results which are strictly 
due to that method and can be obtained or proved in no 
other way, but also in the origination of formulse which are 
subsequently found capable of proof by other methods, from 
which however they were never likely to have sprung. 
Instances of this kind will here be presented to the readers 
notice, for although the leading formula about to be ex- 
hibited will be proved by means of common Algebra, I am 
indebted for their discovery to the use of the representative 
method and notation adopted and developed in my '^ Theory 
of Gkneric Equations." 

1. Let 0^ be any function of «, and let 
it is reqaired to prove that, n being a positiye integer, 



ic,-c,){c,.c,)...{c,-cycr 

First, it is evident from the construction of the above set of 
equations that ^^ (n + 1) - ^, (n) or A<^, (n) = ^"•^JT"'"^^ . 
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Next, assume 

^r («) = 0,0^... C. {(C7,_c,)(C.-C7.)...{C.-C7.) * 0^' 

"(c;-^.){c.-c7^...(c.-cj'-^ + M' 

■(C.-0.)(C7,-CJ...(C^,-C;)'^*M' 
henoe Ai'', («) which ^F^{n+\)^F, («) 

"(C;-C.)(C.-C.M(7^.-C7^-^' + M 
J-.2^^,(n+l), 



hence ^^ (n) may be put for F^ (n), and we have 

" (C.-(7,)(C.-CrM(7,-C7.)-^' +^-(I)- 
2. Required to prove that if 

then log {1 + ^, (n) .x + ^, (n) .a:* -h ^, (n) .«^ + &b.} 

-^,W.|+^.(i,).^ + ^.(n).|^ + &c (II). 

This formula may be proved in its successive cases as follows : 
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By ezpftndiBg and equating coeflicientB, we have (a« re- 
quiring to be proved) 

(l)-f.(«) = ^,(n) 

which is an identity, 

(3)V^.(«)=2^,(«)-^.«(«), 

(8) ir, («) « 3^. («) - S^, (n) ^. {n) + ^/ («), 

(4) ir, (n) - 4^, (n) - 2^»-4^,(«) ^,(n)+4^.*(») *»-*.» 

and 80 on. 

[1] Let /(«) = 2^. («)-*.•(«), 

then A/(n) = 2{^,(n + l)-^.(«)l-{^.Mn + l)-^;(n)} 
= 2A^. («) - {^. (n + 1) - ^. (n)} {*,(« + 1) + *, (n)} 

-j?;;l*.(.«)-*,W|-^-j^-cr^=-^-4*.(»), 

hence •f'j W =/(»)= 2^j («)- ^i' (t), no correction in the 
integration oeing requirea, since ^|(n), ^,(n), '^,(n) which 
signify respectively the sums of n terms of a series necessarily 
vanish when n^O. 

[2] Let /(«) = 3^. («) - 8^. (n) ^, (n) + ^.» («), 

then A/Cn) = 3 {^, (n + 1) - ^, (»)} 

-3{^.(n + l)^.(n+l)-^.(n)^,(n)l + ^.(n + l)*-^/(n) 

^ 3». (n + 1) g f ^, (n) ^ ». (n) ». (n + 1) ^ ». (iTj- 1) ] 

^ , ^ ^- ^-' ^ 
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hence t, (n) =/(n) = 3^, (n) - 3^, [n) ^. (n) + ^, (n)-. 

In a similar manner it may be shewn that 

^,(n) = 4^,(n)-2^»-4^.(n) ^,(«) + 4^«(«) *,(«)-*/(n) 

aod so on.^ 

3. Since (7. is an arbitnuy function of n^ the formula fl) 
is susceptible of an indefinite number of anplications. Tne 
simplest and most important probably ot these are the 
following : 

[1] Let C^ = an + ft, 

then <f>^ (n) = — -^ + z— -r +...+ — tl % 

and from (I) we have 

♦»=(a+i)(2a+&)...(««+i) [-^^-^^^-i^^^—^ . ^-J^ 

1 1 



a{a) (2a)...{(n-2)a} ' (2a + Jr" 

1 



^ 2a (fl) (a)...{(n- 3) a] ' (Sa + J)" 



,- &c 



] 



^ 1.2 '(Sa + tr'^^j' 

list r»l, then 

*■ W (= ^ ^- 2^J +•••+ ;;^i) 

ar{n + l+-) , , , , , 

- V °/ f t _ n-1 1 . *. ) 

" r«r(i+^) ^^"+*'* ^ • (2o + J)' -^ **=';• 

Ex. (1) = 1, J=xO, 

. ... n 1 w(n-l) I n(n-l)(n-2) 1 , 

^ A general proof of Formula IL will be Bubsoquently given. 
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(r- 1) ^. („)(={ + -J +...+ 1) 

_n 1 n(n-l) 1 n(n-l)(n-2) 1 

~1'1 1.2 '2^ 1:2:3 -8"*^ ^^' 

a well known formula. 

Ex. (2) = 2, 6 = -l, 

then ^.(„)=l + J+l+...+ _L_, 

,... 2r(n-4)f 1 n-1 1 (»-l)(n-2) 1 . ) 

^. („)(»! 4. i+...+ _L_) 

_2r(n+i)|l n-1 1 (n-l)(n-2) 1 .l'-. 

Ex. (3) a = 3, J = -2, 

then ^;(„) (=1 + 1 -.J +...+ 3^) 
_ 3r(« + i) fl n-1 1 (n-l)(n-2) 2_&J .^v 

~ rnri |i« 1 '4*^ 1.2 -T" ««-|-w» 

rf„ = 3, - + -+-(=-) 

^Sry/ 1 1\ 14 351 39 
2ri V 8 ■•■ 49/ 9 ■ 8-49 28 ' 

[2] Let C,^n% then ^, (n) = p+ i +...+ i , 
and from (I) we obtain 

*' («) = (l.2.3.,.n)« {(2«_i»)(3»_i'')...(„»_i») • pi^J 



Fij + ^-j > 



(2»- 1') (3"'-2»)...(n''-2') ■ 2"''"' 
which becomes on redaction 

'^'^^ In + ri" {n+l)(n + 2) 2«' 

+ (« + l)(n + 2)(n + 3)-3'" *^'''] ' 
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Hence ^, (n) (= p + ^, +,..+ I) 

_a[ « 1 «(»-!) 1 

~''ln + ri« (n+l)(n + 2)*? 

»(n-l)(n-2) 1 '. ) ,o 
+ (n+l)(n + 2)(n + 3)-8*' **^/ ^*^' 

[3] Let (7,=i, then^.(n) = l + 2 + 3+...+ n = ^i^^, 

It A 

and from (I) 

^'^ ^ 1.2.3.. .n ] /I IWl 1\ (I 1\ 

ili"2;u~3>/-vi"«; 

- ^ .2'*' + &cl 

(l~2)(2"8)-(2"«) J 

Hence *.(«){=!^.U} 

- (-ir |i-_^.,.^(n-l)(«-2),3,,^ (,)^ 



rn 
CJoB.1. i--!^:i.2-+ ("-\H"-^) .3--&c. 

1 1.2 



=^^^^(«+2). 



.(7). 



CJOB. 2. Smce ^, (n) (by its constraction) 



-^.(..•-^)- 



24 



therefore 1"*' - ^ .2"*' + (*»-^)("-2) .3-+. _ &«. 



= (_i)-r„(?!?-ti5!^±^5^±^) 



Hence generally (patting ti + 1 for n) 
where P. is a function of n of 2r dimensionB. 



l-^_« 2-*' + !Lij— L).3"^-&c. = (-irr(n + l)P....(8), 
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[4] Let (7.=i,, 

Aen <^^(n) = l« + 2»+...+ n*»VM = ^-^^^^^|^ 
and we have from (I), after rednction, 

JL f \ ^( — J ^ 1*l»+r) tl(7l— 1) o*(*^) 

«(n-l)(n-2) ^^, „ J 
. . ./ 2^+3nH»i\ 

-r(n + l)'\n+l-^ («+!)(»+ 2)-^ +&CJ...W. 

Hence -^ . 1»<"*" - , ?l*!7*io A -S''""' 
n+1 (« + l)(n + 2) 

n(«-l)(«-2) 3«,«.,_4 ^,_ix^. p, jx. 2n'+3«*+n 
+ (n+l)(n+2)(n+3)''*^ ^^ ^> .U«+x; . jg ' 

also 
, . . _o n'(2n"+3n*+M) 20n*+96w'+l 55n*+90n'+5a*- 6« 

which therefore 

-T>+l?tn+l*^ (n+l)(»+2)'^ +&c.J...(10), 

1 SO on. 

E. („.,), .k».>.?tr!)(|.l.^)..(i-^)..,. 

[5] Let 0,««(n4 1), 

then ^.(«) = j^ + 23 +...+ ;j^;j^ = ;j^ , 

and we obtain from (I), after redaction, 

A.U\- " 3 «(«-!) S 

^' ^"^ " M^ • (1.2)' (n + 2) (« + 8) ' (2.3)' 

n(n- 1)(«-2) _^_». 
+ (n + 2)(« + 3)(n + 4)-(3.4)' ®*^' 



and so on. 



Digitized by 



Google 



332 On the Discovery and Properties of a 

let r=l, 

Ai, ^ f \f ^ \ ^ 3 n(n-l) 5.« 

then ^,(«) (= j^ j = ^^^ . - - ^^^:^j^ . - 4- &c, 

, 1 1_ S_ n-1 J_ 

n+1 ~n + 2' 1.2 ~ (n + 2) (n + 3) ' 2.3 

(n-l)(«-2) J__ 
+ (n + 2)(n + 3)(n + 4)*3.4 ^ ^"^* 

•[6] Let , 0.= (2«-l)«, 

then ^•W = p + 3"«+-'^(2;r=i?' 

and from (I) we have 

J.(\- f 2r(n + | ))« ( 1 n-1 1 
^' ^"f ~ " lfp> + 1)1 • ll"'*' ~ n + 1 • 3*" 

+ (n + l)(n+2)-6*^' **^| » 

"IrirCn+l)/'!!* n+l'3' + (n+l)(n+2)'5' + **'-; 

(12). 

Ex. (n = 3), 

xi. 1 . 1 . W 259\ 75 /, 1 1 \ 

^^'^^ P + 3« + 5-«r225J = 64l^-2:27+'2:626J' 

which is the case. 

[7] Let C,= (2n-l)2n, 

then ^.(„) = ^ + ^+...+ ^_i_^, 

then firom (I) we obtiun 

, , . 2n 3 3 2n(2w-2) 7 

''^ ^"^ ~ 2n + 1 • (1 .2)'*' 2 • (2n + 1) (2n + 3) * (3.4)-*' 

3^ 2n(2n-2)(2n-4) 11 

■•" 2,4 • (2n + 1) (2n + 3) {2n + 5) * (S.S)'*' **" 
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Hence ^. («) {= j^ + 3^ +.-.+ (2„_\)2„} 

_ 2n_ _3_ 3 2«(2n-2) _!_.*. mon 
~ (2n + l) • (1.2) 2 • (2n+ 1) (2n + 3) * (3.4)« "*" ^^' "'^^^'' 

Ex. (n = 3),then^ + 3L+i-^(=|-J) 

^63_36^J7_ 3^ 6.4.2 n_ 
7 • 2" 2 ' 7.9 ' 12* "*" 2.4 ' 7.9.11 * 30* ' 
which is the case. 

[8] Let C, = n', then <f>, (n) = p + ^ +...+ ^. , 

and we obtain from (I), after considerable reduction, 

^(-)=ar(...).{;. ,,„-;C,-4nw-)^^ .. 

n{n-l) r(l-2p)(l-2p') J_ , . ) 

1.2 r(n+l-2p)r(n + l-2p»)'2'''^°^j' 
where p' — 1, hence patting r = 1, 

^(„)f=l+l+ I M-3rfnin4" r(i-p)r(i-p') i 

«(n-l) r(l-2p)r(l-2p') 1 

1.2 r(n+l-2/>)r(n + l-2p'')*? 

, n(«-l)(n-2) r(l-3p) r(l-3p') J._ ) 
^ 1.2.3 •r(n+l-3p)r(n+l-3p«)'3' <5EC.|...tI4;. 

Ex. (n = 2), 

*!. 1 . 1 / 9\ o/, o^. (2 r(l-p) r(l-p») 1 

_2^ r(i-2p)r(i-2p') i\ 

1.2 r(3-2p)r(3-2pV2*j 
_12J2 1 i 

1 1 



{l-2p)(l-2p')(2-2p)(2-2p')-2' 

,,2|2 ± i_ J_ iU!l_l_9 
\l'7.3'l' 12.7 •2'J 21 66 §' 
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[9] Let 0.=n*, then ^, (n) - p + ^ +••.+ ^« , 
and from (I) 

»(»-!) r(i+2p)r(i-2p) 1 ) 

(» + l) (n + 2) • r(n + 1 4 2p) r(n+ 1 -2p) • 2^ "^ "*^j ' 
where p* « 1, and therefore p = \/(— !)• Hence (r = 1) 

-4^f„ + l^»l " r(i4p)r(i-p) i 
- "(»-^) r(i+2p)r(i-2p) 1 I 

(n+ l)(n42) ' r(n4l42p) r(n41-2p) ' 2* ^ ««-|-V'»J- 
Ex. (n=2), then 1, + 1, (=11) 

«44|2 r(i+p)r(i-p) 2. 
*-M3'r(34p)r(3-p)'i* 

_2a r(i4 2p)r(i-2p) . 1 ^ 

3.4 ' r(3 + 2p) r (3-2p) 2* ^ ^^'] 

,,6f2 1 i 

''l3*(l+/>)(l-p)(2 4p)(2-p)'l* 

"6'(l + 2p)(l-2p)(242p)(2-2p)'? + M 

U5 • 1* 6 • 40 • 2V " 15 240 ~ 240 ~ 16 * 

4. The preceding formols aU belone to a peculiar class 
of equations which possess a restricted eqaalitj, holding 
good onlj within certab limits. The proof above given 
depends entirely on the supposition that the quanti^ n which 
is mvolved is a positive integer, and it is doubtiul whether 
the resources^ of common Algebra can extend the proof 
bejond this limitation. When n is fractional or negative, 
these formube become transcendents, and for their ermatlon 
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it 10 necessfliy to aBcertoin within wbat limits, as regards 
the value of ri^ thej hold ^ood. The investigation of those 
limits does not appear to oe altogether easy. We shall be 
able, however, by use of representative notation, to deter- 
mine the true limits and range of application or the most 
important of these formulsB and thus to arrive at some very 
remarkable^esults. 

{To he continued,) 



DETERMINATION OF THE TRILINEAR EQUATION TO 
THE AXES OF A CONIC SECTION. 

By William Allen Whitworth, B.A., Scholar of St. John's 
College. 

T'HE following method of obtaming thb equation is perhaps 
more direct than the verv elegant, though somewhat 
laborious method given by Mr. Hensky in pp. 273-276 
of the present volume. 

Let X, /i, V, V, /*', V, be the direction sines of the two 
tangents that can be drawn firom a point (a', ^, 7') to the 
come whose equation is 

/{a, i8, 7) = t«a« + v/S" + tc^T* + 2ti'i87 -h 2t;'7a + 2tt?'a^ = ; 

then the length of the first tangent is given by the equation 
and the roots of this equation must be equal, therefore 
Similarly 



Digitized by 



Google 



336 miinear Eqwition to the Axes of a Conic. 

Now sappose (a', ff^ 7') be any point on either of the axed 
of the conic : then the two tangents are equal, and therefore 

/(X,/»,v)=/(X»') (1), 

consequently 

(4-i-i/-(-i-'i-'i)'-«- 

Also, bj the identical relations which always exist among 
the oirection sines of any straight line, 

/*■ + V* + 2/*v cos^ = sinM =/*'* + v * + 2/*V' cos^...(3), 

v* 4. X" + 2vX cos5= sin'5 = v'* + X'' + 2v'X' cos5...(4), 

V + /i" + 2X/A cosO= sin" (7= X'" + /a'* + 2Xy cos(7...(5), 

(X sin^ + /* sin5+ v sin (7)' = (V sin^ + 11 sulB+ v sin (7)* 

(6). 

Eliminating the six quantities 

X"-X'", /i*-/i'*, v»-v'", /iv-/iV, vX-v'V, X/i-Xy, 

from these equations, and suppressing the accents on the 
coordinates, we obtain 



(df^ (df\' (dfy d£df_ d^df ^d£ 
[da) ' \dfi) ' \dy) ' dj3 dy' dy da' da dfi' 
sinM, sin'£, sin' (7, sin jS sin (7, sin (7 sin J[, sin^ sin B^ 



«. 


V. 


to, 


«> 


f. 


w, 


0, 


1, 


1, 


cos^, 


0, 


0, 


1, 


0, 


1, 


0, 


cosjS, 


0, 


1, 


1, 


0, 


0, 


0, 


cosC 



=0, 



a relation of the second order between the coordinates of 
any point on either axis, and therefore the equation to the 
axes. 



Runcorn, Cheshire, 

June 20th, 1862. 
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ON THE THEORY OF THE TRANSCENDENTAL 
SOLUTION OF ALGEBRAIC EQUATIONS. 

By the Rey. Robebt HAftLEt, F.RA.S., Corresponding Member df 
the Literary and Philosophical Society of Manchester. 

i. "piNiTE algebraic solutiong of equations of the first 
four de^es hare long been known. Bombelli 
solved cubic equations falling within the irreducible case bj 
circular functions^ and it seems that by such functions the 
roots of all cubics may be expressed.^ Demoiyre extended 
Bombelli's method of solution to certain forms of quintics, 
and it may be readily applied to c^^uadratics. Spence has 
eiyen a similar (trigonometric) solution for the biauadratic. 
And the recent researches of M. M. flermite and Aronecher 
show that a solution somewhat analogous to that by circular 
functions exists for equations of the mth degree. M. Hermite 
availing himself of Mr. Jerrard's transformation of those 
equations to trinomial forms involving only one parameteri 
has succeeded in expressing the roots of the quintic in terms 
of elliptic functions. M. £x>necher has done the same thing 
by processes that do not require any preliminary modification 
of the coe£Scients of the general quinticf So that we have 
solutions, algebraic, trigonometi*ic, or transcendental, of all 
algebraic equations of a degree lower than the sixth. But 
the methods of arriving at these solutions are various and 
independent ; and although an ultimate uniformity runs through 
the algebraic solutions, no apparent connection subsists be- 
tween them and the others, wnich are moreover indirect. It 
seems desirable therefore to discover if possible some not only 
direct but uniform process, and so to bind together, untco 
vinculoj these isolated methods of solution. The more com- 
prehensive the process the greater certainly its advantages, 
and strong or even conclusive as may be the presumption 
agamst the possibility of solvuig algebraic equations in 

general b^ radicals, there is, as ]^et, none whatever against 
le possibility of solving them by integrals. 

2. About a year and a-half ago Mr. Cockle communlcdted 
to me by letter some of his researches on the theory of trans** 

* See Todhunter's Theory of Equations, pp. 100, 101. 

t See pp. 25-27 of M. Hermite^ Essay entiUed Sur la Thcorie de$ 
JEquationes Modulaires et la ^iohUian ds VEquation du CinquQnw 
Degre, 

VOL. V. - Z 
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cendental roots. I was greatly interested in his treatment 
of the subject, because it seemed to mdicate a principle of 
solution applicable to «very algebraic equation wnich can be 
reduced to a form involving omj one parameter; but I was 
too much occupied at the time with some other researches 
to do more than read what my friend had written and make 
memoranda of a few developments which in reading occurred 
to me. 

8. It may be convenient to mention here that Mr. Cockle 
has published* some investigations on this subject, and also 
that he has found that no restriction as to the number of 
arbitraiy coefficients is necessary, but that the same process 
is applicable to anjr equation of anjr degree without any |)re- 
liminary modification of its coefficients and without having 
recourse to more than one independent variable. I propose 
in the present paper to avail myself freely of what Mr. Ccdde 
has done and to present in a systematic form some of the 
applications of which his method is susceptible. 

4; We know that any general equation of a decree not 
higher than the fifth can be transformed into another, say 
^ = 0, whose coefficients are all ftmctions of a single para- 
meter Xj and therefore that the roots of such an equation 
are functions of x only. It will be found greatly to facilitate 
the calculations and to simplify the exposition of the method, 
if we deal with the equation under this reduced form. How 
the processes may be extended so as to embrace any general 
equation, whether it be capable of the foregoing transfor- 
mation or not, is an inquiry which we shall postpone to 
future consideration. 

5. Since the equation Jy^O must be satisfied identically 
bj any one of its n roots, it follows that the successive de- 
nved ftmctions 

dfy d^fy cT^fy 
dx' dx^' ••• db-* ' 

* See his " Sketch of a Theory of Transcendental Roots" in the 
Philosophical Magazine, for August, 1860, and his <*Note on Transcen- 
dental Koots** in the ensuinff November Number of that Joiimal ; see 
also the concluding article of nis '' Note on the Remarks of Mr. Jerrard" 
in the Number for February, 1861, and his paper "On Transcendental 
and Algebraic Solution" in the ensuing May Number. A paper sup- 
plementary to the last will also be found in the Number for February 
of the present year. 
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must vanish identicallj^ B^ actual differentiation we shall 
evidently obtain a result of the form 

and, since R^ and B^ are rational functions, we have, by a 
known process, 

or | = Z/y-«+^y-«...+ X^., 

Where ^' is a function of x. Differentiating agiuh, sub* 
stituting for ^ in the result the value above determined, and 
performing necessary reductions, we find 

^-^ly +^«y ...+JL ^^. 

Bepeating this process we are conducted to the systeni 

• • • • 

%hich, by means of the n — 2 indeterminate multipliers 
M]9 Ma9 ••• Mm^> bo assigned as to cause all powers of y higW 
than the first to disappear, may be made to yield 

a linear differential equation, /* and X bebg known funo» 
tions of X. 

6^ It is pi^posed to call this equation the ^^differential 
resolvent." There are other methods of arriving at it be« 
sides that above ^iven \ and dome of these, in dealing with 
special cases, I shall notice hereafter. The solution of the 
oifferential resolvent involves of course the solution of the 
equation in y. For, any of the n roots y,, y,, ...y^ of the 

z2 



Digitized by 



Google 



340 On the Theory of ike Transcendental SohUion 

eqaation in y, and therefore also any of the constituents of 
those roots must satisfy the differential resolvent. For the 
sake of shortness let us represent the resolvent whose form 
is determined in the last article by ^y^O; then referring 
to that form, it is easy to see that 

^r=<i.X.+ {l-(a. + a....+ aJ}X,» 

where Fis a linear function of y and of the form 

and o^, 0,9 a^^ ... a^ are arbitraiy constants. 

Now we know by Lagrange's theory that the several 
coDStitaents of y are of the form 

-Sy+«y, + «"y.-+«*y«i 
or what is the same thing 

109 denoting as usual an unreal n*^ root of unity. And if 
we put 

we shall have 

and ^r»0. 

Whence it Appears that each of the constituents of y will 
satisfy the dinerential resolvent ^y = 0; and in fact these 
constituents are just so many particular integrals of that 
equation. It follows that every particular inte^al is a linear 
function of the constituents, for otherwise there would be 
more than n - 1 independent integrals which is impossible 
«eeing that the resolvent equation is only of the (n — 1)*^ 
order. Hence the solution of the differential resolvent, that 
is, its complete integration, so as to evolve v, or the several 
constituents of y, in terms of x, will give the required sola- 

* When Y and (Py are homogeneooB with respect to y, that is to 
say, when n^ » 0, and X « 0, then 01^ vanishes identically ; hence the 
following theorem : Any homogeneous linear Ainction of the particulmr 
intesrals of a homogeneons linear differential equation is an integral 
of that equation^ 
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tioii (algebnuc, trigonometric, or transoendental) of the equa- 
tion in V ; for, generallj, the determination of n — 1 particular 
integrals of the differential resolvent will enable ns to deter* 
mine the constituents in question. And here it may be ob- 
served that, had we been content with a posteriori results, 
throughout the whole process, no assumption need have been 
made as to the number of roots or solutions of the given 
equation ; the number of particular integrals of the diffe- 
rential resolvent and of values of certain arbitraiy constants 
would have determined the number of solutions. 

7. The method of solution just explidned is a modification 
of that which Mr. Cockle orig^inally proposed, and which in 
this article I shall briefly indicate. 

If we eliminate y between ^ = and ^ = (^ = 

beine a trinomial equation of the form ^iven in the next 
artide), there will insult an equation of the n^ degree in 

^. Assume that the latter can be transformed by Mr. 

Jerrard's process or otherwise into another fy' = of the 
same form as the given equation, its parameter of being a 
known function of Xj say £c, ana y' bein^ determinable as 
a function of y, say Fy. Then if we write 

no assumption being made as^ to ^, except its fundameQtal 
property of satisfying the condition 

identically, we shall have 

and therefore 

from which to seek the form of ^. Concurring with 
'Mr. Cockle in his adoption of the other process I have still 
thought it desirable to exemplify this also. And accordingly 
illustrations of it will be found rarther on. 

8. It will now be convenient to select one of the forms 
involving a single parameter to which it is known that equa- 
tions of the first five degrees can be reduced. Perhaps there 
is none more simple or that affords readier verifications than 
one which Mr. Cockle has chosen, viz. 
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I£ in this equation we asrign to x certiun nnmerical valaes, 
we may eamly deduce the corresponding values of y. Thus, 
when we make x^Oy we find that the values of y are zero 
and the fn— 1)*^ roots of n; and when x^^ly there are two 
roots eaoi equal to unity, and the others are given by the 
^nation 

These conditions vdU be found to give not only a good test 
of results, but also an easy method of determimng the arbi- 
trary constants. 

9. Perfonmug the operation ^ on the canonical form 

^=y*-ny + (n-l)a?, 
and equatiQg the result with zero, we obtwi 
cfy ^ w- 1 1 

or since y*** = (n-l),^^-^+ 1, 

therefore ^ « - 1 , -JL . 

dx n y — x 

Put y(y-*-a:-*)-(n-l)(y-a:) = (l-a:-^)y, 

80 that — ^ = T— ^ • fr ""^ >y-(^-l)l 1 

and therefore, since y*"* — 05*^ is exactly divisible by y— a?, 

the first differential coefScient -^ « or — . ^ , is equal to 

dx^ n y — x^ ^ 

a rational and integn^ fanction of y. 

10. It will be noticed that the method by which in the 

)ast article the value of the first differential coefScient ^ 

cue 

is rendered integral differs from the method in common use. 

It may be worm while however to pomt out that the same 

Insult IS given by the ordinary process. We have, in fact, 

y-x (a?-y)(a;-yj(a;-y,)...(a:-yj' 
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where die denominator of the dexter is obviously what the 
qoantic 

^=y*-ny+(n-l)a; 

becomes when in place of y we write Xj viz. 

/a;»aj(a:-«-l); 
and the nmnerator is equal to 

«*"'- a?"^ySy.+a?*^y2y.y,-..+ h ir^2y.y,...y^, 

in which expression 2 is the ordinary 2 symbol applied to 
the n - 1 roots y,, y„ •.. y^. But 

ySy. =ySy -y* =-y", 

y^y^y. ^y^Wt -y'^y. =y"i 

• • • • 

• • • • 

• • • V 

y2y.y.-y.^, ^y^yyr-y^i-y'^ytyt^-y^^ (^ iry'S 
yyj/.-yn -(-ir(n-i)a:. 

Hence the ezpresuon for the numerator becomes 

aj*-*y + aj'^y" + a?"-*y'. . .-h ay-* - (n - 1) a? ; 

and therefore ^^ , or — . — ^ , b equal to 
efa' n y — »' ^ 

which coincides, except in the order of terms, with die result 
obtained in the last article. 



11. It will be found intereeting as well as 
the following relations, viz. 


useful to notice 




dy n-1 1 






A (n-1)* y^ dy 






(«-!)• y- ■ 
n -(y-^-l)' 






'•'-m-- 
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d^y_ (n-l)' (n-2)(y-'-l)tr'-8(n-l)3r-* dy 
tb?~~ n* • {y""'-l)* 'dz 

+(n-8)(„-8)}-5(«-l)y-M(2«-l)y-'+(n-2)}] ||} 

+ 4(n-2)(2n-l)y*-' + (n-2)(n-8)} 
= (;r3i7y""((2n^l)(3«-l)y«^' + 4(«-2)(2n-l)y- 

+ (n-2)(«-3)}{|}\ 

If in place of the foregoing valne of the first differential 
n-1 1 
— ^'T^l 
we had dealt with its equivalent (Art. 9) 

n y-a' 

we should of course have been led to the same final results. 
The process in the latter case, though somewhat longer, 
enables us to evolve certain forms which will be found of 
yalue, and I shall here indicate its leading steps 

dy 

dn? ^ n * (y— x)' 

_ 1^ y{wy-(n-l)a;} 



i y 



,•♦1 



= ny*^ 



■(I)"' 
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^y^_y. {(n + l)(y-x)-8y}| + 3y 
^ n* ' (y — a;)* 

^ _ y"*' 2(n+l)y-(2n-l)a; 

"* "?"* (y-«)* 

= n»y'-{2(n + l)y-(2n-l)x}|||*j 
or, writing 

n-l 
in place of o^ and simplifyingi we have, as before, 

g-;r^»"((^-%"+("-')){|}' 

In like maimer we find 

^-ny^ {3 (n+2) (2n + l)y»-2 (2n- 1) (3n + 4)aiy 

+ (2«-l)(3«-l)a^||}*i 

which, on sabstitnting for x its value in terms of y and re- 
ducing, gives 



•(«-2)(«-3)}||}\ 



Similar relations exist for the higher differential coefficients, 
but it is not necessary to develope them here. 

12. Let us now proceed to form the several differential 
resolvents. That for the quadratic equation 



y'-.2y + « = 

diately fron 
= 2. Wei 

2(l-a?)£ + y-l = 0. 



may be deduced immediately from the formula at the foot of 
article 9 by makmg n ^ 2. We have in effect 



and therefore 
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13. For the cubic eqaation 

we have by the same formula (making n = 3) 

and therefore 

Differentiating and transponng^ we have 

or, multiplying into 3 (1 -a?^ and redncbg by means of the 
foregoing value of -p- and the ^ven cubic equation, we have 

Combining this equation with the corresponding one in -^ , 
and introducmg the indeterminate multiplier ft, there results 

+ 2(/*+3aj); 

and assuming, in order to make t^ vanish, 

/* + 3a;=0, or;* = -3aj, 
ve have 

or, transposing and dividing hj 1 — Xj 

««(l-»^)3-8-x|+y-0, 
the differential resolvent for the cubic, 

14. The last result may be verified by an independent 
calculation. I give the verification here because it serves to 
illustrate another eeneral process by whidi differential re- 
solvents can be calculated. 
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When n«3,* we have (Art. 11) 

dz 3 'y — a:* 

^ .1 y' 

die*" 3"'(y-a?)'' 
And if we assume 

(where fi^y /*,, /*, are fonctions of x only which are to be 

determined shortly) substitute for -^ and -^ their values 

above given, clear of fractions, develope, feducOi &c. we lure 
conducted to the equation 

8{3V^-^8V.(l + a5*)-2A4,aj+l}j^ 

-{3V,(l + a:»)-3V^(U + a0-3A4,(3+aj») + 2aj}y 

+ 8 [SfA^ {2 + a?)~ 2.3V^ - 2/A,aj} = 0, 

which must vanish identically* Hence equating with zero 
the coefficients of the several powers of y, and solving with 
respect to fi^ we find 

X 

1 1 

^»"3"'T^-' 

^.= 0^ 
00 that 

djy^^x dy I J_ ^Q 
da? r^'dx^^^'l^a?'^^' 

* This result mi^ht have been foreseen, and the prooess Bimplified 
accordin|ply. For since each of the roots yu tftj y. must satisfy the 
diflforentiai resolvent, the sum of those roots must also satisfy it. But 
since the equation is wanting in its second term, the sum of the roots 
is sero, and consequentiy the resolvent must vanish identically on 
making y « 0. The same reasoning applies, mutatis mtUatuUi, to the 
higher equations, but not to the quadratic 

y* - 2y + ar = 0, 

seeing that in tiiis case the sum of the roots » 2, and the resolvent 
contams therefore a term independent of y. 
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which multiplied into 3' (t - o^ coincides with the equation 
calculated in the last article. 

The same process is evidently applicable to the biquadratic 

y*-4y+3a? = 0, 
for which (iiss4, see Art 11) 



dz 4'y-a5* 
d^_ ^ lOy-Ta? 



y*-6y-h4aj«0, 



and to the quintic 
for which (n » 5) 

^ ^ y 

ar 6 y — »' 

^y. 1 y' 

c?»y_ Sj/" 4y-8a? 
^"""S^^'ly-a:)*' 

rfV_ V 77y^-114a?y-h42g' 

But the method first explained will be found upon the iriiole 
the more convenient of the two ; and that therefore b the 
method which I shall follow in deducing the remaining' 
resolvents. 

15. Making n = 4, the formula at the foot of Art. 9 ^ves 

or 4(l-iO^ = -(y» + a3^ + a!'y-8). 

Whence by differentiation and reduction, we have 
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and ' 4' (1 -a')' ^ = - {(43 + 65a:^ xf 

+ (61+47a^)ay 

+ (10 + 77a:' + 21a^)y 

- 3 (43 + 65aJ^ x]. 

Combining the last three equations so as to eUminate j^ 
and y*, we find 

4'(l-^) g-4M8.^ g- 4.43« 1+ 10y = 0, 

or 2*(l-a^ g-2*.3V g-2.43x^+ 5y =0, 
the differential resolvent for the biquadratic. 

16. For the qnmtic (n = 5, Art. 9) the formula gives 

or 5(l-a!*)^ = -(y* + aTy»4a!»3^+a»y-4), 

and by snccessive differentiation, &c, we obttun 

6» (1 - «*)• g = - {lOa^y + (1 + »»*) 3^ + (3 + 7a*) a!y» 
+ 2(3 + 2»*)a^y-40a!'}; 

+ 15(n+9»*)a!»y 
+ 3(4 + 67aj* + 29a!»)^ 
+ 3 (17 + 71a!* -f 12a:') ay 
-60(9+lla!*)a^}, 
and 5* (1 - a*)* g = - {^5 (" + 134a!* 4 49a!») a!y* 

+ 60 (31 + 178a!* + 46a^ aY 

+ 80 (121 + 828a!* + bls^) s^f 

+ 3 (77 + 22) 4a!* 4- 2541x» + 168a!'*) y 

- 800 (17 4- 184a!* + 49a:») »}.. 
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CombinlDg as before so as to eliminate all powers of y higher 
than the mist, we find 

- 3.5M7a? ^ + 3.7 J ly « 0> 

the differential resolvent for the quintic. 

It is proper to mention that a large portion of the calca* 
lation of tnis resolvent was performed independently by 
Mr. Cockle^ and that on comparing results ana making one 
or two corrections, I found that hb calculations coincided 
(so far as they went, for they only extended to the deter- 
mination of the differential coefficients) with my own. 

17. If the differential resolvents be employed (as we shall 
hereafter see they may be) as tests of existing theories of 
differential equations, it is obviously of the utmost importance 
that their accuracy be placed beyond dispute. I have there- 
fore verified all the foregoing results with the greatest care. 
The process of verification 1 here proceed to illustrate by 
an example* Such details are not without their value. 

If we assume y = — a;, the equation 

y* — wy + (w - 1) a; = 
becomes (y*"* — 2n + 1) y = ; 

and neglecting the root zero, we have 

y = -a; = (2fi-l)'^. 

Now substituting this value in the formuln for the several 
differential coefl^ients exhibited in Art. 11, there results 

dz 2n' 

g = --^,(4n + l)(2n^l)S^', 
g««_l_^(24n» + 20n.l)(2n.l)-^. 
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In order therefore to yerify the expressions for the several 
differential coefficients found in the last five articles, we 
have only to substitute for y^ or -^-x^ the numerical values 

3. 5 ^ 7** 3 successively, and compare the results with those 
ODtamea by makine n equal to 2, 3, 4, 5 successively in the 
above formulae. Thus, for the quintic [ex. gr.\ we have, by 
either set of substitutions, 

^ «i- ^--^* ^- IjI a _ 8^.233 , 

and the sinister member of the resolvent, making ^ s — a; = 3*, 
becomes 

^ (699 - 4725 + 10530 - 10200 -f 3696), 

which is equal to zero, as it ought to be. Other verifications 
are indicated in Art. 8, but it does not seem necessary to 
dwell on them here. 

18. The differential resolvents which we have calculated 
may be all, with the exception of that for the quadratic, 
comprehended under one eeneral symbolical form. For, 
transforming by Dr. Boole^ process (see his Memoir on a 
" General Method in Analysis," in the Philosophical Trans' 
actions, for 1844, Part U., or his Treatise on Differential 
Equations^ Chapter XVII.) in which »• is substituted for x 

and D represents the differential symbol ^, we are con- 
ducted to the following results, viz. For the quadratic, the 
BooUan or symbolical form of the resolvent is 



For the cubic, it is 






(i?-f)(Z>-^) 

y D{D^i) '^ "• 



For the biquadratic, it is 

(i>-^)(i)-V>)(i>-V) ^.« q 

y D[D^\)[D-2) ^y ^' 

For the qomtic, it is 

^ (i>-t)(i>-V)(i>-V)(i>-V) ,«.^_P 

y D{D'l){p-2){D-2,) ^ 
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So that the general form, saggested by indaction from the 
above, is 

3^ 2)(i)-l)(i)^2);..(2)-« + 2) * ^' 

the only exception being the resolvent for the qaadratic 
which, K>r reasons eiven in the footnote under article 14, most 
contain a term independent of y, and therefore cannot be 
reduced to a binomial form. It is worthy of notice however 
that the sinister member of that resolvent coincides with 
what the sinistic member of the general equation becomes 
when we make n = 2. It is also worthy of notice that the 
fructions 

2n-l 3n-2 47i-3 n*-n-|-l 



> ^ I ^ > 



which occur in the general equation, are in arithmetical pro- 
gression, the common difference being . 

19. The ^neral formula exhibited in the last article was . 
obtained by mduction from the cases fi = 3, n = 4, n = 5. In 
order to complete the induction and shew that the formula 
holds universally, it would be necessary to prove that, if it 
is true for n = w, it is also true for n=m + l. The above 
induction however is sufficiently wide for our present purpose, 
inasmuch as when n is greater than five, the given equation 
cannot in general be reduced to the trinomial form with 
which we are now working. We might therefore be con- 
tent with the theorem as here established. But Mr. Cayley. 
in a paper entitled ^ Note on a Differential Equation," reaa 
before tne Literary and Philosophical Society of Manchester, 
February 18, 1862, has, in a remarkably beautiful analysis, 
arrived at a result by means of which it is easy to estab- 
lish the theorem in all its generality. A brief abstract of 
Mr. Cayley's paper is here, for convenience, transcribed 
fix)m p. 193 of the current volume of the Manchester Society^s 
Proceedings ; it is as follows : 

"The investigation was suggested by Mr. Harley's re- 
marks* on the Theory of the Transcendental Solution of 

* The remarks to which Mr. Cayley here refers occur at pp. 181-184 
of the same Tolume. Some supplementary observations of mine on the 
same subject will also be found at pp. 199-201. In these two corn- 
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Algebraic Equations, communicated to the Society at the 
Meeting of the 4th February last. 

The equation y = w + aj/^ (which is used instead of 
Mr. Harley's equation y* — ny + (n- 1) a; = 0) gives, by 
Lagrange's theorem an expression for y^ in the form of an 
infinite series, and by means of this series it is shewn that 
y satlsfito the differential equation 

([m]y denotes as usual the factorial 

in(m-l)(in-2),..(fn-v+l)). 

It is remarked that the equation may be written in 
the form 



JL (A^ 

na \du, 



.»-» 






and the law of the coefficients is obtained.'* 
Mr. Cayley's equation 

y = tt + ay* 

becomes identical with that which I have employed 

y*-ny + (n-l)aj = 
on putting 



n-1 1 



> 



and these substitutions bemg made for u and a in Mr. Cayley's 
differential equatioa 



lies 

r rf"i-' r« d 2n-\y^ (n-\ \-* 



it becomes 



munioationt I gsTe (without proof) seTeral of the more remarkable 
reeults inTestigated in the preaent paper. I may add that at pp. 202-203 
of the same Tolume there appear some remarks on Transcenaental Solu* 



honor of laying before the Manchester Society along with the last> 
named communication fropn myself. — ^R. H. 

VOL. V. A A 
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OTi iffaat 18 the same thing, 

(4)(4-')(4-^>4s— ')' 

Vac n J\ ax n J \ ax n / 

wbenoOi writing a* in place of x^ we hare 

/ d 2n-l\ /^ _ 8n-2\ / rf^ _ 4n-3- \ 
"V^" n )\d0 n )\d0 n ) 
(d n'-n+lN „^ 

••'U — s— )• 3^, 

which Y^ifies the form given in the hist article and establishes 
the theorem in all its universality. 

I may notice here that the general resolvait equation for 
the trinomial maj be written, as is easily seen, under the 
following fonui vus. 

[2:fl'^y-(^)""[S]-e^-'«y, 

where Z and D are connected by the defining relation 
(n-l)S«fii)-2n + l. 

20« I nest proceed to apply the theoiy to the solution 
cff the equation in y. Ana here again I begin with the 
umplest case (ns2) 

^-2y + aJ = 0, 
forwlnch(Art. 12) 

and therefore, by a known process, 

= l+e(aj-l)*. 
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In order to determme the constant, make, in the given quad- 
ratic, y = 2, then x^O^ and therefore 

2 = l+c(-1)*, or c = (-l)*. 

Conaeqnentlj y = i -j- (i — a?)*, 

the usual algebraic solution. 

21* The cubic resolvent 

is of a known inte^rable form. In fact, following the usual 
method and changing the independent variable by assuming 
x = Anti we find 

and the final solution is 

y = c, sm-— « 

. sin~*;c+c. 
= c, sm ^~ -«. 

It is to be noticed that if we were to regard and treat this 
value not as that of y but of a constituent of y, we should 
be remitted to the same final result; for the sum of auj 
number of fitmctions of the form 



c, sm 



8lin"'i» + r. 



3 

is obviously a function of the same form. The above may 
therefore 1>e dealt with as the complete solution. 

. Perhaps the most convenient method of determining the 
lurbitrary constants is the following: When a; = 0, y = 0^ 
V{3) or — V(3)) and smce 8in"*0 = 0, ir or — w^ wo may 
write 

= c, 8ln|, 

V(3) = c.8in^, 

-V(3)-c.8iii:i^; 

whence, oombining any two of these omditions, we find 
c, «* 2, and c^ = 2r7r, 

A A2 
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Y integer. 
y^2 sin- 



r being zero or any integer. We hare therefore finally 

Bin"* a; 4 2nr 



3 

Mr. Cockle has shewn* that the differential equation now 
under discussion majr be integrated without any change of 
the independent variable. For the equation may be put 
under the symbolical form 

Where m =s ^ V(-" 1 ) > tuid we have therefore 
or, restoring the numerical value of m^ 



«e,sm 3— « 



letsbeforew 

In each of the foregoing solutions x is tadtly assumed 
not greater than unity, so mat the discussion embraces only 
*^the irreducible case.'' But we may avoid the restriction 
and generalize the solution by employing (in the integra- 
Uons) logarithmic in place of trigonometric forms. Thus 
the resobrent may be written 

{v(»-i).^+«}{v(a^-J).^-«}y=o, 

where it ^ | ; and consequently 

= c,{aj + V(aJ*-l)r + c,{aJ + V(aj'-l)P 

* Sm Mr. Cockle's pspet '< On Transcendental and Algebraic Solu- 
tion. Supplementary Paper.** Ph%h9opkical Magaxme, ror February^ 
1862. 
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(whichi restoring the value of m) 

-c.{«+V(x'-l)l*+ ^» :, 

{x + V(i»*-l))* 

the complete solation. For the determination of the con- 
stants, let (as before) a;=0, then y^O, V(3) or — V(3)j and 
if m denote as usual one of the unreal cube roots of unitji say 

-i + W(-3), 
and t the square root of negative unitji then since 

7 — «=«'V(»). 

r being 0, 1 or 2, we may write 

-V(3) = -c,fV + c,f«; 
from any two of which conditions we obtain 

80 that the roots of the cubic are aU included In the formulii 



«r(-a.-V(a?'-l)}*' 



or (what b the same thing) in 



«'{-« + V(a^-X)^ 



Thb agrees with known results* 

22. The process of decomposition employed in the pre* 
ceding article in dealine with the cubic resolvent may be 
appli^ with effect to the more general equation 

(l + ax^^ + aa;^±n*y«0. 

For, writing m" m place of IFn*, we may deduce successively 

|v(l + aaO.^ + m| |v(l-l-«c'j.^-m|y-0; 
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= c, [x V(a) + V(l + OJ^)}^ + c, {x si {a) + V(l + oa?)}'^- 
The allied form 

noticed bj Dr. Boole in his work on Differential Equationsj 
at p. 419, may be decomposed and solved m a similar manner. 
It IS in fact equivalent to 

which by successive integratioQS gives 

y = c,{-a;V(«) + V(l + a^*)l^+cJ-xV(o) + V(l + «a^)r^, 

a result which n^ight have been more readily obtained by 
simply writing - a? in place of a; in the above solution* 

23. Before leaving the cubic equation it may be worth 
while to indicate its solution by the process given in Mr. 
Cockle's " Note on Transcendental Roots." If we eliminate 
y between the given equation 

y-3y+2a; = 0, 

^nJ its first derivative 



we are led to 






which may be immediately transformed into 
where y' = -3V(l-a:').^, 



Digitized by 



Google 



ofAJgAratc EjuaUans, 368 

This equation is of the sftine fonn m the ori^^nal one; so 
that if we assume y»^ we shall have ^ s^'j or| what 
is the same thing, 

^8V(l-a^.^=*V(l-a?), 
that is to aaj 

dat "8^(1-350* 
aadtherefore Ml:ig) = _*?. 

By differentiation we obtain 

"^'"' 8(l-a^« 8V(l-««)- <fo 

a:^V(l-g») 1 <f^V(l-aO d^{L-a?) 

" 8(l-«0« 8V(l-aO-rfV(l-»')* <fe 

^ _ a^V(l-a^ _ 1 /_ ^\ -X 

^^ X dfffx ^M 

~T^' dx '"8*(l-a!0' 

whence -^ - j-^ . I^ + ^-.^ » 0, 
* I notice that sinoe 

therefore we haTe 

0« - » V(l - aO ' 
and conseqnently 

a f onotional equation which admits of a variety of colutionsy Booh as 

which are wholly incongruous with the fundamental condition 
(0«)*-d0ri.2««O. 
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a result identical with that obtained by the process which 
Mr. Cockle gave In his first paper ^^ ()n Transcendental and 
Algebraic Solntion.'' The latter process, which b perfectly 
irenenil in its form and chai^acten has been followed in the 
preBent Memoir. 

Cattle HiU House, Brighoose, Torksliire, • 
Jfoy 26, 1862. 

(To be oontinued). 



THEOREMS CONCERNINa WAVE-VELOCITIES AND 
RAY-SLOWNESSES IN A BIAXAL CRYSTAL. 

By William Walton, M.A., Trinity College. 

^HE following theorems, the demonstration of which is 
extremely easy, may perhaps be of some interest to 
Students. 

In any three directions, at right angles to each other, 
each of tne following expressions is invariable ; viz. 

(1) The som of the squares of the six wave-velocities : 

(2) The sum of the squares of the three rectangles be* 
tween the conjugate wave-velocities: 

(3) The sum of the squares of the six ray-slownesses : 

(4) The sum of the squares of the three rectangles be- 
tween the concurrent ray-slownesses. 

If {, m, n, be the direction-cosines of a wave-velocity v in 
a blaxal crystal. 

Clearing the equation of fractions, we have 

Let t*/, v^^ be the two values of v* in this quadratic : then 
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Similarly, for two other directions of waye-yelodtyi 

Suppose these three directions to be at right angles to 
eacn other: then, adding together the last tm*ee eqaationS| 
we get 

2K« + = 2(a« + 6« + c^) (1). 

Again, reverting to the quadratic in t^, we see that 

and therefore, summing in relation to three directions at right 
angles to eacn other, we have 

2{vJ« = iV + c^a« + aV (2). 

finally, in virtue of the reciprocal relations between wave- 
velocities and ray-slownesses, we may replace OjbjCj v^, t;^ 

respectively, by - , t j -> />») />»> where p^, p^ represent two 

ray-slownesses in any one direction: hence, referring to (1) 
and (2), we see that 

S(P/+P.>2(^ + 1. + 1.) (3), 

*nd 2(p^J'=^ + ^. + ^. (4). 

Cob. From the equations (1), (2), (3), (4), we see that 

a relation not involving a, &, c, and therefore invariable for 
all bia^ crystals. 

S^pitmUr, 1861. 
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GEOMETRICAL THEOREMS. 

By th« Rev. Geoeob Salmon. 

TN this Journal^ Vol, IV., p. 152, I gave expresnons for the 
distances firom the intersection of perpendiculars of a 
triangle to the centres of the inscribed and circumscribing 
circle, and thence deduced the locus of intersection of per- 
pendiculars when the two circles are given. Dr. Hart sub* 
sequentlj extended one of my theorems to the case of a 
conic, and Mr. Bumside has since extended the other, and 
has aeduced the locus of the intersection of perpendiculars 
of a triangle inscribed in one conic and circumscribed 
about another. I noticed lately that a proof whidi I pub* 
lished in Terquem's Annales^ of a theorem of Captain Faure's, 
yirtuaUy contains the proof of Dr. Hart's and Mr. Bumnde's 
theorems. I therefore reproduce that proof here. 

The foundation of the proof is the principle (see my 
Conica) that if U and V are two conies, and if the dis- 
criminant of. Z7+XF be A + X0 + X*0' + X'A'; then the 
coefficients A, 0, 0', A' are inyariants. In fact since if 
CT+XF represent right lines, it will continue to represent 
right lines, no matter how the co-ordinates be transtormed| 
the roots of the cubic In X just written, and therefore the 
mutual ratios of the coefficients of the equation will be un- 
changed by transformation of co-ordinates. 

K A = aJc + 2J^A-af -V-c*', 

then = a'(Jc-/«) + y(ca-/) + c'(ai-**) 

+ 2/G7A-a/)-f2<7'(A/-J(7)4 2A'(/^-c*). 

We get A' and 0' by interchanging the accented imd un- 
accented letters. 

If now a triangle self-conjugate with regard to 17 be 
inscribed in T, will vanish. For if this triangle be 
taken for the triangle of reference, U will take the form 
aaf + hy^-V cz^ and K the form fyz + g'zx H- h'xy'^ or, in other 
words, we have a', h\ c\ /, ffj h all vanishing ; m which case 
it is easily seen that vanishes; and since it vanishes for 
these particular trilinear co-ordinates, it vanishes because it 
is an invariant for every co-ordinate. 
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In like maimer wiU vani&h if a triangle Belfn^mjagate 
with regard to F be circamscribed about i7; for the con- 
ditions that the triangle shall be self-conjugate are /', g'j K 
all =0; and that it shall circumscribe U are bc^sf*^ ca^^j 
ab = h^y suppositions which make vanish. 

So again 0' = O is the condition either that a triangle 
self-conjugate with regard to V shall be inscribed in U^ or 
that a triangle self-conjugate with regard to U shall cir- 
cumscribe K. These tneorems are stated, Contcsy but are 
repeated here for the convenience of the reader. 

Let ?7now be the ellipse 

and F the circle 

(a!-ar + (y-/3)'=r', 

and let us form the discriminant of Z7+XF, and we find 
without difficulty 

0'— ^+v— ^> 

= gives a relation between the radius of the circle cir- 
cumscribing any self-conjugate triangle with regard to an 
ellipse, ana the distance of its centre from the centre of the 
conic. Captain Faure had stated this relation in the form 
" The tangent drawn from the centre of the ellipse to this 
circle is equal to the chord of the quadrant of the ellipse.'* 
Mr. Gaskin had stated it, '' The circle circumscribing a self- 
conjugate triangle cuts at right angles the circle which is 
the locus of intersection of rectangular tangents to the conic." 
It is easily seen that = is equivalent to either of these 
statements. I gave in Terquem some inferences from the 
equation 0' = O which gives a relation between the co-or- 
dinates of the centre and the radius of a circle inscribed in 
a self-conjugate triangle. 

But what I wish now to point out is that 0' = is also 
the condition that a triangle self-conjugate with regard to 
the circle may be inscribed in the ellipse. Now if a triangle 
be self-conjugate with respect to a circle, the centre of the 
circle is the intersection of perpendiculars of the triangle; 
and the rectangle under the segments of any perpendicular 
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18 equal to — r' when the triangle is acute angled and r^ 
if it be obtuse angled* The equation then 0' » or 



[h^w 






gives us Dr. Hart^s theorem. ^^ If a triangle be inscribed 
in a conic the rectangle under the segments o( perpendiculars 
depends only on the position of the intersection of the per« 
pendicularsy and is the same while that intersection moves 
on a conic similar and concentric with the ffiven conic'' 

In like manner from the equation 0=0 or ^=a"+i8*— a"— J* 
we eet Mr. Bumstde's theorem that ^^ If a triangle be drcum- 
scribed about a conic the rectangle under the segments of a 
perpendicular depends only on the distance of the centre from 
the intersection of perpendiculars." Since this expression 
shows that the triangle is acute angled or obtuse angled 
according as the intersection of perpendiculars is within or 
without the circle a^-i-^ = a* + i, we could infer thus that 
this circle is the locus of intersection of rectangular tangents. 

If a triangle be inscribed in the conic --r + ^ "^^ 1} ^^^ 

circumscribed about one, the co-ordinates of whose centre 
are a', ff and axes A^ B] then by equating the two values 
of r* found from the consideration of the two triangles, we 
infer that the co-ordinates of the intersection of perpendiculars 
satisfy the equation 

The locus is therefore a conic passing through the points 
where one conic is met by the locus of rectangular tangents 
to the other. 

This theorem admits of a further generalization, ^' If a 
triangle be inscribed in a conic U and circumscribed about 
another V its pole with regard to a third conic W moves on 
a conic and its polar envelopes a conic" By the pole of 
a triangle with respect to a conic, I mean the point through 
which pass the lines joining the vertices of the triangle to 
those of its conjugate, and by the polar the line joining the 
intersections of corresponding sides of the two triangles. To 
prove this, it is to be observed that if a triangle be self- 
conjugate with regard to any conic, its polar and pole with 
regard to a conic having double contact with this are the 
chord of contact and it*^ ' ■* proof of this is obvious. 
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If now we form the condition that a triangle inscribed in U 
should be self-conjugate with regard to Ty + {ax -\- /3y -^ yz)% 
we gfet a condition of the form + (^a* -f &c.) == 0, where 
-4a" + &c. is the condition that oaj + ^y + 7^ should touch Z7. 
A^ain if we form the condition that a trianele circum- 
scribed about V should be self^^onjugate with regard 
to W^ few: 4 )8y + 7«)*. we get a condition of the rorm 
0' + (-4'or 4 &c.) and tnerefore when both conditions are 
fulfilled, we have a relation of the form 

0' C^o* + &c.) = (^ V + &c.) 

which proves that ouc-f fiy + yz envelopes a conic, and that 
its pole moves on another. 

Trinity College, Dublin^ 
June 26, 1862. 



NOTE ON CERTAIN CUllVES OF THE THIRD 
DEGREE. 

By Michael Robebtb. 

TK an interesting paper which has appeared in this Journal 
^ (Vol. v., pp. 54-58) Mr. Samuel Koberts has investigated 
the properties of certain sjstems of curves of the third degree. 
In the few remarks which follow I propose to consider the 
same curves as affording an illustration of the general prin- 
ciples of the theory of cubics as laid down by Mr. Salmon 
in the ninth section of the third chapter of his remarkable 
work on the Higher Plane Curves. The curves in question 
have for equation in trilinear coordinates 



?., 



Denoting then by 8 and T the quartmvariant and the sex- 
tinvariant of the above form I fina 

-s=-iiy {V+ V+ V- w- w- w, 
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or, if » is an imaginary cube root of unity, 

2'=-^{(2V-V-V)(2V-V-V)(2V-*.*-V)}- 
Let U8 put 

"^e then find 

T^ A-. {^' + ^^, 

and the discriminant 

wi "n y 

which in this case assumes the remarkable form of a perfect 
square. We deduce from the last equation 

2:-a)*2f=(l-a>')(V-V)- 

Hence mVy V(- iZ) = 3« (1 - o)) (V - Jfe.") (V - K) (V " *.*)• 

The curve has therefore a double point if two of the three 

duantities k*^ A;,*, k* become equal, and it is cnsped if these 

three quantities become equal. K they are in arithmetic pro- 

n'ession, the cubic becomes of the class called Jby Mr. Salmon 

narmonic (Higher Plane Curves^ p. 193), as in this case the 

tangents drawn to the curre from any point in it form an 

harmonic pencil; and the cubic coinciaes with its second 

Hessian* To find the curve whose Hessian shall be the 

T 
given cubic^ we must solve the equation /**— I^S/* — — ^ = 

{Higher Plane Curves^ p. 192) whose roots /*,, /*,, /a, are 
L + M wL + coi'M m*L + mM 

^'^BmVp*' ^«" StnVy ' ^"^ SmVy * 

15, Trinity College, DaMin, 
2$, 1S62. 
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THEOREMS ON LINES OF CURVATURE AND 
GEODESIC LINES ON AN ELLIPSOID. 

By J. G. Laiko, B.A., St. John's College. 

TWO geodesic lines TP^ TQ are drawn from tmy point T on 
the surface ^ an ellipsoid to touch any line cj curvature 
in P and Q. Prove thcU the internal ana external bisectors 
of the angle PTQ are tangents to the lines of curvature passing 
through me point T. 

With tne nsuid notation, we have along the line of 
cnnrature 

pD^c (a constant), 
also along TP 

pD^di 

but at P, p and D are the same for TP and the line of 
coryatnre, and therefore c' = c. 

Similarlj alon^ TQ^ we havejpZ> = c. 

Now at T^ p IS the same for TP and TQ^ and therefore 
D is the same for both, or the tangents at T to TP, TQ 
are parallel to equal diameters of the diametral section of 
the elliDAoid. Hence the tangents to the lines of curvature 
at T wnich are parallel to the axes of the diametral section, 
are tne internal and external bisectors of the angle PTQ. 

Q.E.D. 

C!OB. If the umbilici DJ F be joined to ST by geodesic 
lin^ we know that the tangents to the lines of curvature 
at T bisect the angles between UT and FjT, and therefore, 
by what has been proved above, it follows that angle 
ZTTP- angle VTQ. 

It is proved in Salmon's Geometry of Three Dimensions^ 
Art 198, that if a sphero-conic be projected on either plane 
<^ circular section, hj lines parallel to the least axis ^ the 
ellipsoid, the projection will oe a circle. 

If the equations to the sphero-conic be 



a? + y* + «• = r', 



Digitized by 



Google 



I 



368 Theorems on Lines of Ourvahire and 

the equation to the projection is 

«^ + »* = 6S3?(''-'^) (I)' 

the axes being the axis of y, and an axb, in the plane of 
circular section, at right angles to it. 

K we project the lines of curvature in a similar manner, 
the projections will be confocal conies, the projections of the 
umbilici being the foci. If a line of curvature be deter- 
mined by the equations 

^ ^ ^ . 
we get, for the projection on the circular section, the conic 

?zv + jrrxi"i^3? (°)- 

I have not sqbu the following propositions stated else- 
where; they may perhaps be new: 

Prop. 1. If from an umbilicus we draw a geodesic line 
perpendicular to any geodesic tangent to a line of curvaturej 
the locus of the foot of the perpendicular is a sphero-conic^ 
which projects into the circle which is the locus of the foot of 
the perpendicular from the focus on the tangent to the pro^ 
jectwn of the line of curvature. 

Let uY be the geodesic through the umbilicus ?7 at right 
angles to the geodesic tan^nt Px , then along UY we have 
pD^acj and dong FY^ pD ^lu (the constant of the line of 
curvaturej. 

Let a , V be the semi-axes of the central section of the 
ellipsoid by a phme parallel to the tangent plane at F; then^ 
since JPF and cTT meet at right angles at x, we have 

11 1 1 g^-fft'* 



* Along a line of ourrature pD is constant « /s also the other axis 

of the central section is constant «= — =; « X, the constant which enters 

into the second equation. The particular line of ounratore will there- 
fore be known by the particular value of X or /«. 
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therefore -773 + 



p^D"^ p^D""^ p^a'^V^' 

therefore nr5 + — «* iio » 

where r is the distance of Ffrom the centre ; therefore 

Sabetltating this value of r in (I), we get for the equation 
to the projection of this sphero-conic 

and this is the equation to the circle which is the locos of 
the foot of the perpendicular, from the focus, on the tangent' 
to the projection oi the line of cunrature (II). 

Prop. a. The locus of the point of intersection of geodesic 
tangents to a line of curvature^ at right angles^ is the sphere^ 
conic whose prqjed,ion is the circle which is the locus of the 
point of intersection of tangents at right angles^ to the projection 
of the line of curvature. 

Let PTj QT be the geodesic tangents, then along both 
of them^2>s/i| and the^ore. at jT, D is the same for both^ 
and since they are at right angles 



and therefore 



I/'^ a'^'^ IT' 



therefore t^^a^-^V-k-c^ 5- 

= a» + 6" + c'-2X". 

Substituting this value of r in (I), we get for the equation 
to tfie projection 

and this is the equation to the circle which is the locos of 
the point of intersection of tangents at right angles to (II). 

YOL. Y. BB 
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Prop. 3. ij^ in Prop. 2, we draw one tangent to a line of 
cttrvcUure X| and the other to a Kne of curvature \\ the locus 
of T will be a sphero-^xmic whose projection is the cirde which 
%s the locus of the point of intersection ^ tangents a< ^f^ghi 
angles^ the one drawn to me projection of\ the other to tkai 
o/X. 

For, proceeding as beforci we have 

1 1 a'.fy + c'-r' 

and therefore r'»a*+ J^ + c'-X'-X**, 

and sabstituting in (I), the equation to the projection becomes 

the locus required. 

Since writing Props. 1, 2, and 3 I found Aat they were 
particular cases of more general propositionsi which I pro- 
ceed to prove. 

.1) If from any point of an ellipsoid two g&odesit tcmgmis 
ratrnt to a line of curvature^ the angle ietufeen Aem is equal 

to. the angle between the tangents from Metprofeetion of the point 

on the circular section^ to the projection cfthe line of curvature ; 

the projections being by lines paraUd to the least ateis of the 

ellipsoid. 

liCt a'^ V be the semiaxes of the diametral section of the 

Kint of mtersection of the geodesic tanKents, 2^ iSoA angle 
tween them ; then, with ib^ same notation as bdbrei 

I sin'iS . co8»i8 

and therefore a'*co8"^+6'"«n*i8»2-r-«X*; 

o" — X* 
therefore tan'/9 « — ,^_ i , 

and therefore taa2^»x2^^ ^ , ^ ^ ^ (I). 

a *T" *' "^ Aht 

Now a-+J'*-o''+ *•+<!»-/, 

«W 



( 
hed\ 
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Oeodeaic Lines on an EUipaoid, 871 

aod r» = aj'+y*+je» 

t ^ t V — /»• 



:c-+(j:*+r) 



6» 



where X, F are the coordinatea of the projection on the 
circular section; and 






P 



therefore o-+6'=a* + y-^-^ (JS7+ P), 

Sabstitatmg in (1) and reducing, we get 
tan2i8 

and tberefore the angle between the tangents finom 6ie point 
XF, to the projection of the line of cnrvatore 

ifl equal to 2/3 (Salmon's Conio Sections^ p. 151). 

(II) Since the umbiUci Z7, V are the points in which the 
umbilical focal conic cuts the eUipsoid, and the umbilical 
focal conic is the limit of a confocal hyperboloid, it foUows 
that the umbilici may be regarded as a line of curvature. 
T - 




to the angle SFH. 

bb2 
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(in) If from T we draw a geodesic line tondiing a line 
of curvature in P. and join uT^ then the angle UTP is 
equal to the angle oetween 8T and the tangent TP^ to the 
projection of the line of curvature. For if TQ be the other 
ffeodesic tangent to the line of curvature, from T^ and TQ 
uie other tangent to Its projection, then 

lFTQ^lPTQ^ zjAlBTB^lVTV\ 

therefore 2l8TF^2lUTP^ 

and therefore L BTF = lUTP. 

(IV) If from T we draw a geodesic line TP touching one 
line of curvature, and TQ touchmg another line of curvature ; 
and fix)m T draw tangents TF.TQ to the projections of 
the lines of curvature, then LFTQ^lFTq. For join 
UT, 8T, then, by (III), 

lUTP^lSTF, 

and lUTQ^lBTQ', 

therefore lPTQ^lFTQ. 

It will be seen that Props. 1, 2, and 8 follow at once 
from (I), (III), and (IV)- 

From (U) it follows that if the angle TJTV be constant, 
the locus of T projects into the circle which is the locus of 
T when BTH is eoual to the same constant. 

Again, if from U a geodesic line TJT be drawn making 
a constant angle with any tangent TP to a line of curvature, 
£be locus of jT projects into a circle. For if from 8 be drawn 
8T making the same constant angle with any tangent TF 
to the projection of the line of curvature^ we know that the 
locus of 2^^ is a circle (Salmon's dmics). 

Many other such deductions might evidently be made. 

Aug\ut^ 1862. 
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THE EQUATIONS OF THE STRAIGHT LINE AND 

PLANE IN TRILINEAR AND QUADRIPLANAR 

COORDINATES. 

By W. £880K» MJL, Fellow and Tator of Merton College, OxfiNrd. 

L—The Straight Line. 

T EiacA. Three parallel right lines drawn from the andea 
A^ BjCo{a triangle are intersected by any right Bne 
in points L^ M. N. The parallelograms formed bj AL^ ^^i 
BM^ NL ; Cif.LM are together equal to twice the area of 
the triangle AJSG. 

This proposition is well known and capable of veiy simple 
proof. 

1. Let AL^ BMy CN be perpendicular to LMN^ and let 
theur values he p^q^ri and let a, A 7 be^the trilinear coor- 
dinates of any point P in LMN. Twice the area of BCP 
isy by the Lemma, equal to gNP-\'rPMj hence 

aa=:jJVP+rP2f, 

b/3^rLP+pPN, 

cy^j)MP+qPL; 

therefore paa + qbfi + rcy — (i)^ 

the equation of a right line in trilinear coordinates. 

2. Let a' be the perpendicular from any point on (1). 
The equation of a line parallel to (1) through the point is 
plainly 

therefore 2Aa -paa + qbfi + rcy. 

Hence if *— ■ = /. ^— = wi. — « n. 

a =/a + M)8 + n7 (2). 

Li what follows Imn will be restricted to these values. 

3. Let 0y 6jy^ he the angles between tlie right line and 
the sides of the triangle. Draw a perpendicular from A on 
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BC and parallels to it through J?, G\ let these parallels meet 
the line in L'M'N*^ then, bj Lemma, 

AL, M'N" + BAT, N'L + CN", LiT = 2 A, 

but AL costf=/>, Bif co8(9 = j, CN* costf = r, 

and the altitude of the parallelogram AL\ M'N* ; is a, of 

BAT, NT - 1 cosO, and of CN\ LM' ~ c cos-B, 

hence 2A cosd ^pa — qb cosC- re cos-B, 

or co8^= I — wcosC/ — n cos-B.^ 

Similarly co80 = m — n co8-4— I co8C> (3). 

cos^s n — Z cos^ -w cos^i 

But AL.MN+BM.NL'^CN.LM^2/^, 

or pa cos^ + qb co8<^ -f re cos*^ = 2A ; 

therefore I costf + w cos^ + n cos-^ss 1 (4), 

hence from (3] and (4) 

r^i-ni' + n*- 2mn cosJ - 2nl co%B-2ln cosC= l...(5), 

which may be written shortly 

2r'-2Smnco8^ = l. 

4. The reduction of any equation 

La + Ml3 + Ny=^0 (6) 

to the form la + mfi + ny is effected by dividing it by 

(Si*-22ifiV^co8^)*. 

This follows at once from (5). 

Hence the perpendicular from any point on (6) is 

La^M^ + Ny 
{^I/-22MNcosA)^ ^'' 

5. The angle between two given straight lines is ea^y 
found in the usual form from equations (3). 

6. Let L ^ Jlf,, N^y &c. be the minors of the determinant 
I a, A7. !• Then the equations of the sides of a triangle 
{A'BC\ a'b'cy A') may be written (by (7)) 

A«-f^^ + ^.7=e^' (8), 
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Wb^re a') ^8', 7' are tbe ooordinatea of aaj point with re- 
ference to AB'C\ 

<?t = (2ji9.7.P-2S|7Al|og9.|co8^)*, 

and Qyi Q, similar quantities. 
Solving equations (8), we have 

l«A7.Ia = a,<2y + «,(?^ + a.(?.7 (9), 

but since a,, oe,, o^ are the perpendiculars from AB'CT upon 
a, we have, by 2, 



therefore 



2A' a' V c' 



and since a' denends only on aj9,7,y ^^nf^ ^^^ ^1 ^^i^tains 
only these oooroinates, each of these ratios is equal to a con* 
stant k suppose ; therefore 

let A'==A; 



then 2A = A; 



2A 2A 2A 



> A > 



c 



a » fc 

, __ abc 
(2A?' 

therefore 2A' = ^. K/3.7. 1, 

and a'-^2^{S|^.7.r-2S|7Al|a;9.|cos^l*, 

which are expressions for the area of a triangle in terms of 
the coordinates of its angular points; and for the length of 
a line in terms of the coordinates of its extremities. 

11.— The Plane. 

Lemma. Three parallel right lines drawn from the angles 
A^ B. (7, -D of a tetrahedron are intersected by any plane 
in pomts if, i, -Jf, N. The prisms formed by AK^ LMff*^ 
BL, MNK] CM, NKL] DN^ KLM are together equal to 
three times the volume of the tetrahedron. 

This is capable of very simple proof. 
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• 1. Let AK^ BLj CM, DN be perpendicnlar to KLMNj 
and let their values be j>j q, r, Sj and let a. ^9. y, £ be ^e 

auadriplanar coordinates of any point P in KLmN. Thrice 
lie yolmne of BCDP is, bj the Lemma, equal to 

qMNF+rNPL^sFLM, 
hence if abed are the areas of the planes opposite ABCD 

aa:=^qMNP+rNPL+8PLM, 

bfi^rNKP+sKPM +pPMN, 

cy = sKLP +pLPN + qPNK, 

dZ^pLMP^-qMPK-^-rPKL:, 

therefore ^a + yft)8 + rc7 + «rfS = 0, 

the equation of the plane in quadriplanar coordinates. The 
convention of signs with regard to tnangles is easilj seen. 

2. By a similar proof to I. (2) 

, h I m n \ 

wnere — »=—=-- = — = -—- 

pa qb re ad 8K' 

r being the volume of the tetrahedron of reference. 

3. A similar proof to L (3) leads us at once to 

cos0s=A;— ^cosoi -m cosoc — n cosod^ 

(where (? is the angle between the plane and the face BCD)^ 
and also to 

S*"-2SAZcosa^ = l. 

4. Hence if the equation of any plane is 

the perpendicular on it from any point is 
K(x-¥Lp-\-My^M 
(2A;»-22iricosa'^)* 
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' 6. The condition that {klmn^ should be perpendicular to 
{k'tm'n') is the same as the condition that the right line 

a-a; ^ 13- ff ^ 7-7' ^ S-^ 

COB0 COS^ CdS*^ COSO) 

should lie in the plane {k'Tm'n') which is plainly 

K cosO-^r cos^ + m' cos-^ + n' coso> = 0, 

or 2kk'-'l{kl! + k'l) cosaJ = 0; 

and the left-hand member of this equation is the cosine of 
the angle between the two planes. 

6. By a process analogous to I. (6) we arrive at the 
following formula for the volume of any tetrahedron and 
triangle m terms of the coordinates of their angular points 

3^' = ^!^ 10,^.7.8.1, 



ON THE WALKING AND GRAZING OF QUADRUPEDS. 

By William Walton, M.A., Trinity College. 

-noBELLl. in his very interesting work on Animal Mechanics, 
entitled De Motu Animalium^ Pars Prima, p. 263. pub- 
lished in Rome in the year 1680^ discusses the question of 
the walking of auadrupeds^ pointmg out the erroneous con- 
ceptions which had prevaded on this subject among phi- 
losophers, artists, and sculptors. The ordinary idea appears 
to have been that^ in walking, horses and other quadrupeds 

i proceed by the diagonal action of the legs, the right fore 
e^ and left hind le^ being raised simultaneously, flien the 
otner two diagonal Te^, and so on : ^^ Talis porrb erronea 
Jmaginatio adeb invaluit, ut in statuis equestribus »neis, et 
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marmoreis aniiquis, et recentibas, semp^ duo pedes h dia- 
metro i^positi it Terra suspenai exculpti| et in tabulis depicti 
sint." 

Borelli properly observes tbat not only is such a notion 
contrary to fact, but also that it would be incompatible with 
the stability of a horse in motion : he says, in fact, A^ B^ C, D^ 
being the feet of a horse, ^ quando simul tempore elevantor, 
et moventnr duo pedes diametraltter oppositi, J?, 2>, parity 
tota moles animaiis inniti debet super duos pedes nrmo8| 
scilicet linea propensionis insistet perpendiculariter non super 
spatium amplum, sed super lineam AGi ergb pariter animal 
vacillabit, et proinde innrmam et instaoilem posituram tunc 
temporis habebit." 

My jprimary object in this communication to the Quarterly 
Journal is to throw light upon the mechanics of gracing. 
I shall however commence with the consideration of tke 
movement of walking, partly because Borelli has somewhat 
obscured his substantially good explanation of walking by 
the introduction of a rectangular instead of a paraJ^elo- 
grammic posture of the feet, and partly for the sake of con- 
trasting the mechanics of these two movements. 

The postures of the feet in walking are represented in 
the figs. 45, 46^ 47. 48, fig. 49 being the repetition of fig. 45 
and representing tne commencement of the successive series 
of postures. 

In each of these figures A and 2> are the left feet, B 
and G the rig^ht feet, A and B the fore feet, C and D the 
hind feet. These figures are of course not separate in actual 
walking, a partial overlapping taking place between the areas 
of successive postures. The position of the centre of gravity 
of the Quadruped, orthogonally projected on the ground, is 
indicated by the letter O^ which is equidistant from the lines 
AD^ BCy and of which the relation to the diagonals in each 
figure will be observed. The motion of G is rectilinear, ad- 
vancing, at each step, through a space equal to half the 
projection of AB or CD upon AD or BC. 

In the transformation of the posture (45) into the pos- 
ture (46), the strong propelling power of the hind leg C 
securely transfers O. from a position of semi-stability in the 
diagonal £Z>, into the area of the triangle ACD. During 
the transformation of the posture (46) into the posture (47), 
Q lies within the area of the triangle ACD and accordingly, 
the stability in virtue of the three stationary legs -4, C, X>, 
being perfect, the smaller propelling power of the fore leff 
B is adequate to its duty, even when the animal is agitated 
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by the accidental disturbances of its journey. The postures 
(47) and (48) are merely the postures (45) and (46) inverted, 
the posture (49) being the first posture of the new series: 
the mechanics of the subsequent process are therefore the 
same as before. It is important to observe that in walking 
the successive foot-falls succeed each other at approximately 
equal intervab: in virtue of this fact the centre of gravity 
ol the quadruped advances at a uniform pace. Moreover 
•the back of the quadruped, in walking, is approximately 
horizontal, his right pair of legs and his left pair being each 
in a vertical plane. When the animal is employed in trao* 
tion, his legs mcline considerably forward ; not much so when 
he is walking at his own discretion. 

I proceed now to offer a few remarks on the peculiarities 
of grazing as distinguished from walking. 

The successive postures of the feet, excepting a slight 
modification which I will afterwards mention, are substan- 
tially the same as in walking. The postures (46) and (48) 
however are attitudes of considerable duration, while the 
postures (45) and (47) are almost merely transitional. In 
consequence of these facts, a person looking at grazing sheep 
or cattle, would be struck by the appearance of a diagonal 
action ot the legs. 

In order to allow the back of the quadruped to lean 
downwards from the tail towards the head, an arrangement 
by which the muzzle is brought near to the grass, the two 
fore legs A and By in the postures (46) and (48), assume a 
straddled attitude, an attitude convenient also for ensuring 
stability : moreover the leg A in posture (46) and the leg S 
in posture (48) is more advanced than in the postures of 
walking : in the posture (46), the principal stress is exerted 
on the Tegs A^ (7, more especially on A^ while the actions of 
the legs ij i>, undertake more especially the duty of rocking 
the animal to and fro about the diagonal ACy thereby 
affording mreater mobility to the muzzle, the mean position 
of which, it may be observed, is nearer to the foot A than 
to the foot B. The position of O in the posture f46) relieves 
the leg B of some stress, and thereby enables it the more 
easily to move into its position in the posture f47). Obser- 
vations analogous to those which I have maae respecting 
the posture (46) are of course applicable to the posture (48). 
It may be observed that the peculiar straightness of the fore 
legs of a quadruped renders them able to sustain well the 
great longitudinal stress to which they are alternately sub- 
jected in grazing. 
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From what has been sud above, it is evident that die 
figs. (46) and (48), which represent tne postures of walking, 
must be somewhat modified to accommooate them to graang 
postures : in hct the straddline of the fore lees effects a 
certain elongation of the side JJ3 of the figure, me diagonal 
OA in (46) and DB in (48) being somewhat elongated 
bj reason of the more advanced attitude of Ay B^ re- 
spectivelj. 

The postures (45) and (47) are, as I have already re- 
marked, little more than transitional: as a reason for this 
it mav be stated that, in these positions, the qnadruned is 
at full stretdi in the directions of both aiagonals, ana that 
accordingly he has less mobility in grazing. 

Horses, miserable and frail m>m age and hard usa^, or 
ignorant of the manners of the field from constant life in 
stables, and young colts shaky in their legs, may sometimes 
be seen grazing with their feet in the aonormal posture, 
variously modified, which is represented in fi^. (50), the fore 
legs straddling enormously, ia the mechanical support of 
the animal, the four legs take a more nearly equal share 
than in correct grazing, and accordingly the strength of no 
one leg b severely tasked : the process of grazing b however 
under these circumstances essentially intermittent, whereas 
the behaviour of normal grazing renders it continuous. 

Should any man wish to verify these mechanical actions 
of the legs in grazing by an appeal to hb own actual sensa- 
tions, he may easily do so by gomg on all fours like a ^eep 
at grass, ana imitating the grazing attitudes. 



July 20, 1861. 
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ON SOME FORMULA RELATING TO THE DISTANCES 

OF A POINT FROM THE VERTICES OF A TRIANGLE, 

AND TO THE PROBLEM OF TACTIONS. 

By A. Catlbt. 

rPHE relation between the distances of four points 1, 2, 3, 4 
-*- in a plane is 

12*, if, 14% 1 



0, 

2l*, 

't 



0, 23, 24, 1 
31% 32*, 0, 34*, 1 

^% 43*, 0, 1 

1, 1, 1, 



41% 
1, 



:0, 



where, Bee my paper "Note on the valne of certain 
Determinants tne terms of which are the sqnared distances 
of Points in a plane or in space," Quarterly Journal of 
McUhematicSy t, III., p. 275 (1859), the determinant is 

= S12*. 23". 34" - S12*. 3?. 4? - 2r2*. 23*. sT, 

an identity whidi subsists without the aid of the relations 
12 = 21, &c., and in which the 2, 2, 2 contain 24, 12, and 8 
terms respectively. 

Writing 23=/, 31=flr, 12 = A, 14 = a, 24 = J, 34 = c, the 
determinant is 

= 2{.^A«(J« + 04A"/"(c' + a«)+/y(a« + 6») 

+ 6V(^ + A«) + c'a«(a»+/") + a'ft«(/«+^) 

- a-/«(a-+/") - 6y (ft* + ^) - c^A* (c« + A«) 

= -2d, 

if D denote the function in { }^ with the signs reveraed. 
The function a may be expressed in the form 

a«ay + 6y + c*A-+/"Ay 

+ (iy + c'a»)(<7»-.A»./«) 
+ (c'A« + aW)(A« -/«-/), 
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and also in the form 

D = cr»+(/+<7+A)F; 

if for shortness 

F= («"/• + JV) (/-</- A) 

+ (jy + cV)(^-A-/) 

+ (c'A' + a-J')(A-/-^); 

and it may be remarked that since a is an even Amotion 
of/, g<i h^ we may in this last formula change at pleasure 
the signs of these quantities; we thus obtain in all four 
similar forms of the function n. 

It is clear that considering a triangle, and any point 
in the plane of the triangle, f%g^h may be taken to denote 
the sidfes of the triangle, ana a, i, c the distances of the 
point from the vertices. And the equation o = is the 
relation connecting the sides and distances. 

The equation /-f i^r + A^O denotes that the vertices are 
inlineo^ and when this equation is satisfied we have 

U^ay+Vg^-^h+Jyh^O^ 

which is in fact, as it is easy to see, the relation connecting 
the distances of a point from any three points in lineo. 

For a. J, c write a + a;, J + a?, c + aj; x will be the radius 
of a circle touching the circles, radii a, i, c, described about 
the vertices as centres. The equation d = becomes after 
all reductions 

-2(/+5r + A){(a/- + Jc(6 + c))(/-(7-A) 
-|-(V+ca(c + a))(<7-A-/) 
+ (cA«+aJ (a + &))(*-/- (7)}] 
+ aJ*[/"h4a" + 6a(i + c)-6Jc} 

+ /{-46" + 6i(c+a)-^6oa} 

which is a quadratic equation only: the two circles thus 
obtwied are those which touch the given circles all three 
externally or all three internally. But by changing in every 
possible manner the signs of a^ &, c we obtain in all four 
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equations giving the eight tangent circles. It may be noticed 
that if as before /+ a^ A=> 0, Z7=3 0, then not only the con- 
stant term vanishes, but the coefficient of x also vanishes or 
the equation becomes simply a?' =» 0. 

In particular, suppose /= J + c, g^o^-a^ h^a-k-h] do* 
veloping this de novo^ and putting for shortness 
a + J 4- (J --^^ 

abc = r, 
we find 

U= 2 (pai^ + 2qx+pq - 2r), 

r= 2 {^a?* + 4jai" + (2/) J -f 12r) a?" + 42*aj -f i?2* - 4jr] , 

and then the equation d = J7* — 2^ F= gives 

ia = {pa? + 2jaj +;>g' - 2r)* 

-;) {^* + 43'a:' + {2pq + 12r) a;* + ^^x +p^ - 43^} 

= 4 {(2* - 4pr) aj* - 2graj + r*}, 

so that we have 

^ a = (2* - 4pr) a:^ — 2 jra? + r' 

= (ja; — ry — 4pra? = 0, 
and thence 

which gives the radii of the circles inscribed in and circum- 
scribed about the three circles radii a, i, c, whereof each 
touches the two others: a formula given by Descartes, 
Operaj Franc. 1792, Epist.^ Pars ill., p. 261, in a letter 
to the Princess Elisabeui, viz. Descartes has 

(d'^ + dy'^^f''-2def'''2d'ef''2dey)a? 

-2(cfey"+rfv+rf"«y)«+rfv/»==o, 

which putting a, ft, c for his c?, e,/, becomes ut suprh 

a:^(2*-4pr)-2gra; + r*«0. 

In conclusion I notice the following formula which is 
obtained without difficulty, viz. if as before we have a tri- 
angle the sides whereof are /, g^ A, and if a, 5, c are tho 
dances of a point from the verticea (so that as before d - 0) 
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then the perpendicular distances of the point from the sides, 
each perpendicolar distance divided by the peroendicnlar 
distance of the opposite vertex from the same siae, are as 
follows : viz. the quotient for the side f b 

= l^[(&'-o')(j^-A*)+/'(JHc' + / + A*-2a*)-/'], 

where A is the area of the triangle. It is dear that we 
ought to have 

S W-<?) {f- A') +/■ (6« + c» + </» + A*-2a») -/*} = 16A% 

and this equation in fact redaces itself to 

2ff'h' + 2hT + 2/y -r -g* - A* = 16A*, 

which is right. 

2, Stone Biuldings, W.C., 
I7th September, 1862. 



THE END OP VOL. V. 
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